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MATH 435 MIDTERM 2

SPRING 2020

• Read all directions carefully.
• Full justifications are needed for all problems.
• Write your solutions in complete sentences and paragraphs.
• You have until 3:35 Eastern on Saturday, April 4 to submit your exam on Canvas.
• If you are handwriting your exam and have access to a printer, I recommend you print the

exam and solve the problems on the corresponding pages.
• Please include this cover sheet if possible.
• Write your name on each page of your submission.
• Begin a new page for each new problem. Submit the problems in the correct order and

clearly indicate where you are attempting each problem.
• You may use your class notes, old homeworks, textbook, and any materials I have

posted to Canvas. Once you have looked at the exam problems, you may not use any
other resources or discuss the problems with anybody except your professor. From
https://science.psu.edu/current-students/integrity/policies:

“In an examination setting, unless the instructor gives explicit prior instructions to
the contrary, regardless of whether the examination is in-class or take-home, violations
of academic integrity shall consist of any attempt to receive assistance from any person
or papers or electronic devices, or of any attempt to give assistance, whether the student
doing so has completed his or her own work or not.”

• If you are printing this cover sheet, sign and date the following statement. If you are not
printing this cover sheet, copy the following statement in your submission and sign it.
(Electronic signatures are OK.)

“I have read the exam directions and completed the exam in full accordance with the
instructions.”

Signed: Date:

Problem Scored Possible
1 10
2 20
3 25
4 25
5 20

Σ 100



Problem 1. (10 points) Let G be a group, and suppose that G has an element of order n. Show
that there is a homomorphism φ : Z → G with kernel nZ, and thus that there is an injective
homomorphism Z/nZ→ G.



Problem 2. (20 points) Let Q = {±1,±i,±j,±k} be the group of unit quaternions under multi-
plication; recall

i2 = j2 = k2 = ijk = −1.

(1) (10 points) Determine all normal subgroups of Q.
(2) (10 points) For each normal subgroup H of Q, identify the isomorphism type of the quotient

group Q/H . (That is, determine a well-known group Q/H is isomorphic to.)



Problem 3. (25 points) Let G be a group and let

C = {a ∈ G : ax = xa for all x ∈ G}

be its center.

(1) (5 points) From homework, C is a subgroup of G. Show that C is a normal subgroup of G.
(2) (10 points) Suppose that G/C is cyclic; say G/C = 〈aC〉. Show that G is abelian. (Hint:

if x ∈ G, then xC = anC for some n ∈ Z.)
(3) (10 points) Let p be a prime. Show that any group of order p2 is abelian. Thus, according

to the classification of finite abelian groups, any group of order p2 is isomorphic to Zp2 or
Zp × Zp.



Problem 4. (25 points) We construct a ring R as follows. As an additive group, R is R3. We
define multiplication by

(x, y, z) ∙ (x′, y′, z′) = (xx′ + yz′ + zy′, xy′ + yx′ + zz′, xz′ + yy′ + zx′).

(1) (15 points) Show that R is a commutative ring with a multiplicative identity element.
(2) (10 points) Show that R is not an integral domain.



Problem 5. (20 points) Let p be a prime number.

(1) (10 points) Show that in Zp[x], we have

xp − x = x(x− 1)(x− 2) ∙ ∙ ∙ (x− (p− 1)).

(Hint: Fermat’s Little Theorem.)
(2) (10 points) Show that if f(x), g(x) ∈ Zp[x] are two polynomials such that f(a) = g(a) for

all a ∈ Zp, then xp − x divides f(x)− g(x).


