
MATH 435 HOMEWORK 1
DUE FRIDAY, JANUARY 24

Homework is due at the beginning of class. No late homework will be accepted. You may
collaborate on the homework, but your final write-up must be done on your own and should reflect
your own understanding of the problem. Write the names of any students you collaborated with
on your assignment, and cite any help you get.

(All solutions must be supported with a proof, a counterexample, or a detailed computation,
as appropriate. Simple Yes/No answers are unacceptable, even if the question is phrased in those
terms. Solutions should be written in complete sentences and paragraphs.)

• Reading assignment: Read Sections 0-3 in the textbook.
• Textbook exercises (do not turn in): Exercises 2.1-6, 2.9, 2.12, 2.13, 2.24, 2.28, 3.3, 3.5,

3.24, 3.28.

Problem 1. For a real number a > 0, let Ra denote the interval [0, a) with the operation +a of
addition mod a:

x +a y =

{
x + y if x + y < a

x + y − a if x + y ≥ a
.

Show that if a, b > 0, then (Ra, +a) and (Rb, +b) are isomorphic.

Problem 2. Let Mat2×2(R) be the set of 2×2 matrices with the operation of matrix multiplication,
and let

H =

{(
1 a
0 1

)

: a ∈ R

}

⊂ Mat2×2(R).

(1) Show that H is closed under multiplication.
(2) Show that (H, ∙) is isomorphic to (R, +).

Problem 3. Let (S, ∗) be a binary structure, and let S′ be a set. Suppose that φ : S → S′ is a
bijection. Define an operation ∗′ on S′ by the rule

x′ ∗′ y′ = φ(φ−1(x′) ∗ φ−1(y′))

(1) Show that φ is an isomorphism between (S, ∗) and (S′, ∗′).
(2) If S = S′ = Z, the operation ∗ is multiplication, and φ : S → S′ is the bijection φ(n) = n+1,

give an explicit formula for the operation ∗′. Using your formula, show directly that φ is
an isomorphism.

Problem 4. Let (S, ∗) and (S′, ∗′) be two binary structures, and suppose φ : S → S′ is an
isomorphism. Suppose ∗ is associative. Show that ∗′ is associative. Therefore, the property “∗ is
associative” is a structural property.

Problem 5. Let S = (R∗, ∙) denote the set of nonzero real numbers under multiplication, and let
S′ = (R, +). Identify a structural property which one satisfies that the other does not. Rigorously
show that this property is a structural property. Conclude that S and S′ are not isomorphic.

(On the other hand, recall that in class we showed that (R, +) and (R>0, ∙) are isomorphic, via
the exponential map.)
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