
MATH 497A PROBLEM SET 1

Homework is due on Wednesday, August 29. You are encouraged to work together, but your
final writeup must reflect your own understanding of the problems.

Problem 1. Find, with proof, a polynomial f ∈ R[x] of smallest degree such that

f(0) = 2 f(1) = 4 f(2) = 12 f(3) = 32 f(4) = 70 f(5) = 132.

What is the second smallest degree of a polynomial satisfying the above equalities?

Problem 2. Let f(x) ∈ R[x], a ∈ R, and let m ≥ 1. Show that f (k)(a) = 0 for all 0 ≤ k ≤ m− 1
if and only if (x− a)m divides f .

Problem 3 (Multivariate interpolation—a preview). Consider three distinct points

(x1, y1), (x2, y2), (x3, y3) ∈ R
2

and three arbitrary values z1, z2, z3 ∈ R. We answer the question: when can we find a linear
polynomial f(x, y) of the form f(x, y) = ax+ by + c such that f(xi, yi) = zi for all i?

(1) Show that if the three points (xi, yi) are not collinear, then we can find an f such that
f(xi, yi) = zi for all i. (Hint: think about the existence proof for single-variable Lagrangian
interpolation.)

(2) Show that if the three points (xi, yi) are collinear, then for some choice of the values zi it
is not possible to find such an f .

Problem 4. Let ft(x) ∈ R[x, t] be a polynomial in two variables, viewed as a family of polynomials
in x parameterized by t. Suppose that

ft(0) = 0

ft(t) = t2

ft(t
2) = t4

(That is, the polynomial at time t passes through the points (0, 0), (t, t2), and (t2, t4) on the
parabola y = x2.)

(1) Give at least two families ft(x) satisfying the assumptions. The more examples the better!
(2) What can you say is always true about the the polynomial f0(x), regardless of what the

family ft(x) is? (Hint: as t→ 0, three points are “colliding.” Can you say three interesting
things?)

Problem 5. Let R and S be commutative rings with 1. A ring homomorphism φ : R → S is a
function which preserves the addition, multiplication, and unit element. That is,

(1) φ(f + g) = φ(f) + φ(g),
(2) φ(fg) = φ(f)φ(g), and
(3) φ(1R) = 1S .

Recall that R[x] is the polynomial ring and RR is the ring of functions from R to R. There is
a function φ : R[x] → RR which takes a polynomial to its corresponding polynomial function.
Formally, if p ∈ R[x] then φ(p) is the function x 7→ p(x).

(1) Show that φ is a ring homomorphism.
(2) Show that φ is injective.
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(3) (For those of you with more algebra background.) Let p be a prime number, and let Fp =

Z/pZ be the finite field with p elements. We analogously define a function φ : Fp[x]→ FFpp .
Describe the kernel of φ.

Problem 6. Let R be a commutative ring. An ideal I in R is an additive subgroup which is closed
under multiplication by elements in R. If f ∈ R, the principal ideal generated by f is the subset

(f) := {af : a ∈ R}.

An ideal I is principal if I = (f) for some f ∈ R.

(1) Let f ∈ R. Show that the principal ideal (f) is actually an ideal.
(2) Show that in the polynomial ring R[x] every ideal is principal. (Hint: division algorithm.)


