
MATH 435 HOMEWORK 10
DUE FRIDAY, APRIL 17

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Sections 23 and 26 in the textbook. The proof of Gauss’ Lemma
can be found in the course notes.

• Textbook exercises (do not turn in): 23.1, 23.7, 23.13, 23.19, 23.35.

Problem 1. Show that x4 + 4x3 + 6x2 + 2x + 1 is irreducible over Q. (Hint: make a change of
variables.)

Problem 2. Let n be a positive integer. Show that the polynomial

f(x) = (x − 1)(x − 2) ∙ ∙ ∙ (x − n) − 1

is irreducible over Q. (Hint: suppose it factors over Z and consider the values of the factors at
x = 1, 2, . . . , n.)

Problem 3. (1) Let R and S be commutative rings and let φ : R → S be a ring homomor-
phism. Show that there is a unique ring homomorphism ψ : R[x] → S[x] such that ψ(x) = x
and ψ(r) = φ(r) for r ∈ R ⊂ R[x].

(2) Let p be a prime and apply (1) to the natural reduction homomorphism φ : Z→ Zp to get
a reduction homomorphism ψ : Z[x] → Zp[x]. Show that if f(x) ∈ Z[x] is monic (i.e. has
leading coefficient 1) and ψ(f) is irreducible over Zp, then f is irreducible over Q.

(3) Let n be an integer. Show that the polynomial

f(x) = x3 + 7x + (2 + 7n)

is irreducible over Q.

Problem 4. List, with justification, all the irreducible polynomials of degree ≤ 4 in Z2[x].

Problem 5. Suppose that f(x), g(x) ∈ Q[x] are nonzero polynomials with rational coefficients
such that f(x)g(x) ∈ Z[x].

(1) Let r > 0 and s > 0 be the smallest positive integers such that rf(x) and sg(x) are in Z[x].
Show that r and s are coprime, and (r/s)f(x) and (s/r)g(x) are in Z[x]. (Hint: study the
proof of Gauss’ Lemma. If r and s are not coprime, they have a common prime factor.)

(2) Conclude that the product of any coefficient of f with any coefficient of g is an integer.
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