
MATH 437 HOMEWORK 1
DUE WEDNESDAY, AUGUST 31

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Chapter I.1.
• Additional exercises: The exercises at the end of I.1 are generally good. Do as many of

them as you need until you are comfortable with intersection multiplicity.

Problem 1. What is the intersection multiplicity at the origin of the following pairs of curves?
(Graph the curves for yourself, either by hand or computer, to develop intuition. You can use e.g.
Wolfram Alpha with the command “ContourPlot” to get graphs quickly.)

(1) y = 0 and y2 = x3.
(2) y = x2 and x2 = y3.
(3) xy = 0 and yx3 − x = 0.
(4) y3 = 2x4 and x2y2 + y − x2 = 0.

Problem 2. Consider the curve C defined by the equation

xy + x3 + y3 = 0.

(Graph it for yourself.) Show that every line passing through the origin intersects C with multi-
plicity at least 2 there. Furthermore, show that there are exactly 2 lines which intersect C at the
origin with multiplicity 3.

Problem 3. Suppose that the polynomials f(x, y) and g(x, y) have a common factor h(x, y) of
positive degree which vanishes at the origin. Prove that

IO(f, g) = ∞.

The converse statement, “if f and g do not have a common factor which vanishes at the origin then
IO(f, g) is finite,” will be proved in class.

Problem 4. Let f(x) and g(x) be polynomials (of one variable!) that have no common factor of
positive degree. Prove that f(x)y+g(x) does not factor as a product of two polynomials of positive
degree. (Such a polynomial is called irreducible.)

Problem 5. Here is an example that motivates our eventual shift to studying curves over the
complex numbers instead of over the real numbers. Let C be the curve defined by the equation

x2 + y2 = 0.

(1) What is the intersection multiplicity IO(y, x2 + y2) of the x-axis with C?
(2) What does the curve C look like over the real numbers, and why is your answer to (1)

troubling?
(3) What does the curve C look like over the complex numbers? (Hint: can you factor the

equation?) Explain why this makes your answer to (1) less troubling.
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