
MATH 437 HOMEWORK 6
DUE WEDNESDAY, OCTOBER 12

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapter II.5-6

Problem 1. Recall that we defined ellipses, parabolas, and hyperbolas in the Euclidean plane in
terms of their number of points at infinity. Assuming

ax2 + bxy + cy2 + dx + ey + f = 0

defines a (smooth) conic, derive a criterion on the coefficients a, . . . , f to determine which type of
conic the curve is in the Euclidean plane.

Problem 2. Consider the five points (0, 0), (1, 0), (0, 1), (1, 1), and (a, b) in the Euclidean plane,
where a, b ∈ R are such that no three of the five points are collinear.

(1) Determine, as a function of the point (a, b), the equation of the conic which passes through
all 5 points.

(2) Determine, as a function of the point (a, b), whether the conic in (1) is an ellipse, parabola,
or hyperbola. Draw the plane R2 and the first four points, and shade the regions in R2

where each geometric possibility occurs.

Problem 3. Let f(x, y) = 0 be a curve in the finite plane of degree d. Show that if f(x, x2) has
degree e, then f = 0 meets the parabola y = x2 with multiplicity 2d − e at the point at infinity
[0 : 1 : 0]. (Hint: if you are stuck, examine the proof of Theorem 5.8.)

Problem 4. (Polynomial interpolation)

(1) Show that the general homogeneous polynomial F (x, y, z) of degree d has
(

d + 2
2

)

=
(d + 2)(d + 1)

2

coefficients.
(2) Suppose p1, . . . , ps ∈ P2 are s <

(
d+2
2

)
distinct points in the plane. Show that there is a

homogeneous degree d polynomial which vanishes at all s points. (Hint: mimic the degree
2 case from class.)

Problem 5. (Peeling off a line) Let F = 0 and G = 0 be distinct projective plane curves of degree
n. Suppose L = 0 is a line such that F and G each intersect L a total of n times with multiplicity,
and that F and G each intersect L at the same points with the same multiplicities. Prove that
there is some α ∈ R such that L divides F + αG. (Hint: adapt the analogous result in the case of
a conic from class.)
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