
OF RAINBOWS AND DRUMS

AN INVITATION TO SPECTRAL THEORY

THOMAS KRAINER

The Evolution of the Meaning of the Word “Spectrum”:
From Physics...

The latin term spectrum (which literally translated means “image”, “ap-
parition”, or “specter”) was coined initially by Isaac Newton in the 17th
century in reference to the rainbow of colors that a ray of white daylight
disperses into when passing through a prism. In his work, Newton does not
explain how he came to choose that term. The discovery of infrared and
ultraviolet radiation beyond the two extreme ends of the visible spectrum
in the early 19th century, and the subsequent systematic study of electro-
magnetism culminating in James Maxwell’s theory in the 1860s and 1870s,
eventually placed daylight into the much broader context of electromagnetic
radiation. Electromagnetic radiation is generally a composite of electromag-
netic waves of different wavelengths. The visible rainbow colors of daylight
correspond to waves ranging from longer wavelengths (red) to shorter wave-
lengths (violet). Since waves of different wavelengths refract differently as
they pass through a prism, the colors become visible. The meaning of the
term spectrum has thus changed to refer to the wavelengths or frequencies of
electromagnetic waves in electromagnetic radiation, and even more broadly
to the frequencies in composites of waves of all kinds, for example in sound.

Figure 1. Illustration of the Prism Experiment in Newton’s Opticks1.
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As a guitar player plucks or a violinist bows a string on their instrument
the string starts to vibrate. These vibrations are transported by the air as
pressure waves and we perceive them as sound. The resulting sound is not
a single tone, it is rather a chord in the sense that it is composed out of a
range of pure tones, where the latter are sinusoidal sound waves of certain
characteristic frequencies (also known as resonant frequencies) produced by
the normal modes of the vibrating string, see Figure 2. Arguably, it makes
sense to think of the totality of the resonant frequencies of pure tones that
the (idealized) string is capable to produce as the spectrum of the string.
The lowest frequency is the fundamental tone, and the higher frequencies are
referred to as overtones. The perception of the sound is the richer the more
frequencies of the spectrum fall inside the audible range, which explains why
the sound of strings corresponding to the lower notes is generally perceived
to be more saturated than the sound of strings corresponding to the higher
notes. By lightly damping the string at certain positions when plucked or
bowed, flageolet notes can be played. These are the result of a filtering
of all possible vibrations of the string such that only certain modes of the
vibration corresponding to overtones can persist. Just like Newton’s prism
makes parts of the electromagnetic spectrum of daylight visible, playing
flageolet notes is a technique that makes parts of the spectrum of the string
audible.

The resonators of most classical musical instruments like string or wind
instruments are essentially one-dimensional2 (a string has a length but neg-
ligible diameter, similarly also the vibrating air columns in flutes). In the
late 18th century, Ernst Chladni undertook systematic experiments with vi-
brating plates that are genuinely multi-dimensional resonators. He lightly
sprinkled sand on metal plates, and bowed the plates with a violin bow at
the edges using various techniques to excite vibrations and sounds. His ex-
periments would become famous: The vibrations of the plate would cause
the sand to collect along certain curves, forming patterns on the plate that
were different depending on the outward shape of the plate and how it was
bowed. Sound became visible and could be studied based on these emerging
patterns. The patterns became known as Chladni Figures, see Figure 3.

In his experiments, Chladni would set the plate into various vibration
modes corresponding to different frequencies in the spectrum of the plate.
The curves where the sand would collect are the nodes, i.e., the parts of
the plate that do not move in the particular mode of vibration. Based on
his experiments, Chladni would lay the foundations of acoustics as a mod-
ern branch of science. During his lifetime, he gave many demonstrations
of his plates and the nodal figures emerging on them, but also of musical
instruments that he invented based on his investigations. One such demon-
stration4 was for the French Emperor Napoleon Bonaparte in Paris in 1809.
Napoleon was impressed by the demonstrations, and apparently was aware
that there was no mathematical theory to explain these patterns then, pri-
marily because the mathematical principles to analyze higher-dimensional
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The animation shows some of the standing wave vibration patterns of the string
(in red) that produce the pure tones. The string is fixed at both endpoints,
and its equilibrium position is the horizontal (in black). The inner nodes (fixed
points) of the vibration modes are shown in green.
On the left: Fundamental tone, second, and fourth overtones (odd harmonics).
On the right: First, third, fifth overtones (even harmonics).

Plucking the string while lightly damping the midpoint produces a flageolet

note where the midpoint is a forced node. As the animation suggests, this

flageolet note is composed only of even harmonics.

