
MATH 465 HOMEWORK 3
DUE WEDNESDAY, JANUARY 30

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Chapters 3.1 and 3.2 in the textbook.
• Textbook exercises: Exercises 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, 3.7. (Do not turn in; answers are

in the back of the book.)

Problem 1. Determine all integers x such that 16x ≡ 28 (mod 44). Describe your solutions both
parametrically and as a union of congruence classes mod 44.

Problem 2. Let X be a set and let ∼1 and ∼2 be equivalence relations on X. Define a third
relation ∼3 on X by saying x ∼3 y if and only if x ∼1 y and x ∼2 y.

(1) Show that ∼3 is an equivalence relation.
(2) For x ∈ X, let [x]i (i = 1, 2, 3) denote the equivalence class of x with respect to ∼i. What

is the relationship between the equivalence classes [x]1, [x]2, and [x]3?
(3) Now let X = Z be the set of integers, and let n,m be two integers. Define a ∼1 b iff a ≡ b

(mod n) and a ∼2 b iff a ≡ b (mod m). The equivalence relation ∼3 is one we have already
encountered–what is it? (Hint: first think about the case where m and n are coprime.)

Problem 3. Let n,m ∈ Z, and let x ∈ Zn be a congruence class mod n. We define an element
x ∈ Zm, the reduction of x mod m, as follows. Pick some a ∈ Z representing x, so x = [a]n is the
congruence class of a mod n. Then we define x = [a]m to be the congruence class of a mod m.

Give necessary and sufficient conditions on n and m such that this operation is well-defined. That
is, for which n,m does the element x ∈ Zm defined above not depend on the choice of representative
a?

Problem 4. Determine all solutions (x, y, z) in integers of the Diophantine equation

x2 + 7xy + y2 = 10z + 3.

(Hint: search for solutions modulo various small numbers.)

Problem 5. Determine the multiplicative inverse of [23] ∈ Z47.
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