
MATH 535 PROBLEM SET 5

Homework is due on Wednesday, October 2. You are encouraged to work together, but your
final writeup must reflect your own understanding of the problems.

Problem 1. Let V and W be inner product spaces with orthonormal bases B1 = {v1, . . . ,vn}
and B2 = {w1, . . . ,wm}, respectively. Let T : V → W be a linear transformation, and let
A = MatB1,B2(T ). Show that the adjoint transformation T ∗ :W → V has matrix

MatB2,B1(T
∗) = A∗,

where A∗ denotes the conjugate transpose of A.

Problem 2. Let V ⊂ R[x] be the subspace of polynomials of degree at most 2, and let D : V → V
be the differentiation operator Df = f ′. Give V the inner product

∫ 1

0
fg dx.

(1) Find the matrix of D with respect to the standard basis 1, x, x2.
(2) Find the matrix of the adjoint D∗ with respect to the standard basis.

Problem 3. An n× n matrix Q over R is orthogonal if QQt = I.

(1) Show that if Q is orthogonal then also QtQ = I, and so Q is invertible with inverse Qt.
(2) Show that Q is orthogonal if and only if its columns (equivalently, rows) form an orthonormal

basis of Rn with the usual inner product.
(3) Show that Q is orthogonal if and only if the linear transformation T : Rn → Rn defined by
Tv = Qv is an isometry: it is a bijection which preserves the inner product.

We call an n × n matrix Q over C unitary if QQ∗ = I. All the previous results have immediate
generalizations to this case, although you don’t have to prove them here.

Problem 4. Let V be an inner product space over C. An operator T : V → V is self-adjoint if
T = T ∗. Show that every eigenvalue of a self-adjoint operator is real.

Problem 5. Let V be a finite-dimensional inner product space over C, and let T ∈ End(V ). Show
that there is an orthonormal basis of V such that the matrix of T becomes upper-triangular. Show
by example that this result is false over R.

(In matrix form, if A is an n× n matrix over C, then there is an upper-triangular matrix U and
a unitary matrix Q such that A = QUQ∗. This is called the Schur decomposition.)
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