
MATH 465 HOMEWORK 8
DUE WEDNESDAY, MARCH 23

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapters 5.3, 6.1, 6.2.
• Textbook exercises: Exercises 5.14, 5.15, 5.16, 5.17, 5.18, 5.19, 6.1, 6.3, 6.4, 6.5.

Problem 1. I broadcasted the RSA public key

n = 3070 475 477 e = 443

and announced that I will read an integer mod n (padded with leading 0’s to give a 10 digit integer
as necessary) as a sequence of five English letters encoded according to the conversion table

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
A B C D E F G H I J K L M N O P Q R S T U V W X Y Z

A student sent me the following series of encrypted messages using this key and encoding scheme.

2360943706 0103447229 0416358637 0562123654 0308364848 2892292118

What message were they trying to send? (Feel free to use a computer for your computations.
Wolfram Alpha might be useful.)

Problem 2. Explicitly describe an isomorphism f : Z∗
8 → Z2 × Z2, and prove that your function

is an isomorphism.

Problem 3. Let G,H,K be groups.

(1) Suppose f : G → H is an isomorphism. Prove that the inverse function f−1 : H → G is
also an isomorphism.

(2) Suppose f1 : G → H and f2 : H → K are isomorphisms. Prove that the composition
f2 ◦ f1 : G → K is an isomorphism.

(3) Define a relation on a set of groups by saying G ∼= H if there is an isomorphism f : G → H.
Show that ∼= is an equivalence relation.

Problem 4. Let G,H be groups, and suppose f : G → H is an isomorphism.

(1) Show that f(eG) = eH , where eG (resp. eH) is the identity in G (resp. H).
(2) Show that for any g ∈ G, f(g−1) = (f(g))−1.
(3) Show that for any g ∈ G, g and f(g) have the same order. (Recall that the order of g is

the smallest number n such that gn = e; equivalently, it is the order of 〈g〉.)
(4) Show that the groups Z2 ×Z2 ×Z2 and Z2 ×Z4 are not isomorphic, even though they both

have 8 elements.

Problem 5. Suppose G is a cyclic group of infinite order. Prove that there is an isomorphism
f : Z → G from the group of integers under addition to G. Thus, any cyclic group is one of Z or
Zn for some n ≥ 1, depending only on the order of the group.
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