
MATH 465 HOMEWORK 5
DUE MONDAY, FEBRUARY 11

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapters 3.3, 3.4.
• Textbook exercises: Exercises 3.8-3.13.

Problem 1. Determine all integers x solving the system of congruences

x ≡ 3 (mod 4) 3x ≡ 2 (mod 5) 5x ≡ 1 (mod 7).

Problem 2. Use the Chinese remainder theorem to determine all integers x satisfying the congru-
ence

17x2 + x ≡ 36 (mod 60)

Problem 3. For a prime number p, let Qp ⊂ Z∗
p be the subgroup of squares:

Qp = {x2 : x ∈ Z∗
p}.

(1) Write down Qp for all primes p ≤ 17.
(2) Show that if x, y ∈ Z∗

p and x2 = y2, then x = ±y.
(3) Show that if p is odd, then |Qp| = 1

2(p − 1).

Problem 4. Show that for any integer a coprime to n = 3 ∙5 ∙7 ∙11 ∙13 ∙17, the number of solutions
mod n to the congruence

x2 ≡ a (mod n)
is either 0 or 64. Prove that both possibilities actually occur.

Problem 5. Let X be a finite set with an equivalence relation ∼. Write X1, . . . , Xk ⊂ X for
the equivalence classes of the equivalence relation, so that X is partitioned by the Xi: we have
X = X1 ∪ ∙ ∙ ∙ ∪ Xk, and the Xi are all disjoint. Then every element of X is in exactly one of the
sets Xi, so

|X| = |X1| + ∙ ∙ ∙ + |Xk|.
This equation is sometimes called the class equation for the equivalence relation.

(1) Suppose G is a finite group. Define a relation ∼ on G by declaring x ∼ y if either x = y or
x = y−1. Prove that ∼ is an equivalence relation on G.

(2) Write down the equivalence classes of the relation ∼ in (1) in the special case where G = Z∗
11.

(3) What are the possible sizes of an equivalence class for the relation ∼ in (1)?
(4) Suppose G is a group with even order. Use the class equation to prove that G has an

element of order 2.
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