In the idealized mathematical model, the ver-

tical displacement u(t, x) of a point x on the

horizontal at time t > 0 satisfies the wave equa-

tion ∂2t u(t, x) − %2∂2xu(t, x) = 0, where % > 0

depends on the density and the tension of the

string (d’Alembert, 18th century). The solu-

tions are all superpositions of standing waves

corresponding to normal modes. The vibration

to the left is a superposition of the six standing

waves above.

Figure 2. Vibrations of a String
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Figure 3. Chladni Figures for semicircular and triangular plates3.

objects or phenomena were not sufficiently developed at the time. Napoleon
endowed a prize under the auspices of the French Academy of Sciences for
the development of such a theory. The prize was eventually awarded to So-
phie Germain in 1816 for her theoretical work on elastic plates – Germain
was an autodidact and the first woman to win such a prestigious award
by the Academy, at a time when women generally did not have access to
institutions of higher learning.

Theoretical acoustics and the theory of vibrating mechanical systems
have seen considerable development in the 19th century and beyond. Lord
Rayleigh’s treatise The Theory of Sound, published in two volumes in 1877
and 1878, became a standard reference. Chladni Figures are still in practi-
cal use today in instrument making. The acoustic properties of the resonant
plates of the body of a violin or a guitar have tremendous impact on the
overall quality of the instrument. Instrument makers use Chladni Figures
during the manufacturing process to assess the acoustic quality of the wood
and to optimize the shaping and thickness of the plates5, see Figure 4.
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Figure 4. Chladni Figures of the back plate of a violin6.

...to Mathematics.

Mathematical spectral theory really starts at the beginning of the 20th cen-
tury with the work of David Hilbert7 which marks the birth of the mathemat-
ical branch of Functional Analysis. The mathematical notion of spectrum
is directly associated with the solvability of a certain linear equation: As
alluded to in the discussion of the vibrating membrane in Figure 5, there is
a direct relationship between the resonant frequencies of the membrane and
the numbers λ that allow for non-trivial solutions v of a partial differential
equation of the form Av = λv with prescribed boundary conditions on v.
For the membrane, we have A = −(∂2x + ∂2y). In the equations found by
Sophie Germain governing elastic vibrating plates, the same is true but for
A = ∂4x + 2∂2x∂

2
y + ∂4y instead.

Equations of the kind Av = λv also arise in completely different contexts,
for example in matrix calculus when A represents a square matrix. In this
case, the numbers λ are known as the eigenvalues of the matrix A, and
the non-trivial vectors v are the eigenvectors. In analytic geometry, this
matrix equation arises for example in the classification of the solutions to
quadratic equations in finitely many variables (quadrics). Specifically, the
eigenvalue equation appears in the process to systematically devise a change
of coordinates with the goal to eliminate quadratic interactions between the
different variables in the original form of the equation8 (Figure 6 illustrates
this for a tilted parabola in the xy-plane; the uv-coordinates are clearly the
natural ones).

In other words, solving the eigenvalue equation Av = λv is a key step to
decouple an otherwise complex coupled equation. As turns out, the eigen-
value equation arises virtually everywhere where a complex coupled system
in finitely many variables is considered that requires decoupling. The nec-
essary matrix calculus to achieve this was developed since the 18th century
and constitutes the branch of mathematics referred to as Linear Algebra.

The equation Av = λv for strings, membranes, or plates is quite similar,
only that a vector v with finitely many entries is replaced by a function
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When at rest, the membrane occupies a region Ω in the plane. In the
animation Ω is a disk, but the equilibrium shape can be much more
general than that, see Figure 7. After introducing Cartesian coordinates,
the points in Ω have coordinates (x, y). Let u(t, x, y) be the vertical
displacement of the point (x, y) at time t of the vibrating membrane.
In other words, the shape of the membrane at time t is the graph of
the 2-variable function (x, y) 7→ u(t, x, y). Similar to the string shown
in Figure 2, u(t, x, y) satisfies the wave equation in 1 + 2 dimensions(
∂2t − %2∆)u(t, x, y) = 0, where ∆ = ∂2x + ∂2y is the Laplace operator in

the plane, and % > 0 depends on the material of the membrane and the
tension.

A standing wave (pure tone) corresponding to a normal mode of vi-

bration has the very special form u(t, x, y) = sin(µt + ω)v(x, y), where

v(x, y) satisfies −∆v(x, y) = λv(x, y), v = 0 on the boundary of Ω which

means the membrane is fixed at the boundary, and λ = (µ/%)2, µ > 0.

