
MATH 547 HOMEWORK 7
DUE FRIDAY DECEMBER 8

You are encouraged to work on problems together; however, the write-up must be your own and
should reflect your own understanding of the problem. Please write the names of any students you
collaborated with on your assignment.

(1) What are the possible Hilbert functions of 5 points in P2, and what geometric conditions
on the points do they correspond to? Repeat for 6 points.

(2) What is the arithmetic genus of a curve C ⊂ P1 × P1 of bidegree (a, b)?

(3) Determine the divisor of the following rational functions:
(a) x/y on the quadric surface xy − zt = 0 in P3.
(b) x − 1 on the circle x2

1 + x2
2 = x2

0, where x = x1/x0.

(4) Let X = Blp P2 be the blowup of the plane at a point. Let D = 2H − E ∈ Pic X.
(a) What is r = dim |D|? (Hint: explicitly classify curves on X linearly equivalent to

2H − E.)
(b) Show that |D| is basepoint free, so that φ|D| is a regular map.
(c) Show that |D| separates points, so that φ|D| is injective.
(d) Show that |D| separates tangent vectors, so that φ|D| is an immersion and hence an

embedding.
(e) What is the degree of the image of φ|D|?

(5) Let p1, . . . , p6 ∈ P2 be general points, and let X = Blp1,...,p6 P
2.

(a) Show that Pic X ∼= Z7 with generators H (the pullback of a line not passing through
any pi) and the 6 exceptional divisors Ei lying over pi.

(b) Let D = 3H − E1 − ∙ ∙ ∙ − E6. It is a fact (which you may assume) that φ|D| is an
embedding. Show that the image is a degree 3 surface in P3.

(c) Let C ⊂ X be one of the following curves:
(i) an exceptional divisor Ei,
(ii) the proper transform of a line through 2 of the points, or
(iii) the proper transform of a conic through 5 of the points.

In each case, compute the class of C in Pic X, and show the curve φ|D|(C) is a line in
P3. Conclude that φD(X) contains at least 27 lines. (In fact, with a bit more work
you can show these are the only lines on the image.)

(6) Let X be a smooth variety. Show that the projection p : X × A1 → X induces an
isomorphism p∗ : Pic X → Pic(X × A1). (See Shafarevich Ex. III.1.8-10 for hints.)
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