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On the Capabilities and Computational
Costs of Neuron Models

Michael J. Skocik and Lyle N. Long

Abstract— We review the Hodgkin–Huxley, Izhikevich, and
leaky integrate-and-fire neuron models in regular spiking modes
solved with the forward Euler, fourth-order Runge–Kutta, and
exponential Euler methods and determine the necessary time
steps and corresponding computational costs required to make
the solutions accurate. We conclude that the leaky integrate-
and-fire needs the least number of computations, and that
the Hodgkin–Huxley and Izhikevich models are comparable in
computational cost.

Index Terms— Accuracy, computational costs, Hodgkin–
Huxley, Izhikevich, leaky integrate-and-fire.

I. INTRODUCTION

SPIKING neural networks have become widely used in a
variety of biological and engineering applications, and to

date there have been a large number of neuron models that
have been proposed in the scientific literature. These artificial
networks are applied in such diverse fields as logic gating [1],
pattern recognition [2], supervised and unsupervised learning
[3], [4], and hybridized cognitive architecture creation [5].
This paper seeks to better understand the neuron models that
are used in such endeavors, and to propose recommendations
for which models should be used in certain circumstances.

Additionally, in the past decade there has been a lot of
research conducted on understanding global neuron phenom-
ena, such as how synchronous states arise from a set of
interacting neurons [6]–[8], and how these states have emer-
gent properties that can be used to perform computations [9].
Such studies are, however, often limited by the amount of
computational power available; it is therefore of paramount
importance that the computational costs of the different neuron
models used to construct these networks be well understood.

Furthermore, many neural phenomena are dependent on
the temporal order of neuron spiking [10], [11], including
the widely used Hebbian learning algorithm of spike-time-
dependent plasticity (STDP) [12]–[15] and the phenomenon of
synchronous states. Even more engineering-oriented projects,
for example, pattern recognition, are often dependent on spike
timing [2]. For situations such as these, it is important to
simulate the behavior of individual neurons exactly. To these
ends, this paper not only examines the cost of implementing
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different solution methods on different neuron models, but also
studies how different time resolutions affect a neuron model’s
accuracy.

II. OVERVIEW OF NEURON MODEL

This paper reviews three different neuron models: the bio-
logically realistic Hodgkin–Huxley model, the widely used
Izhikevich model, and the beautifully simple leaky integrate-
and-fire model.

A. Hodgkin–Huxley Model

The Hodgkin–Huxley model, which is one of the most bio-
physically meaningful models of neuron spiking, was created
in [16]. Designed from the study of a squid giant axon, this
model was proposed to describe the response of a neuron to
external current stimulation, and included the effects of differ-
ent ionic channels and leakage currents. The Hodgkin–Huxley
model involves a system of nonlinear ordinary differential
equations, and is given by

Cm
du

dt
= −gNa(u − VNa)m

3h − gk(u − Vk)n
4

−gL(u − VL) + I (1)

where u is the membrane potential; Cm is the effective capaci-
tance per area of the membrane; t is time; gNa, gk , and gL are
the conductances of the sodium, potassium, and leak channels,
respectively; VNa, Vk , and VL are the reversal potentials of the
sodium, potassium, and leak channels, respectively; I is the
stimulation current per area; m, n, and h are the coefficients
determined by

dm

dt
= αm(1 − m) − βmm

dn

dt
= αn(1 − n) − βnn

dh

dt
= αh(1 − h) − βhh (2)

where the α and β coefficients are given by

αm = 2.5 − 0.1u

Exp[2.5 − 0.1u] − 1
βm = 4Exp

[
− u

18

]

αn = 0.1 − 0.01u

Exp[1 − 0.1u] − 1
βn = 0.125Exp

[
− u

80

]

αh = 0.07Exp
[
− u

20

]
βh = 1

Exp[3 − 0.1u] + 1
(3)
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Fig. 1. Membrane potential (solid line) of a Hodgkin–Huxley neuron under
a sustained current per area (dashed line) of 18 μA/cm2.

where Exp[γ ] signifies eγ, and the constants are often given by

VNa = 115 mV gNa = 120
ms

cm2

VK = −12 mV gK = 36
ms

cm2

VL = 10.6 mV gL = 0.3
ms

cm2

Cm = 1
μF

cm2 . (4)

From these equations, it is easy to obtain the impression
that the Hodgkin–Huxley model is a very computationally
expensive system. Verily, this model has been described as
analytically impossible [17], inherently complex [18], and
only viable for small neural networks [19]. However, those
claims are disputed below; if coded correctly, we assert that
this model, which is the most biologically plausible model
considered [20], can be implemented in a manner that is more
computationally efficient than most competing models. This
topic will be returned to shortly.

