
Cosmology (ASTRO/PHYS 545)
Spring 2023

Problem Set 6

Due 30 April 2023

Solving problem sets is one of the most efficient ways of learning the subject. You are encouraged to
collaborate with fellow students and/or to consult senior students, local postdocs, and me. But, please
write the solution by yourself.
Homework is due at the end of the class on 30 April 2023. No homework will be accepted after I post
the solution on the course webpage (usually right after the class following the due date).

1. (25 pts) Sound horizon scale.
In the CMB temperature power spectrum Cℓ, there is a characteristic multipole moment ℓ (or
equivalently, angular scale, θ = π/ℓ) that separates small angular scales from large angular
scales. That multipole moment is the ℓsh corresponding to the sound horizon at the surface of
last scatter at redshift z ≃ 1100. Usually when you see plots of the CMB power spectrum, it is
ℓ(ℓ+ 1)Cℓ that is plotted. For ℓ ≤ ℓsh, ℓ(ℓ+ 1)Cℓ ∼constant, and for ℓ ≥ ℓsh there are a series of
acoustic peaks that result from oscillations in the photon-baryon fluid before recombination. The
multipole moment ℓsh is, roughly speaking, the value of ℓ at which the first acoustic peak in the
CMB power spectrum appears. Use ΩR ≃ 8.6× 10−5, and Ωγ ≃ 5.1× 10−5 at present time.

(a) Calculate the angle θsh(= π/ℓsh) subtended by the sound horizon at the surface of last scatter
as a function of Ωm and ΩΛ. Assume that the sound speed in the baryon-photon fluid is 1/

&
3

times the speed of light.
(b) Plot iso-ℓsh contours in the Ωm −ΩΛ parameter space.
(c) Next, calculate the sound speed in the baryon-photon fluid just before recombination. How
far does it differ from 1/

&
3 for the currently preferred values for Ωm and Ωb? Which way would

the first acoustic peak in the CMB power spectrum move if Ωb was increased?
(d) Suppose that instead of a cosmological constant (i.e., equation-of-state parameter w = −1),
the dark energy had w = −0.9. Which way would the first acoustic peak move (holding all other
parameters fixed)? You can answer this simply in words; no need for detailed calculation.

2. (25 pts) Thomson scattering and diffusion.
(a) Scattering rate. Given the Thomson cross section σT and a density of free electrons ne = nb
(fully ionized hydrogen case), calculate the time in seconds it takes a typical photon to scatter at
an epoch a = (1+z)−1 (hint: essentially dimensional analysis since photons travel at the speed of
light c). Compare this time with the Hubble or expansion time H−1(a). Express the ratio in terms
of Ωmh2 and Ωbh2 and recall that you may neglect dark energy (or curvature) for a ≪ 1. What
is the redshift at which this ratio is unity? Why is this number different from the last scattering
epoch claimed in class z ≃ 1000.
(b) Mean free path. Convert your answer in (a) to physical length units. This is the mean free
path that a photon travels before scattering off an electron. What is the mean free path λc in
comoving coordinates as a function of a and Ωbh2?
(c) Diffusion. Photons random walk in the baryons due to the mean free path and so they can only
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travel a finite distance called diffusion scale: λD. Calculate the diffusion scale of photon within
one Hubble time tH(a) = H−1(a) at z = 1000 for Ωbh2 = 0.02, h = 0.7, Ωm = 0.3 and compare
it to the Hubble length at the same epoch. Since the horizon scale corresponds to the multipole
ℓ≃ 200, where in multipole do you expect diffusion effects to become important?
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