
MATH 435 HOMEWORK 7
DUE FRIDAY, MARCH 20

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Sections 14 and 15 in the textbook. In class on Friday, we
proved Cauchy’s Theorem 36.3, but the proof was totally different from in the textbook. If
you missed class, be sure to get notes from someone who was in class.

• Textbook exercises (do not turn in): Exercises 14.7, 14.11, 14.30, 14.34, 15.1-5, 15.37.

Problem 1. Let n ≥ 3. Show that there is no surjective homomorphism φ : D2n → Zn, where D2n

is the dihedral group of order 2n.

Problem 2. Let G = D8 and let H = 〈ρ2〉 ≤ G. Show that H is normal and G/H ∼= Z2 × Z2.

Problem 3. Subgroups of quotient groups. Let G be a group and let H ≤ G be a normal subgroup.
Let K be a subgroup of G that contains H.

(1) Show that there is a well-defined injective homomorphism

i : K/H → G/H

given by i(kH) = kH . By abuse of notation, we regard K/H as being the subgroup
Im i ≤ G/H consisting of all cosets of the form kH with k ∈ K.

(2) Show that every subgroup of G/H is of the form K/H for some subgroup K of G which
contains H. (Hint: given a subgroup K ′ ≤ G/H , consider K = φ−1(K ′), where φ : G →
G/H is the quotient homomorphism.)

(3) Regarding Zn as Z/nZ, use the fact that every subgroup of Z is cyclic to give another proof
of the fact that every subgroup of Zn is cyclic, generated by an element a with a|n.

Problem 4. Third isomorphism theorem. Let H ≤ K ≤ G be subgroups, with H and K both
normal in G. Define a function φ : G/H → G/K by the rule φ(gH) = gK. Prove that φ is a
well-defined surjective homomorphism with kernel K/H , and conclude

(G/H)/(K/H) ∼= G/K.

Problem 5. Let G be a group of order 6. By Cauchy’s theorem, it has an element a of order 2
and an element b of order 3.

(1) Show that G = {aibj : 0 ≤ i ≤ 1 and 0 ≤ j ≤ 2}.
(2) Show that since G is a group, ba must equal either ab or ab2.
(3) Show that G is isomorphic to either Z6 or S3.
(4) (Not-so-hard challenge; ε > 0 extra credit points) Follow a similar strategy to show any

group of order 10 is isomorphic to one of Z10 or D10.
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