The membrane potential of the Hodgkin–Huxley model
under sustained current is shown in Fig. 1. The frequency at
which this neuron fires is dependent on the stimulation current;
this frequency response is shown in Fig. 2. This response
curve was created by increasing the stimulation current of
a Hodgkin–Huxley neuron in increments of 0.3 μA/cm2 at
1000-ms intervals.

Other papers have shown that the Hodgkin–Huxley model
can exhibit all neuron-spiking behaviors through parameter
modification [20]. Also, adaptations to the model have been
published that produce different neuron behaviors [21]. Fur-
thermore, because this model is so biophysically meaning-
ful, other models, such as the Morris–Lecar model, have
been published as simplified versions of the Hodgkin–Huxley
model [20].

One alternative to the biologically realistic Hodgkin–Huxley
model is the Izhikevich model, introduced for its computa-
tional efficiency.

B. Izhikevich Model

Through the study of dynamical systems and bifurcation
theory, Izhikevich [20], [22] developed a model of neuron

Fig. 2. Frequency response of a Hodgkin–Huxley neuron to sustained current.
Each current was applied for an interval of 1000 ms, with current per area
increasing in increments of 0.3 μA/cm2.

spiking that involved less than half the equations of the
Hodgkin–Huxley model, yet seemed to replicate most of the
neuron-spiking behaviors. The tradeoff, then, was that his
model was not biologically realistic [20], but rather phenom-
enological. The equations of the Izhikevich model are

dv

dt
= 0.04v2 + 5v + 140 − u + I

du

dt
= a(bv − u)

if v ≥ 30 mV, then v→c
u→u+d (5)

where v is the membrane potential, u is a recovery variable
used in adjusting the membrane potential, t is time, I is the
stimulation current, and a, b, c, and d are the adjustable
parameters. Once the membrane potential reaches 30 mV, a
spike is emitted and the membrane voltage is reset to a certain
value.

The adjustable parameters in this model can take on a
wide array of values, resulting in different spiking behaviors.
This is not unique to the Izhikevich model; as was previously
mentioned, the Hodgkin–Huxley model can also exhibit other
spiking behaviors if its parameters are modified. The scope of
this paper is limited to regular spiking modes; the forthcoming
results are not necessarily applicable to all parameter sub-
sets for the investigated models, including subsets that cause
bursting behaviors. Therefore, to induce regular spiking, the
parameters were set to

a = 0.02 Hz b = 0.2 c = −65 mV d = 2. (6)

The firing of this model and its frequency response to
constant current are shown in Figs. 3 and 4, respectively.

This model has become one of the most widely used models
of neuron spiking, and has been hailed by its author as
the fastest model that exhibits all biological features [20].
However, these claims do not consider accuracy; as will be
shown shortly, when achieving a level of accuracy comparable
with other models, this model requires a comparable number
of computations. Furthermore, it has been demonstrated that
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Fig. 3. Membrane potential (solid line) of an Izhikevich neuron under a
sustained current per area (dashed line) of 18.

Fig. 4. Frequency response of an Izhikevich neuron to sustained current.
Each current was applied for an interval of 1000 ms, with current per area
increasing in increments of 0.3.

the behavior of the Izhikevich model changes as the time
step is varied [23], [24]. Accuracy is important because,
if the equations are not solved accurately, then one is not
really solving the original equations at all but rather some
different equations. The solutions then depend on the size of
the time step (i.e., the solution is nonconvergent), and may be
simply fortuitous. For partial differential equations, this is a
well known and much studied issue [25]; membrane potential
solutions will not simply be off from the exact solution by
a constant amount, but rather the complexity of the network
could lead to entirely different dynamics. This is caused
by the finite difference numerical methods, which are based
upon Taylor series expansions, and the higher order terms
are neglected. Therefore, they are reasonable approximations
to the original equations only if the time step size is very
small. Therefore, the appearance of certain phenomenon, such
as synchronization, may be called into question entirely, and
the network may not display the desired behaviors.

