
MATH 497A PROBLEM SET 9

Homework is due on Wednesday, November 7. You are encouraged to work together, but your
final writeup must reflect your own understanding of the problems.

Problem 1. Think of the space X = Mat2×2(K) of 2 × 2 matrices with entries in K as an affine
space A4. For each of the following subsets of X, determine (with proof) if the set is either open,
closed or neither.

(1) The set of matrices A such that

A

(
1
1

)

=

(
0
0

)

(2) The set of invertible matrices.
(3) The set of matrices of rank 1.
(4) The set of matrices of rank at least 1.
(5) The set of matrices of rank at most 1.

Problem 2. Let X ⊂ A3 be the twisted cubic curve, which is the image of the map F : A1 → A3

defined by
F (t) = (t, t2, t3).

Consider the projections of X onto the xy-, yz-, and xz-planes. For each projection, determine if
it is closed, and if it is, give equations for the image.

Problem 3. Show that the parabola y = x2 in A2 is isomorphic to A1.

Problem 4. Show that if f(t) ∈ C[t], then there are (at most) finitely many constants c ∈ K such
that the polynomial f(t) + c has a repeated root.

Problem 5. Let f(t), g(t) ∈ C[t] be nonzero, and consider the polynomial mapping

F : A1
C → A2

C

F (t) = (f(t), g(t)).

Let a, b ∈ C be chosen so that deg(af(t)+ bg(t)) = max{deg f(t), deg g(t)}. (Why can we do this?)
For a constant c ∈ C, consider the line

L = V (ax + by + c).

Show that for all but finitely many choices of c, the preimage F−1(L) consists of exactly

max{deg f(t), deg g(t)}

points.

Problem 6. Show that the circle X : x2 + y2 = 1 in A2
C is not isomorphic to A1

C. (Hint: suppose
F : A1

C → X given by F (t) = (f(t), g(t)) is an isomorphism. Use the previous problem to bound
the degrees of f and g, and analyze the remaining cases to get a contradiction.)

Problem 7 (Challenge). Let K be algebraically closed, and let f ∈ K[x, y] be nonconstant. Show
that the cardinality of X = V (f) ⊂ A2 is the same as the cardinality of K. Conclude that any two
irreducible plane curves in A2 are homeomorphic (there is a continuous bijection between them,
with continuous inverse).
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