
MATH 437 HOMEWORK 10
DUE WEDNESDAY, NOVEMBER 16

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapter III.9.

Problem 1. Let C be the irreducible nonsingular cubic curve y2 = x(x + 1)(x − 1). Let O be the
flex point at infinity [0 : 1 : 0]. Given two points P = (x1, y1) and Q = (x2, y2) on C, derive an
explicit formula for their sum P + Q ∈ C using the group law determined by the flex point O.

Problem 2. Let p(x) be a degree 3 polynomial in one variable with rational coefficients. Suppose
that p(x) = 0 has two rational roots a1, a2 ∈ Q. Prove that the third real root (with multiplicity)
of p(x) = 0 is also rational.

Problem 3. A point P ∈ P2 is called rational if it can be expressed in homogeneous coordinates
as P = [a0 : a1 : a2] for some rational numbers a0, a1, a2 (equivalently, by clearing denominators
we could demand the ai be integers). Thus [π : π : π] = [1 : 1 : 1] is rational but [1 : 0 :

√
2] is not.

Let C ⊂ P2 be an irreducible nonsingular cubic curve with a flex point O, and consider the
group law on C determined by O. Suppose that C has a defining equation F = 0 where all of the
coefficients are rational, and that O is a rational point.

(1) Show that if P,Q ∈ C are rational points then P + Q ∈ C is a rational point.
(2) Show that if P ∈ C is a rational point then its additive inverse −P ∈ C is also a rational

point.

In the language of group theory, the rational points of an irreducible nonsingular cubic curve defined
over the rational numbers with respect to a rational flex point form a subgroup of C.

Problem 4. The order of an element g in an abelian group G is the smallest positive integer m
such that mg := g + ∙ ∙ ∙ + g (m times) is equal to the identity element. If no such m exists, g is
said to have infinite order.

Let C be a nonsingular irreducible curve with flex point O defining the group law.

(1) Prove that P ∈ C has order 2 if and only if P 6= O and the tangent line to P passes through
O.

(2) Prove that P ∈ C has order 3 if and only if P 6= O and P is a flex point of C.
(3) State and prove necessary and sufficient geometric conditions on P ∈ C for P to have order

4.

Problem 5. Project or final? If project, write a half page to page explaining your plans, goals,
and any sources that you are planning on using to achieve them.
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