Fig. 5. Membrane potential (solid line) of a leaky integrate-and-fire neuron
under a sustained current per area (dashed line) of 18 nA.

C. Leaky Integrate-and-Fire Model

The leaky integrate-and-fire model is one of the simplest
models of neuron spiking [26]. It involves only one differential
equation, and it models a neuron membrane as a capacitor of
capacitance C in parallel with a resistor of resistance R. The
dynamics are then given by

τm
du

dt
= −u + RI

if u ≥ uth, then u → urst (7)

where τm = RC is the circuit’s time constant, u is the mem-
brane potential, t is time, and I is the stimulation current. Once
the firing threshold uth is crossed, a spike is emitted and the
membrane potential is reset to its rest value urst. Additionally,
it is customary to program in an absolute refractory period of
length tr after each firing.

In this paper, the parameters were set to

R = 8.22 M� C = 5.0675 nF

uth = 30 mV urst = 0 mV

tr = 5 ms. (8)

While this model is too simple to exhibit any interesting
spiking behavior, it will be taken as an example of the simplest
a neuron model can be. The firing of this model and its
frequency response to constant current are shown in Figs. 5
and 6, respectively.

Now that the three neuron models have been introduced,
the following section discusses the solution methods and their
accuracies.

III. SOLUTION METHODS AND THEIR ACCURACIES

It is not possible to analytically solve the differential equa-
tions of any of these models except for in the most trivial of
cases. This section discusses applicable approximate solution
methods and the resulting accuracies.
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Fig. 6. Frequency response of a leaky integrate-and-fire neuron to sustained
current. Each current was applied for an interval of 1000 ms, with current per
area increasing in increments of 0.3 nA.

A. Solution Methods

There are many different methods that can be used to
approximate solutions to these models. Three of them will
be discussed here: the forward Euler method, the fourth-order
Runge–Kutta method, and the exponential Euler method. In
this section, the following notation will be used: the value of
any quantity γ at time step n will be denoted as γ n .

1) Forward Euler Method: One of the simplest methods for
approximating solutions to the above equations is the forward
Euler method [27]. If one has an equation of the form

dξ

dt
= �(ξ, t) (9)

where �(ξ, t) is some arbitrary function of ξ and t , and if one
knows the value of ξ at some time t corresponding to time
step n given in increments of 	t , then one can approximate
ξ at time t + 	t by

ξn+1 = ξn + �(ξn, t)	t . (10)

This method is very simple, but it is only first-order accu-
rate, meaning its error is proportional to the time step size 	t .
The backward Euler method (an implicit method) can be more
stable, but is also only first-order accurate. A better solution
can be given by a fourth-order Runge–Kutta method, which is
fourth-order accurate [error ∝ (	t)4].

2) Fourth-Order Runge–Kutta Method: One fourth-order
Runge–Kutta method [28] determines the value of ξn+1 via

ξn+1 = ξn + 	t

6
(ζ1 + 2ζ2 + 2ζ3 + ζ4) (11)

where

ζ1 = �
(
ξn, t

)

ζ2 = �

(
ξn + 1

2
ζ1	t, t + 1

2
	t

)

ζ3 = �

(
ξn + 1

2
ζ2	t, t + 1

2
	t

)

ζ4 = �
(
ξn + ζ3	t, t + 	t

)
. (12)

This method is easily generalizable to coupled, multivariable
systems. From these equations, it is immediately obvious that
this method is much more computationally intensive than the
forward Euler method, but it is also much more accurate and
stable. A third method, which is more middle-of-the-road in
terms of computational complexity, is the exponential Euler
method.

3) Exponential Euler Method: The exponential Euler
method is a powerful method that only works if �(ξ, t)
from (9) takes the form

�(ξ, t) = dξ

dt
= �(t) − �(t)ξ (13)

where �(t) and �(t) are the arbitrary functions of t . The
approximate solution can then be given by

ξn+1 =
(

ξn − �n

�n

)
e−�n	t + �n

�n
(14)

which is the exact solution if �(t) and �(t) are constant over
the interval 	t [29]. Conversely, if �(t) and �(t) vary rapidly
in time, or if they are dependent on ξ , then this method might
require iterations within each time step.

