
MATH 435 HOMEWORK 11
DUE FRIDAY, APRIL 24

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Sections 26 and 27 in the textbook.
• Textbook exercises (do not turn in): 26.18, 26.22, 26.27, 27.5, 27.19, 27.24, 27.29.

Problem 1. Let R and S be commutative rings with 1, and suppose S is an integral domain. Let
φ : R → S be a nonzero ring homomorphism. Prove that ker φ is a prime ideal.

Problem 2. Let R be an integral domain, and let f(x) ∈ R[x] be a polynomial of degree n. Prove
that f has at most n roots in R.

Problem 3. Let R = Z2[x], let I = (x2 + x + 1), and let F = R/I.

(1) Show that F is a field with 4 elements

F = {I, 1 + I, x + I, (x + 1) + I}.

(Hint: if a coset p(x)+ I is represented by a polynomial p(x) of degree ≥ 2, use the division
algorithm.)

(2) Write down the addition and multiplication tables for F , and identify the isomorphism class
of the additive group (F, +) and the multiplicative group (F ∗, ∙).

Problem 4. Let F = Z3[x]/(x3 + 2x + 2).

(1) Show that F is a field with 27 elements.
(2) Show that as an additive group, F is isomorphic to Z3 × Z3 × Z3.
(3) Show that the multiplicative group F ∗ is isomorphic to Z26.
(4) (Not-too-hard bonus; ε > 0 extra credit.) Find a cyclic generator of F ∗.

Problem 5. Let R be a ring with 1, possibly noncommutative. Fix an element a ∈ R, and let
I ⊂ R be the smallest ideal of R which contains a.

(1) Show that I is well-defined. That is, there is a unique smallest ideal of R which contains a.
(2) Show that if R is commutative then

I = {xa : x ∈ R}.

(Recall this is the principal ideal (a) generated by a.)
(3) (No longer assume R is commutative.) Show that every element of I is a finite sum of

elements of the form xay where x, y ∈ R.
(4) Show by example that it may happen that

{xay : x, y ∈ R}

is a proper subset of I.
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