
MATH 497A–FINAL PROJECT

As you all know, there are two parts to the MASS final exam. You will have 50 minutes to present
solutions to two problems and present a project that you have been working on. The problems
should take about 20 minutes of your time, and the presentation will be 30 minutes. You will also
submit a writeup of your project. This document discusses logistics and options for the project
portion.

Logistics

Grading. As there are many different possible options of wildly varying difficulties, it is difficult to
set a particular rubric for grades. The main guideline is that if the project has obviously been taken
seriously and real effort has been put forth into understanding a new topic, then a strong grade
(A/A-) will be received. It is understandable that some topics may not achieve their initial goals
in the end if they were too ambitious, and that is fine—in this case the writeup should reflect what
was learned in an effort to understand the project’s initial goals. If such a writeup demonstrates
substantial effort it will not be penalized.

In the event that the project is making little progress and not a beneficial experience, you can
change topics if it is early enough. You should consult with me in such an event.

Writeup. Most projects should result in a final writeup of the project ranging from 5-15 pages in
length, depending on the topic, motivation of the student, and the progress achieved. If you know
LATEX or other software for typesetting mathematics you may use it, but this is not required. (The
above page ranges are for handwriten projects, and LATEX’ed documents may understandably be
on the shorter end of this range since more material fits in a page.)

Due date. The writeup is due on Thursday, December 6, the week before finals. Your scheduled
exam will be on Monday, Tuesday, or Wednesday of the next week. Projects should be submitted to
my mailbox. You are strongly encouraged to start thinking about the project as soon as possible,
and at any rate no later than the beginning of Thanksgiving break. Homework will be lighter in
the last couple weeks of the term so that you can focus on your projects.

Guidance. I am more than happy to meet to discuss progress and potential directions for the
project during office hours or at private meetings scheduled by email.

Collaboration. In the event that 2-3 people would like to work on roughly the same topic, you
are welcome to set up a “reading group” to discuss the material together. However, your writeups
must be done completely independently, and the project should still be viewed as an independent
project.

Difficulty. The proposed projects below are given approximate difficulty rankings from * to ****.
Since you all have widely ranging levels of preparation for the course, the most important thing is
to pick a project that will be a beneficial learning experience, and I hope this can guide you.
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Topics in Linear Algebra

Polynomial approximation. (*-**) We have concerned ourselves with finding polynomials which
interpolate points exactly. This is an interesting problem in algebra, but in applied areas we often
want to fit a small degree polynomial to a very large data set. The data in such applications is
often “fuzzy,” so the data won’t actually lie on a small degree polynomial, even though it might be
very close to one. Therefore from an applied standpoint it doesn’t make sense to try and solve the
interpolation problem exactly; instead we should look for approximate solutions.

Least squares minimization for prescribed points. If xi ∈ R are points and yi ∈ R are values, we
might try to find a polynomial f of degree ≤ d that minimizes a sum

∑

i

(f(xi) − yi)
2.

By developing the theory of inner product spaces in linear algebra, this problem has a very clean
solution.

Least squares minimization for a prescribed function. If g : [0, 1] → R is an integrable function, we
can try to find a polynomial f of degree ≤ d that minimizes the integral

∫ 1

0
(f(x) − g(x))2 dx.

Again, inner product spaces in linear algebra make this easy.

Stone-Weierstrass theorem. If g : [0, 1] → R is a continuous function, we might try to find a
polynomial f such that

max
x∈[0,1]

|f(x) − g(x)|

is small. The Stone-Weierstrass theorem says we can make the above maximum as small as we like,
so long as we let the degree of f get arbitrarily large. This theorem has more of an analysis flavor.

Possible references. Axler, “Linear algebra done right,” Chapter 6. Rudin, “Principles of Mathe-
matical Analysis.”

Eigenvalues and Google; the Billion Dollar Eigenvector. (*-**) The natural next topic in
linear algebra is eigenvalues and eigenvectors and diagonalization. The original PageRank algorithm
that Google used to achieve global domination is based on a simple eigenvector computation. The
internet is encoded in a graph, with vertices representing pages and edges representing links. We
let a viewer randomly click on links and record what fraction of time they spend at each page, with
the hypothesis being that heavily linked pages are more important. This fraction of time spent at
each page can be phrased in terms of an eigenvector computation. The result helps you find better
cat pictures.