It is easy to observe how the leaky integrate-and-fire model
can take advantage of this method. The other two models
can, too, with a small amount of rewriting. For the Hodgkin–
Huxley model, the voltage equation takes the form

du

dt
= (gL VL + gNaVNam3h + gkVkn4 + I )

−(gL + gNam3h + gkn4)u (15)

where Cm has been assumed to have a value of unity, and the
coefficient equations become

dm

dt
= αm − (αm + βm)m

dn

dt
= αn − (αn + βn)n

dh

dt
= αh − (αh + βh)h. (16)

Similarly, the Izhikevich model is rewritten as

dv

dt
= (140 − u + I ) − (−0.04v − 5)v

du

dt
= abv − au. (17)

Because the coefficients of (15) and (17) depend on v and u,
iteration must be considered when implementing this method
on these models. In our tests, iteration was required for the
Izhikevich but not for the Hodgkin–Huxley model, making
the exponential Euler method competitive only for the latter.
We believe this to be due to the strong nonlinearity and sharp
discontinuities of the Izhikevich model. The exponential Euler
method actually proved itself to be the most stable method that
was tested, even in the presence of noise.

In using all three of the aforementioned solution methods,
it is important to realize that there exists a key difference
between the Hodgkin–Huxley and the other two models: the
former is a continuous function while the latter have jump
discontinuities. Jump discontinuities are quite rare in nature;



1478 IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 25, NO. 8, AUGUST 2014

Fig. 7. Frequency errors for varying time steps for the forward Euler method on the leaky integrate-and-fire model (dotted lines), the fourth-order Runge–Kutta
method on the Izhikevich model (dash dotted lines) and the exponential Euler method on the Hodgkin–Huxley model (solid lines). These tests were conducted
at roughly 70, 90, and 120 Hz.

TABLE I

FREQUENCY ERRORS FOR LOW-FREQUENCY RUNS

(ROUGHLY 70 Hz), IN PERCENTAGES

even shockwaves are continuous when viewed on a fine
enough scale. It is quite difficult to model jump discontinuities
using finite difference methods, which have their origin in
Taylor series expansions. The Hodgkin–Huxley equations are
quite smooth, and this is very beneficial for solving them
numerically.

The accuracy of these methods, which is dependent on the
time step 	t used, is discussed in the following section.

B. Accuracies of Different Solution Methods

To examine the accuracy of the above methods with varying
input currents and time steps, the three aforementioned neuron
models were constructed, tested, and compared. There were
two different kinds of tests run: one that compared the firing
frequency over an extended time period, and another that
compared the voltage profile for a single action potential. For
the former, the neuron models were run with three different
input currents and with time steps ranging from 10−4 to 1 ms.
More details on this process can be found in the appendix.
For this paper, it was our intention to show the relative
computational abilities of the three neuron models; for this

TABLE II

FREQUENCY ERRORS FOR MEDIUM-FREQUENCY RUNS

(ROUGHLY 90 Hz), IN PERCENTAGES

reason, the time steps were varied by orders of magnitude.
We are confident that the models can be further optimized
for specific tasks; it was not our intention to carry out this
optimization, but rather to point to the key concepts involved.

After running the firing frequency test, from the resulting
firing pattern the frequency error was determined by

Frequency Error (%) = | f − f0|
f0

× 100 (18)

where f is the firing frequency of the case being tested and
f0 is the firing frequency of the benchmark solution, which
was taken to be the solution produced by the fourth-order
Runge–Kutta method with a time step of 	t = 10−4 ms.
The benchmark solutions were different for each model,
i.e., the frequency produced by the fourth-order Runge–Kutta
method with the Hodgkin–Huxley model is different from the
frequency produced by the fourth-order Runge–Kutta method
for the Izhikevich model.

A select number of these frequency errors are shown in
Fig. 7; as will be discussed in Section IV, the results shown in
this figure are the errors for the methods that allow for the most
efficient implementation of each model. The complete results
are shown in Tables I–III. In this section, a blank cell means
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that the solution method was unstable for the given time step
and BM means that the given time step and method was used
as the benchmark solution. Additionally, the following abbre-
viations will be used for the rest of the paper: Hodg.–Hux.
is the Hodgkin–Huxley model, leaky IF is the leaky integrate-
and-fire model, FE is the forward Euler method, RK4 is the
fourth-order Runge–Kutta method, and EE is the exponential
Euler method.

