
MATH 435 HOMEWORK 3
DUE FRIDAY, FEBRUARY 7

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Sections 6-8 in the textbook.
• Textbook exercises (do not turn in): Exercises 6.12, 6.13, 6.33-37, 6.44, 6.48, 7.16.

Problem 1. Let G be a group, and let g ∈ G be an element of finite order k.

(1) Show that if m ∈ Z is an integer such that gm = e, then k|m.
(2) Show that if m ∈ Z then gm has order

k

gcd(m, k)
.

In particular, the order of gm divides k.

Problem 2. Let a, b > 0 be coprime positive integers, and let G be a group of order ab. Suppose
there is an element x ∈ G of order a and an element y ∈ G of order b.

(1) Suppose G is abelian. Show that G ∼= Zab. (Hint: show the element xy−1 has order ab.)
(2) Show by way of counterexample that the abelian hypothesis in (1) is necessary.
(3) Chinese remainder theorem. Conclude that Za×Zb

∼= Zab. Conversely, show that if a, b > 0
are positive integers such that Za × Zb is cyclic, then a and b are coprime.

Problem 3. Let p be a prime number, and let S ⊂ Q be the subset of all numbers where the
denominator is a power of p. In other words,

S =

{
a

pm
: a ∈ Z and m ≥ 0

}

.

(1) Show that S is a subgroup of Q under addition.
(2) Suppose r1, . . . , rk ∈ S is a finite list of elements in S. Show that the subgroup they generate

〈r1, . . . , rk〉 ⊂ S

is cyclic.
(3) Show that S is not cyclic.

Problem 4. Consider the square in plane with the four vertices {(±1,±1)}; for the grader’s
sanity, you can label them 1-4 starting from (1, 1) and going around clockwise. Let ρ be a clockwise
rotation by 90 degrees, and let f be the flip across the y-axis, viewed as permutations of the vertex
set {1, 2, 3, 4}. Show that they generate a group D8 with eight elements {e, ρ, ρ2, ρ3, f, ρf, ρ2f, ρ3f}.
Determine relations between ρ and f which are sufficient to compute the multiplication table, and
give that table.

Problem 5. Quaternions. Let Q = {±1,±i,±j,±k} be the set of unit quaternions, with the
operation of quaternion multiplication. This is defined by the following relations:
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(1) Multiplication is associative. (Warning: the multiplication is not commutative.)
(2) 1 is the identity element and multiplication by −1 flips the sign.
(3) We have

i2 = j2 = k2 = ijk = −1.

Show that these relations suffice to determine the products of all pairs of elements in Q, and that
Q is a group of order 8 (you may skip the proof of associativity). Show that Q is not isomorphic
to D8.

Problem 6. (Challenge; ε > 0 extra credit points. Probably difficult with what we know so far,
so feel free to turn it in directly to me any time before the end of the course.) Show that every
group of order 8 is isomorphic to one of Z8, Z2 × Z4, Z2 × Z2 × Z2, D8, or Q.