The frequency of the standing wave is accordingly given by µ/(2π). In

particular, a number λ > 0 for which the equation −∆v(x, y) = λv(x, y)

allows a non-trivial solution v(x, y) directly determines the frequency of

a resulting standing wave u(t, x, y), and vice versa the frequency of any

standing wave solution u(t, x, y) determines the number λ > 0 for which

the equation −∆v(x, y) = λv(x, y) has a non-trivial solution (subject

in both cases to v = 0 on the boundary). The nodal lines in a normal

mode of vibration are given by the equation v(x, y) = 0. These are the

points that stay fixed, and therefore determine the Chladni Figure that

emerges on the membrane in that mode.

Figure 5. A normal mode of vibration of a circular membrane
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Figure 6. A quadric in the plane

v that describes the shape of the vibration mode, and that the matrix A
is replaced by an operator that involves partial derivatives9. Hence finitely
many degrees of freedom change to infinitely many, and Hilbert’s work marks
the beginning of the development of infinite-dimensional linear algebra –
which is in essence what functional analysis is – where various techniques
from analytic geometry, coupled systems, and differential equations come
together under a unified umbrella. The development of these ideas was
boosted tremendously even further when quantum mechanics appeared in
physics starting in the mid-1920s, where the centerpiece is the Schrödinger
equation that coincidentally leads to the eigenvalue equation Av = λv yet
again.

We finally state the mathematical meaning of spectrum10: The spectrum
of a linear map A is defined as the set of all numbers λ such that the equation
Av − λv = f either does not have a solution v for some choice of data f , or
does not have a unique solution v. This definition includes all λ such that
the equation Av = λv has a non-trivial solution v as described above.

The mathematical development of the ideas of spectral theory would oc-
cupy the better part of the 20th century until today. It furnishes an example
– one of many – on how seemingly very different contexts lead to the same
equations and principles in mathematics, which underscores the versatility
and the impact that mathematics has in the sciences and in technology.

Can One Hear the Shape of a Drum?

This is the title11 of a very influential mathematical article by Mark Kac,
published in 1966 in the American Mathematical Monthly. With this paper
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Kac popularized and boosted an entire branch of mathematics, referred to as
Spectral Geometry. In the paper Kac considers the idealized mathematical
model that is behind the seemingly playful question12 suggested by its title:
Suppose a planar drum membrane is fixed on all sides to an arbitrarily
shaped frame, and the drum is then played. In theory, a person with perfect
pitch could “hear” and distinguish the frequencies of the spectrum of the
drum. The question raised in the article is whether it is possible to deduce
what the shape of the drum itself is from knowing these frequencies alone13.

In proper mathematical terms (see Figure 5): Let Ω be a planar connected
and bounded region that represents the equilibrium position of the drum
membrane. The Laplace spectrum of Ω consists of the numbers 0 < λ0 <
λ1 ≤ . . . such that the equation −∆v(x, y) = λjv(x, y) with v = 0 on
the boundary of Ω allows a non-trivial solution v(x, y) in Ω (the numbers
λj are listed here with multiplicity, so one also counts how many linearly
independent solutions v this equation allows for the same λ-values). The
question is whether it is possible, from knowing just the numbers 0 < λ0 <
λ1 ≤ . . ., to tell what the geometric shape of the region Ω is, see Figure 7
for further discussion.