The second test, which compared the voltage profile for a
single spike, took neuron models at rest and triggered a single
action potential by inputting a short-current pulse. The error
was determined via the root mean square (rms) deviation

RMS Deviation =
√√√√1

n

n∑
i=1

(
V i − V i

0

)2 (19)

where n is the number of time steps, V is the voltage of the
case being tested, and V0 is the voltage of the benchmark
solution, which was calculated as it was for the frequency
error. A few examples of the voltage profiles being compared
with the benchmark solutions are shown in Fig. 8. Complete
results are shown in Table IV, and more details on how these
tests were run are discussed in the appendix.

Therefore, if one is to keep the frequency error under one
percent and the rms Deviation under 15 mV, one is required
to use the time steps listed in Table V.

It is important to realize the limitations of these tests:
they are very focused on spike timing. Spike timing is very
important for such applications as STDP [11] and synchronous
states [6], and may be less relevant in such cases as population
encoding [30] where spike timing is not as important. An
interesting future area of research would be the study of the
oscillation frequency error of these models [31]. It is also
worth noting that these tests, even though they were performed
under deterministic conditions, are entirely applicable to (and
are often used in) stochastic situations; the addition of a noise
term can be added regardless of the numerical scheme used.

In discussing the accuracies of the solution methods, it is
also important to consider the Nyquist frequency condition,
which states that one normally needs more than two points
per wavelength, including the refractory period, to avoid
aliasing, e.g., for a 50-Hz signal (which has a period of
20 ms) the time step size must be smaller than 10 ms. This
is an absolute upper limit; to accurately capture a complex
waveform one might need 50–75 points per wavelength (with
a low-order scheme). Because one does not know ahead of
time what the firing rate will be, the rate must be smaller
than that which is required for the highest possible frequency.
Furthermore, for a complex signal such as bursting, the time
step size will be determined by the firing rate in the burst,
not just the time period between bursts. This requirement
could be relaxed if one could use an adaptive time step
scheme.

Another factor, which affects the choice of time step size,
is the actual firing of the neuron. In the Izhikevich and leaky
integrate-and-fire models, the firing is determined when the
voltage exceeds a certain threshold. As is discussed in [24],
because the voltage is typically only compared with the

TABLE III

FREQUENCY ERRORS FOR HIGH-FREQUENCY RUNS

(ROUGHLY 120 Hz), IN PERCENTAGES

threshold at the end of each time step, if the time step size is
too large, the firing will be delayed and in error.

If a spiking neuron model is being used, then it should be
solved properly. If one permits inaccuracies, aliasing, lack of
convergence, time-step-dependent solutions, and so on. then
one is not actually solving the model equation but rather
a modified equation that may not lead to the same system
dynamics. If this is the case, then one should instead use
some sort of stochastic model, where the randomness can be
documented and the results are repeatable.

IV. COMPUTATIONAL COST

This section discusses the computational costs of imple-
menting the above methods for the neuron models. In calcu-
lating the computational cost of the above methods, addition,
multiplication, division, and subtraction have been assumed to
cost one operation, and exponentials have been assumed to
cost 10 operations (which is the same assumption Izhikevich
made when comparing the neuron models [20]; however,
modern compilers can often perform these operations much
faster).

Here, the Hodgkin–Huxley model has been computationally
simplified through the use of table lookups for coefficients
containing the α and β coefficients, e.g., for the exponential
Euler method, plugging the m equation of (16) into (14), one
obtains

mn+1 = (mn − m(u))eϒm(u) + m(u) (20)

where

m(u) = αm(u)

αm(u) + βm(u)

ϒm(u) = −(αm(u) + βm(u))	t . (21)

By storing periodic values of (u) and ϒ(u), one can dras-
tically reduce the number of computations required. This
method was used when determining the accuracy of the solu-
tion methods in the previous section, where values were stored
in 1-mV increments. There are no analogous coefficients in the
Izhikevich or the leaky integrate-and-fire models that could
take advantage of this method.
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Fig. 8. Examples of the comparisons performed when determining the rms deviation. All of these examples are comparisons of the exponential Euler method
(	t = 10−1 ms) with the fourth-order Runge–Kutta method (	t = 10−4 ms). (a) Hodgkin–Huxley neuron. (b) Izhikevich neuron. (c) Leaky integrate-and-fire
neuron. The poor convergence of the Izhikevich model suggests that an iterative method (e.g., a fourth-order Runge–Kutta method) should be used instead
for this time step size.

