
MATH 435 HOMEWORK 5
DUE FRIDAY, FEBRUARY 28

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Sections 10, 11, and 13 in the textbook.
• Textbook exercises (do not turn in): Exercises 10.2, 10.6-7, 10.15, 10.33, 10.43, 11.6, 11.11,

11.17, 11.25.

Problem 1. Let G be a finite group, and let H and K be subgroups of G.

(1) Suppose H ⊂ K. Show that [G : H] = [G : K][K : H].
(2) Show that if H has order m, K has order n, and m and n are coprime, then H ∩K = {e}.
(3) Suppose |H| = 1

2 |G|. Show the partitions of G into left and right cosets of H are the same.

Problem 2. Read chapter 11; you may use the results there without proof. How many isomorphism
classes of abelian groups are there of order 24? Give a group of each isomorphism class. Repeat
the exercise for order 32.

Problem 3. Let G be a group. Define a relation on G by the rule x ∼ y iff either x = y or x = y−1.

(1) Show that ∼ is an equivalence relation.
(2) What are the possible sizes of equivalence classes of ∼? Discuss when each size occurs.
(3) The class equation says that if a finite set X is partitioned into equivalence classes

X = X1 ∪ ∙ ∙ ∙ ∪ Xn,

then
|X| = |X1| + ∙ ∙ ∙ + |Xn|.

Show that if G is finite and |G| is even, then G has an element of order 2.

Problem 4. Let G be an abelian group of order n, with operation written multiplicatively. Suppose
m is an integer coprime to n. Show that the function

f : G → G

f(x) = xm

is an isomorphism. (An isomorphism from G to itself is called an automorphism.)

Problem 5. Conjugacy. Let G be a group. For any a ∈ G, we say a conjugate of a is any element
of the form xax−1, where x ∈ G.

(1) Show that “b is a conjugate of a” is an equivalence relation on G.
(2) The conjugacy class of a ∈ G is the set [a] = {b ∈ G : b is a conjugate of a}. When does a

conjugacy class have size 1? Prove your answer.
(3) Give the partition into conjugacy classes for the groups D12, A4, and S4. (Notice that each

conjugacy class divides the order of the group—if not, you did something wrong! Proof
next week.)
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