Possible references. Axler, “Linear algebra done right,” Chapter 5. Heffron, “Linear Algebra,” has
an appendix on PageRank.
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Topics in Algebraic geometry

Beginning projective geometry. (*-**) We have already seen in class that by considering
“points at infinity” we can streamline the exposition of various topics. For example, the nature of
a plane conic is determined by its points at infinity.

Projective geometry can be viewed as fixing the (false) theorem that “any two distinct lines in
the plane meet at a point.” For each equivalence class of parallel lines, we add an “ideal” infinite
point at infinity where those parallel lines all meet. These infinite points form an entire line of
points at infinity.

The introduction of homogeneous coordinates makes projective geometry fairly straightforward
from an algebraic standpoint. For example, it is easy to algebraically compute the points at infinity
on a plane curve.

One goal of this project could be to classify conics in the projective plane up to projective
equivalence.

Possible references. Bix, “Conics and cubics,” or Shafarevich, “Basic Algebraic Geometry I” (sub-
stantially harder).

Intersection multiplicity and Bézout’s theorem. (**-***) We’ve seen that it would be useful
to know how many times curves in A2 of degree d and e should intersect. As a baby theorem, we
showed that a curve of degree d and a line intersect in at most d points, unless the curve of degree
d contains the line. You also had a homework problem where you saw that if there are five points
with no three collinear then there is only one conic that vanishes at all five; in other words, this
says two irreducible conics meet in at most 4 points. The important theorem of Bézout says that in
A2 a curve C of degree d and a curve D of degree e intersect at most de times counting multiplicity,
unless they have a component curve in common. (If you also learn about projective space, this
theorem can be improved: in P2

C there are exactly de intersections.)

Possible references. Bix, “Conics and cubics.”

Unique factorization domains. (**-***) When studying hypersurfaces F = 0 in An, it is very
useful to be able to factor F into irreducible factors. A simple induction shows that this can always
be done, but it is not so clear that the factorization is unique. A classical theorem says that the
polynomial ring R[x1, . . . , xn] in any number of variables is a unique factorization domain, implying
that this is the case. The main argument goes by induction on the number of variables. One shows
using Gauss’ Lemma that if a ring R is a UFD then so is R[x]. The goal of this project would be
to learn a proof of this theorem. Along the way, you will learn about commutative rings, prime
and irreducible elements, integral domains, the content of a polynomial, and the aforementioned
Gauss’ Lemma.

Possible references. Dummit & Foote “Abstract Algebra,” but we can probably find an easier text
as well.

Elliptic curves. (**-***) Elliptic curves are of tremendous importance in both algebraic geometry
and number theory, as well as in cryptography. The geometric side of the story can be understood
in terms of projective cubic plane curves. If a flex point is placed at infinity, then a group law on
C is defined by saying that P + Q + R = 0 whenever P,Q,R are collinear. (Some care has to be
taken in case there are tangent lines...) A good goal for this project would be to see that this rule
(when all the technicalities are resolved) actually defines a group law. In particular, the proof of
associativity takes some real work.

Possible references. Bix, “Conics and cubics,” and Silverman and Tate, “Rational points on elliptic
curves.”
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Beginning higher-dimensional algebraic geometry. (***-****) As we will see soon in class,
an algebraic variety is a locus cut out by a system (or ideal) of defining polynomials.

Pretty quickly there are some algebraic formalities needed to make sense of things. The first
major theorem in this area is the Hilbert basis theorem which roughly says that although we could
consider varieties cut out by infinitely many polynomial equations, it is actually the case that only
finitely many such equations are needed to describe the same variety. The next major theorem in
this area is Hilbert’s Nullstellensatz, which makes precise the idea that a locus cut out by a system
of polynomial equations is essentially the same thing as that system of polynomial equations—just
as a curve in the plane is essentially the same thing as its defining equation.

Possible references. Kunz, “Introduction to Commutative Algebra and Algebraic Geometry” and
Cox, Little, O’Shea “Ideals, Varieties, and Algorithms,” along with many, many others.

Intersection theory and Schubert calculus. (***-****) Suppose I am given 4 “random” lines
in 3-dimensional projective space P3 (or C3 would be just fine too, to keep things simple.) How
many lines in space meet all 4? Answer: 2.

Bézout’s theorem (coming up shortly in the course) is the first major theorem in intersection
theory: over the complex numbers, two “random” plane curves C and D of degrees d and e,
respectively, meet in de points.

More generally, given two geometric loci in some space we can ask what their intersection looks
like. If we expect that the intersection is a finite number of points, we can ask how many points
there are. Intersection theory makes these notions precise.