TABLE IV

RMS DEVIATIONS FOR ALL METHODS AND MODELS

TABLE V

TIME STEPS, IN MILLISECONDS, REQUIRED FOR

ACCURATE SIMULATION

TABLE VI

NUMBER OF OPERATIONS REQUIRED FOR EACH TIME STEP

UPDATE. (ADDITION, MULTIPLICATION = 1 OPERATION.

EXPONENTIATION = 10 OPERATIONS)

Then, counting the number of operations in each time
step update, one obtains the computational costs listed in the
Table VI.

Using the results listed in Table V, the number of operations
required to accurately simulate 1 ms of voltage updates is
listed in Table VII.

From this table it is clear that, if the goal is to simulate
accurately and efficiently, the Hodgkin–Huxley model can
be best implemented with the exponential Euler method,

TABLE VII

NUMBER OF OPERATIONS REQUIRED FOR 1 ms OF ACCURATE

SIMULATION (ADDITION, MULTIPLICATION = 1 OPERATION.

EXPONENTIATION = 10 OPERATIONS)

TABLE VIII

CPU TIME ELAPSED PER SECOND OF SIMULATION TIME, USING

THE TIME STEPS THAT MAKE THE MODELS ACCURATE,

IN MICROSECONDS

costing 690 operations per millisecond; the Izhikevich with a
fourth-order Runge–Kutta method, costing 960 operations per
millisecond; and the leaky integrate-and-fire model with the
forward Euler method, costing 40 operations per millisecond.
Therefore, the Hodgkin–Huxley model requires 28% less
operations per millisecond than the Izhikevich model, while
the leaky integrate-and-fire model requires 94% and 96%
less computations than the Hodgkin–Huxley and Izhikevich
models, respectively.

To demonstrate the validity of this analysis, the neuron
models were run with the time steps recommended in Table V
on the computer and with the compiler and options described
in the appendix for a simulation time of 106 ms. The CPU
time elapsed per millisecond of simulation time for each of
these runs is listed in Table VIII.

From this Table, it is clear that while the number of opera-
tions per millisecond does not definitively give the runtime of
a model, it is nonetheless generally a good indicator of how
fast the model will run relative to other models. The fastest
algorithm for each neuron model is the same in both Tables VII
and VIII. Additionally, memory costs were calculated; these
requirements are listed in Table IX.
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TABLE IX

MEMORY REQUIREMENTS FOR THE NEURON MODELS. BOTH THE

VARIABLES (VAR.S) NEEDED AND THE TOTAL NUMBERS

(#) NEEDED ARE LISTED

TABLE X

INPUT CURRENTS FOR THE FREQUENCY ERROR TESTS

The results presented here show that the oft-cited trends
presented in Fig. 2 of Izhikevich [20] are not accurate. This
figure shows the Hodgkin–Huxley model to be prohibitive, and
it clearly is not. Additionally, it shows the Izhikevich model to
be nearly as computationally expedient as the leaky integrate-
and-fire model; this is also incorrect. Furthermore, that figure
shows the Izhikevich model to be of roughly the same level of
biological plausibility as the Hodgkin–Huxley model, which is
not true. The Izhikevich model is a phenomenological model
of one variable (the potential), while the Hodgkin–Huxley
model simulates not only the potential, but also the ionic
channel activation and inactivation (m and n, and h) as well.
If the methods were compared on an information content, the
Hodgkin–Huxley model would be much higher. Not only is
it simulating more physics, but it also has a very rich data
content due to the lack of discontinuities.

V. CONCLUSION

When coding neuron models, to have meaningful results, it
is important to not only consider the models’ computational
costs per time step but also the time steps and the solution
methods that make them accurate and convergent. While
the Hodgkin–Huxley model seems more complex than the
Izhikevich model, it is actually comparable in cost when
implemented correctly. The leaky integrate-and-fire model
requires much less operations than either of the two, but is
a crude approximation of a neuron.

