
MATH 497A PROBLEM SET 2

Homework is due on Wednesday, September 5. You are encouraged to work together, but your
final writeup must reflect your own understanding of the problems.

Problem 1. Find, with proof, a polynomial f ∈ R[x] of smallest degree such that

f(0) = 2 f ′(0) = −3 f ′′(0) = 2 f(1) = 0 f ′(1) = −1 f ′′(1) = 2.

Problem 2 (Collisions of points in the plane). Consider the following three points in the plane
R2, which depend on a time parameter t:

(x1(t), y1(t)) = (0, 0) (x2(t), y2(t)) = (t, 0) (x3(t), y3(t)) = (0, t).

Let z1 = 0, and let z2(t) and z3(t) be polynomials of t. Suppose that ft(x, y) ∈ R[x, y, t] is a
polynomial of three variables x, y, t such that

ft(xi(t), yi(t)) = zi(t).

(1) Show that z2(0) = z3(0) = 0.
(2) Consider the polynomial f0(x, y). Show that

f0(0, 0) = 0

∂f0

∂x
(0, 0) = z′2(0)

∂f0
∂y

(0, 0) = z′3(0).

Thus, the limiting interpolation problem is to specify the value and the first-order partial derivatives
of f0 at the point (0, 0).

Problem 3. Let (x0, y0) ∈ R2, and let a, b, c ∈ R. Describe all polynomials f(x, y) such that

f(x0, y0) = a

∂f

∂x
(x0, y0) = b

∂f

∂y
(x0, y0) = c.

(Hint: one approach is to first solve the problem when (x0, y0) = (0, 0). Then make a change of
coordinates.)

Problem 4 (Interpolation with non-consecutive derivatives). In the interpolation problem with
derivatives, we specified the 0th through (mi − 1)st derivatives of a polynomial at point xi. We
can instead try to specify more arbitrary derivatives. This problem shows that this story is more
delicate.

(1) Let x1, x2, x3 ∈ R be distinct, and let y1, y2, y3 ∈ R. Show that there is a unique polynomial
f ∈ R[x] of degree at most 2 such that

f ′(x1) = y1 f ′(x2) = y2 f(x3) = y3.

(2) Let x1, x2, x3 ∈ R be distinct, and let y1, y2 ∈ R. Show that if f ∈ R[x] is a polynomial of
degree at most 2 and

f ′(x1) = y1 and f ′(x2) = y2,
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then f ′(x3) can be determined in terms of x1, x2, x3, y1, y2. Thus, for most choices of y3 ∈ R,
there is no polynomial f ∈ R[x] of degree at most 2 such that

f ′(x1) = y1 f ′(x2) = y2 f ′(x3) = y3.

Problem 5. Formulate and prove the analogue of Theorem 1.14 in the notes for Lagrangian
interpolation with multiplicities.