The Grassmannian G(1, 3) is a space whose points are the lines in P3 (i.e. the two-dimensional
subspaces of C4, much like projective space P3 itself is a space whose points are the 1-dimensional
subspaces of C4. It is a 4-dimensional space, which can be naturally thought of as a subvariety
of P5 defined by one equation. For a line L ⊂ P3, there is a locus ΣL ⊂ G(1, 3) consisting of all
the lines that meet L. It is a 3-dimensional subvariety of the Grassmannian. Now given 4 lines
L1, . . . , L4, what is the intersection

ΣL1 ∩ ∙ ∙ ∙ ∩ ΣL4 ⊂ G(1, 3)?

It should consist of all lines that meet L1, . . . , L4. Schubert calculus is a remarkable tool which
allows us to predict the number of intersection points in such an intersection in an essentially
computational way.

Possible references. Harris, “3264 and all that,” some old course notes, and some pep talks from
me.

Algebraic geometry and manifolds. (**-***) A plane curve C : F (x, y) = 0 is nonsingular if
the gradient vector

(∇F )(p) =

(
F

∂x
(p),

∂F

∂y
(p)

)

is nonzero at every point p ∈ C. More generally, there is a similar (but more complicated) definition
of a nonsingular variety defined by a system of polynomial equations.

Considerable progress in algebraic geometry has been made by realizing that nonsingular alge-
braic varieties over R or C are also manifolds; that is, they locally look like a Euclidean space. A
reasonable goal for this project is to learn what a manifold is and learn enough of the topic to show
that a nonsingular algebraic variety is actually a manifold.

Guillemin and Pollack, “Differential Topology” for the differential geometry side of things. Sha-
farevich, “Basic Algebraic Geometry I,” for the algebraic geometry side of things.
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Applications of algebraic geometry

Elliptic curves and Fermat’s Last Theorem. (*-****) Fermat’s Last Theorem is the statement
that the equation

xn + yn = zn

has no solutions in positive integers x, y, z if n ≥ 3. This theorem, originally conjectured by Fermat,
was proved 358 years later by Andrew Wiles in 1994. A key part of Wiles’ proof makes use of an
elliptic (think cubic) curve closely related to this equation, and its group law.

This project could go in many directions of wildly varying difficulty. A good goal from a mathe-
matical standpoint would be to understand how the theorem is related to elliptic curves. For this,
the survey article Cox, “Introduction to Fermat’s Last Theorem” might be appropriate.

A lighter goal would be to read some “popular” math on the topic. The book “Fermat’s Enigma”
by Simon Singh is a wonderful read on the history of the problem, and a great discussion of what
being a mathematician is all about; in my case it was influential in my decision to become a
mathematician. Since this book is a fairly light read, ideally the project writeup would go a bit
beyond the Singh book and incorporate some more mathematical detail, such as from the Cox
survey. There is additionally a very interesting NOVA documentary on the subject, loosely along
the lines of the Singh book.

Possible references. Cox, “Introduction to Fermat’s Last Theorem” and Singh, “Fermat’s Enigma,”
as well as many others.

Elliptic curves and factorization of numbers. (**-***) One of the main methods used for
factoring really large integers is the so-called Lenstra elliptic curve factorization method. This
algorithm uses the group law on an elliptic curve defined over a finite field (think: the integers mod
p) to efficiently factor large numbers.

Possible references. Silverman and Tate, “Rational Points on Elliptic Curves.”

Elliptic curve cryptography. (**-***) Elliptic curves have also been recently used to make more
efficient public-key cryptography possible. The background for this project overlaps considerably
with the previous one.

Possible references. Silverman and Tate, “Rational Points on Elliptic Curves.”

Algebraic statistics and computational biology. (***-****) The field of algebraic statistics—
which is roughly a mashup of statistics and algebraic geometry—has recently had great applications
to computational biology and, in particular, phylogenetics. A goal for this project would be to
make first contact with some of these connections. Possible references include Part I of Pachter
and Sturmfels,

Possible references. Part I of Pachter and Sturmfels, “Algebraic statistics for computational biol-
ogy” (probably challenging) or various sets of lecture notes, including Hosten and Ruffa, “Intro-
ductory Notes to Algebraic Statsitics,” among others.

Suggest your own topic. (*-****) The above topics are by no means exhaustive. If you’ve heard
about something you’re interested in, run it by me and I’ll OK it if it sounds appropriate.
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