If one is to use the most efficient methods, one obtains the
following conclusions.

1) The Hodgkin–Huxley model can be best implemented
with the exponential Euler method, requiring roughly
690 operations per millisecond, or 2.11 μs per millisec-
ond of simulation time.

2) The Izhikevich model can be best implemented with
the fourth-order Runge–Kutta method, requiring roughly
960 operations per millisecond, or 1.05 μs per millisec-
ond of simulation time.

3) The leaky integrate-and-fire model can be best imple-
mented with the forward Euler method, requiring

roughly 40 operations per millisecond, or 0.12 μs per
millisecond of simulation time.

4) All of these methods can be run accurately with a time
step of 0.1 ms.

It is important to remember the scope of these results. These
experiments were carried out under regular spiking mode and
were evaluated via tests that focused on spike frequency and
spike timing. This is critically important for many applications,
such as STDP, processes that encode information in neuron
spikes and spike trains [32], and winner-take-all approaches
[33], and is less important in areas such as population encoding
[30]. Further research should be done on different spiking
modes and with different error tests.

Even with these qualifiers in mind, from these results it
is clear that, contrary to many claims in the literature, the
biophysically meaningful Hodgkin–Huxley model is not com-
putationally prohibitive, and should therefore be used more
often in neural network simulations, including in biological
simulations and engineering applications.

APPENDIX

TECHNICAL DETAILS

All these tests were carried out on an Asus Zenbook
Laptop running the Windows 8 operating system on an
Intel i5-3317U (1.70 GHz) processor. The compiler cl.exe
(version 11.00.50727.1) was used with the optimization
flag/Ox. In analyzing the data, MATLAB 2013a Student Edi-
tion was used, and charts were created either with MATLAB or
with Microsoft Excel 2013. Timing was done with the function
QueryPerformanceCounter(). The code used to run these tests
is available from the authors via email request.

In this section, the units of current have been omitted
because all of the models use different units. The implicit units
are: microamperes per square centimeter for the Hodgkin–
Huxley model, dimensionless for the Izhikevich model, and
nanoamperes for the leaky integrate-and-fire model.

A. Frequency Errors

In calculating the frequency errors, as was stated in the
accuracies of different solution methods section, the neuron
models were run with three different input currents, and with
time steps ranging from 10−4 to 1 ms. The length of each run
was 1000 ms. When calculating the frequency, the first spike
was always omitted to correct for any discrepancy in variable
initialization. The frequency was then calculated as

Frequency−1 = tLast − t2nd

Nspikes − 1
(22)

where tLast was the time of the last action potential, t2nd was
the time of the second action potential, and Nspikes was the
number of action potentials that occurred (with one subtracted
to remove the first action potential).

When calculating the frequency errors, the frequencies
were recorded to four significant figures, and the errors were
reported to two decimal places. The benchmark frequency was
always taken to be the frequency produced by the fourth-order
Runge–Kutta method with a time step of 	t = 10−4 ms,



1482 IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 25, NO. 8, AUGUST 2014

which was calculated separately for each model. The input
currents used are listed in Table X.

B. RMS Deviations

In calculating the rms deviation, the model was run for
50 ms with no input current. Then a current pulse of 18 was
applied for 2.5 m for the Hodgkin–Huxley and Izhikevich
models, while a current pulse of 36 was applied for 5 ms
for the leaky integrate-and-fire models. The discrepancy here
arises from the fact that the leaky integrate-and-fire model
would not spike for the same current pulse that spiked the
Hodgkin–Huxley and Izhikevich models.

The rms deviations were calculated by comparing the
voltage profile with the benchmark case. In all these runs,
the benchmark case was chosen to be the voltage profile
generated by the fourth-order Runge–Kutta method. For the
Hodgkin–Huxley and leaky integrate-and-fire models, this
benchmark case was taken to be from the time the membrane
voltage rose above 0.5 V to the time it fell below 0.5 V. Cases
to be compared with the benchmark were then made to be
equally long to the (appropriately down sampled) benchmark
case starting at the time where they first rose above 0.5 V. The
only difference with the Izhikevich model is that the voltage
of interest was −75.5 V instead of 0.5 V (because that more
accurately reflected its resting voltage).
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