This question is important not because of drums but because of its broader
ramifications. Mathematical spectral theory, which historically emerged
from analyzing oscillations in mechanical systems such as pendulums, strings,
or membranes as described previously, is really at the heart of the math-
ematics of all kinds of oscillatory phenomena. The scientific method of
spectroscopy, for example, relates very well to Kac’s question as it is based
in essence on measuring a spectrum and inferring from that measurement
conclusions about the composition of a molecule (or a star or a galaxy in
astronomic spectroscopy). It is therefore maybe quite remarkable that the
answer to Kac’s question is no! Already in 1964, John Milnor14 constructed
two very special 16-dimensional spaces that “sound alike, but don’t look
alike.” In proper terms, these spaces are isospectral (their Laplace spec-
trum is identical, including multiplicities) but not isometric (which is the
proper notion of congruence in Riemannian geometry). Over the years, more
examples and methods related to the problem have emerged. Intuitively, the
more geometric flexibility there is to shape up a space, the more feasible it
becomes for this phenomenon to occur. On the other hand, a planar do-
main that models a drum membrane is geometrically very rigid, and so it
took until 1992 when Carolyn Gordon, David Webb, and Scott Wolpert
could settle Kac’s original question in the negative15, see Figure 8. Since
their work appeared, more examples of planar isospectral but not isometric
domains have been found. However, these examples have in common that
the boundaries are not smooth16, where more specifically there are corner
points and at least one of these corner points has an interior angle that
exceeds 1800. Kac’s original question remains open to this day for domains
with smooth boundaries, and it is also open for convex polygons (these are
planar domains where the boundary consists of straight lines, and at all
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The picture shows a connected and bounded planar domain Ω with
smooth boundary that represents the equilibrium position of a drum
membrane. Let 0 < λ0 < λ1 ≤ . . . be the spectrum of −∆ subject
to Dirichlet boundary conditions (i.e. we consider the condition v = 0
along the boundary of Ω as explained before). The heat trace of Ω is the
function H(t) = e−tλ0 + e−tλ1 + . . . for t > 0. As the name suggests, it
bears a relation to the mathematics of heat propagation in Ω. Note that
the function H(t) is entirely determined by the spectrum. The function
H(t) approaches infinity as t→ 0, where more precisely

H(t) ∼ A

4πt
− L

8
√
πt

+
(1− h)

6
as t→ 0,

where A is the area of Ω, L the total length of all inner and outer

boundary curves, and h is the number of inner holes. In particular,

these geometric quantities are determined by the spectrum, and so it is

possible to “hear” them.

Figure 7. A smooth planar drum membrane

corner points the interior angle is less than 1800). In Kac’s terminology: It
is unknown to this day whether one can hear the shape of a smooth drum,
or whether one can hear the shape of a convex polygonal drum.

What is Mathematics?

As exhibited in the previous sections, it is undoubtedly the case that many
mathematical concepts and investigations have been triggered by the exact
sciences out of the desire to quantitatively describe and explain observa-
tions. However, this is not a one-way street: Purely mathematical concepts
and relationships were developed that initially did not have an immediate
connection with the exact sciences, and it was only much later that these
mathematical patterns would inspire scientists to attempt to describe pre-
viously not-explainable observations by utilizing these concepts, eventually
leading to some of the most astounding scientific breakthroughs. Eugene
Wigner reflects on this broadly in his 1960 article The Unreasonable Effec-
tiveness of Mathematics in the Natural Sciences17, and among others relates
how the mathematical theory of matrix calculus inspired Born, Heisenberg,
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Figure 8. Gordon, Webb, and Wolpert: Isospectral domains

and Jordan to formulate the first principles of quantum mechanics using
that framework. Wigner also draws a comparison between mathematics
and physics in this article, headlined by the questions “What is Mathemat-
ics?” and “What is Physics?”, where he discusses similarities and differences
in methods and scope. The following is my personal attempt of a definition
that appears to be largely consistent with others one can find in the litera-
ture:

Mathematics is a form of art that strives to create, by utilizing primarily
the methods of abstraction and idealization, logically consistent frameworks
that are comprised of well-defined objects of interest along with well-defined
operations to manipulate them. A primary goal of mathematical investi-
gations is to classify the objects – or some of their derived properties – as
much as this is possible by identifying certain distinguished objects that are
simple, and to show that a generic object is decomposable into simple ones
or can be reconstructed from them by a suitable application of operations.
Just as chemists analyze and synthesize complex chemical compounds from
the elements, mathematicians analyze and synthesize complex mathematical
objects. The mathematical objects and operations themselves are abstract,
they do not have any outward physical existence. And yet they have tremen-
dous impact as they provide the language to describe the physical world18.

In this article, we have seen these principles at work in the analysis of vi-
bration patterns: The vibrations of mathematically idealized strings, mem-
branes, or plates consist of superpositions of standing wave forms. The lat-
ter are the simplest building blocks and completely classify vibrations. The
study of these simple building blocks leads to mathematical spectral theory,
which has unexpected connections to many other areas in the sciences and
within mathematics. The versatility and power of mathematics comes from
abstraction, and in that there is also stunning beauty19: Chladni’s nodal
figures are beautiful, which is certainly a reason why they have captured
the attention of his contemporaries 200 years ago, and the ability to explain
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them theoretically and computationally allows us to visualize, understand,
and embrace patterns of nature at a much deeper level than what is possible
by experiment alone. In Wigner’s words:

“The miracle of the appropriateness of the language of mathemat-
ics for the formulation of the laws of physics is a wonderful gift
which we neither understand nor deserve. We should be grateful
for it and hope that it will remain valid in future research and that
it will extend, for better or for worse, to our pleasure even though
perhaps also to our bafflement, to wide branches of learning.”
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Notes
14th Edition, 1730. Source: Project Gutenberg.
2That they have this feature in common is no coincidence. The overtones of a one-

dimensional resonator are harmonic, i.e., integral multiples of the fundamental frequency.
If that were not the case their sound would not be perceived as harmonious in the Western
musical tradition.

