
MATH 465 HOMEWORK 9
DUE WEDNESDAY, MARCH 30

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapters 6.3, 6.4, 6.5.
• Textbook exercises: Exercises 6.6, 6.7, 6.8, 6.9, 6.10, 6.11, 6.12, 6.13, 6.14.

Problem 1. (1) Let a1, . . . , ar be positive integers. What is the largest order of an element of
the group

Za1 × ∙ ∙ ∙ × Zar?
Determine necessary and sufficient conditions on a1, . . . , ar so that this group is cyclic.

(2) Show that if p and q are distinct odd primes then the group Z∗
pq is not cyclic.

Problem 2. Determine a primitive root (mod 47). (Don’t use anything more powerful than a
4-function calculator to help you compute, and don’t compute 46 different powers.) Describe an
isomorphism

f : Z46 → Z∗
47.

Problem 3. Determine a number a which is a primitive root mod 7e for all integers e ≥ 1. (Same
rules as the last problem–don’t do more computation than you have to.)

Problem 4. Let m and n be positive integers, and suppose m|n. Let a be an integer.

(1) Show that if a is a primitive root mod n, then a is a primitive root mod m. (Hints: first
show that it is enough to consider the case where n is of the form mp for a prime p. Now
assuming n = mp, show that if b is coprime to m then either b or b + m is coprime to n.)

(2) Deduce that if 8|n then Z∗
n is not cyclic.

Problem 5. Let p be an odd prime, and suppose a ∈ Z∗
p is a primitive root. Show that

a(p−1)/2 ≡ −1 (mod p).

Use this to give another proof that if p is an odd prime the quadratic congruence x2 ≡ −1 (mod p)
has a solution if and only if p ≡ 1 (mod 4).
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