3From E. Chladni, Die Akustik, 1830 Edition. Source: Google Books. There are videos
of Chladni plate demonstrations on YouTube, for example from Harvard Natural Sciences
Lecture Demonstrations under https://www.youtube.com/watch?v=lRFysSAxWxI

4H.-J. Stöckmann, Chladni meets Napoleon. The European Physical Journal Special
Topics 145 (2007), 15–23.

5The Music Acoustics group at the University of New South Wales in Australia hosts
web pages with pictures and videos about Chladni Figures and the acoustics of violins,
see http://newt.phys.unsw.edu.au/jw/chladni.html

6Source: http://newt.phys.unsw.edu.au/jw/patterns1.html. Pictures were made by
E. Bossy and R. Carpentier, and are included here with kind permission by Dr. Joe
Wolfe, Music Acoustics group at the University of New South Wales, Australia.

7Hilbert had monumental influence on the development of mathematics. His collection
of 23 unsolved problems, which he devised at the occasion of the International Congress
of Mathematicians in 1900, shaped the direction that the entire discipline would take in
the 20th century. The seven Millennium Prize Problems that were posted by the Clay
Mathematical Institute in 2000 are following the idea to identify the preeminent unsolved
problems that have the potential to define mathematics in the present century. Of these
new problems, only the Poincaré Conjecture has been solved so far. One of the Millennium
Prize Problems, the Riemann Hypothesis, has already been on Hilbert’s list in 1900 and
continues to be an open problem.

8This is the content of the Principal Axis Theorem.
9The same eigenvalue equation as for vibrating strings and membranes also arises in

heat conduction, and first appeared in Joseph Fourier’s landmark work Théorie Analytique
de la Chaleur on that topic that was published in 1822. The resulting techniques to study
and represent the solutions to partial differential equations became known as Fourier
Analysis, which independently has found many applications in the analysis of wave forms
and signal processing.

10There are further notions of spectrum in mathematics that take the stated definition
to even higher levels of abstraction.

11Marc Kac, Can One Hear the Shape of a Drum?, American Mathematical Monthly
73 (1966), no. 4, pp. 1–23.

12In his paper, Kac credits Lipman Bers for the catch-phrase that describes the actual
mathematical problem in terms of hearing the shape of drums.

13The answer to the analogous question for strings is yes: Length and tension of a string
are the only invariants (the constant mass density of the string is merely divided into the
tension, and subsumed into tension for this discussion). When the tension is known –
an assumption that is made in the drum situation as well – and the string is plucked or
bowed, the length of the string is determined by the fundamental tone. Analogously, if
the length is known, the tension is determined. It would be difficult to imagine string
instruments like the guitar or the violin with several strings of the same spanned length
and merely different tension if it was otherwise.

14John Milnor, Eigenvalues of the Laplace operator on certain manifolds, Proceedings
of the National Academy of Sciences of the United States of America 51 (1964), p. 542.

15C. Gordon, D. Webb, and S. Wolpert, Isospectral plane domains and surfaces via
Riemannian orbifolds, Inventiones Mathematicae 110 (1992), no. 1, 1–22.
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16The author’s own research includes work on anomalies exhibited by spectra of partial
differential equations on spaces that are not smooth.

17Eugene Wigner, The Unreasonable Effectiveness of Mathematics in the Natural Sci-
ences, Communications on Pure and Applied Mathematics 13 (1960), 1–14.

18“Philosophy is written in this grand book, the universe, which stands continually open
to our gaze. But the book cannot be understood unless one first learns to comprehend the
language and read the letters in which it is composed. It is written in the language of
mathematics. . . ” Galileo Galilei (in: The Assayer, 1623).

19“A mathematician, like a painter or a poet, is a maker of patterns. . . A mathemati-
cian’s patterns, like the painter’s or the poet’s, must be beautiful; the ideas like the colours
or the words, must fit together in a harmonious way. Beauty is the first test: there is no
permanent place in the world for ugly mathematics.” G. H. Hardy (in: A Mathematician’s
Apology, 1940).
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