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Abstract. We prove a semi-Fredholm theorem for the minimal extension of

elliptic operators on manifolds with wedge singularities and give, under suitable

assumptions, a full asymptotic expansion of the trace of the resolvent.

1. Introduction

Differential wedge operators arise, for example, when writing a regular differ-
ential operator in cylindrical coordinates in a tubular neighborhood of an em-
bedded closed submanifold Y in some ambient closed manifold X . Differential-
geometrically, this blow-up procedure gives rise to a compact manifold M with
boundary, whose boundary ∂M is the total space of a sphere bundle over Y. The
blow-down map M→ X takes ∂M to Y and collapses each fiber to a point. The
pull-back of any Riemannian metric on X to M is an example of an incomplete
edge metric on M.

Generalizing this, manifolds with wedge singularities are represented by compact
manifoldsM with boundary, where the boundary is the total space of a fiber bundle
℘ : ∂M→ Y with typical fiber Z:

Z ↪→ ∂My℘
Y

(1.1)

The manifolds Z and Y are assumed to be closed. In addition, Y is assumed to be
connected for notational simplicity. The actual singular space (whose singularity
is the edge, Y) is M/∼, where ∼ collapses the fibers to points. Wedge differential
operators represent a particular class of operators on such compact manifolds with
fibered boundaries.

In the present paper we study the closure Amin of an elliptic differential wedge
operator

A : C∞c (
◦
M;E) ⊂ x−γL2

b(M;E)→ x−γL2
b(M;F ).

Here x is a defining function for the boundary, and γ ∈ R is a fixed weight.
Under natural ellipticity assumptions, we prove that Amin is semi-Fredholm with

finite-dimensional kernel and closed range, and we identify the minimal domain as
the space x−γ+mHm

e (M;E); see [10]. Under only mild natural assumptions, we
construct a left inverse B(λ) : x−γL2

b(M;E)→ Dmin(A) of Amin−λ for large |λ| in
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a given sector Λ ⊂ C. We then show that the trace of B(λ) admits a full asymptotic
expansion as |λ| → ∞, λ ∈ Λ.

Under strong additional conditions we show the existence of the resolvent family(
Amin − λ

)−1
on Λ, show that Λ is a sector of minimal growth, and prove that for

` > dimM/ord(A) and arbitrary ϕ ∈ C∞(M; Hom(E)),

Tr
(
ϕ ◦
(
Amin − λ

)−`) ∼ ∞∑
j=0

mj∑
k=0

αjkλ
dimM−j
ord(A)

−` logk(λ) as |λ| → ∞. (1.2)

Here mj ≤ 1 for all j, mj = 0 for j ≤ dimZ, and we use ϕ also to indicate the
induced map on sections.

By standard methods, the expansion (1.2) leads to results about the short time
asymptotics of the heat trace when Amin is sectorial, and to results about the
meromorphic structure of the ζ-function when Amin is positive.

While there is a fair amount of literature regarding expansions of the form (1.2)
in the cases of boundary value problems (dimZ = 0) and of elliptic cone operators
(dimY = 0), little is known for general wedge operators. For the special case of
the Friedrichs extension of a semibounded second order wedge operator, a major
contribution is due to Brüning and Seeley [1]. Mazzeo and Vertman [12] have an
alternative proof of Brüning’s and Seeley’s results using methods based on Mazzeo’s
edge calculus; see [10].

The present paper is a first step towards a systematic study of realizations of
general elliptic wedge operators and their spectral theory. In work in progress,
our goal is to study both well-posedness and trace asymptotics of elliptic wedge
problems. For the case where dimY = 0, the most general result concerning trace
asymptotics is proved in [6].

The structure of the paper is as follows. In Section 2 we review the class of
differential wedge operators and their symbols. Section 3 collects a number of def-
initions and constructions that pertain to the function spaces playing a role in the
analysis of wedge operators. Section 4 contains a theorem on the structure of the
minimal domain and the semi-Fredholm result for the minimal extension (Theo-
rem 4.4). Section 5 is devoted to the investigation of the resolvent family of the
minimal extension and the asymptotic expansion of its trace (Theorem 5.1 and
Corollary 5.4). The proofs of our main results in Sections 4 and 5 rely heavily on
a suitable parametrix constructed in Section 6. Here we make substantial use of
methods developed by Schulze on pseudodifferential edge operators; see e.g. [14].
Alternatively, one could develop modifications of Mazzeo’s approach to edge oper-
ators by incorporating parameters to accommodate the situation at hand. Finally,
Section 7 contains the proof of the asymptotic expansion of the resolvent trace
(Theorem 5.1).

2. Differential wedge operators and their symbols

Differential wedge operators. Let M be a C∞-smooth compact d-dimensio-
nal manifold with boundary ∂M, ℘ : ∂M → Y be a smooth locally trivial fiber
bundle with typical fiber Z. As mentioned in the introduction, Y and Z are closed
manifolds and Y is connected. We will write q for the dimension of dimY, n for
that of Z, and Zy for the fiber of ∂M over y ∈ Y. Let E,F →M be smooth vector
bundles.
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Recall from [10] that eTM→M is the vector bundle whose space of sections is
the space eC∞(M;TM) of smooth vector fields onM which over the boundary are
tangent to the fibers of ℘; this is a Lie algebra. Recall also that if E, F are vector
bundles over M, then Diffe(M;E,F ), the space of edge operators, is the space
of smooth linear differential operators C∞(M;E) → C∞(M;F ) acting locally by
matrices of elements of the enveloping algebra of eC∞(M;CTM) and C∞(M).
The subspace of operators of order m is Diffme (M;E,F ), or Diffme (M;E) if F = E,
or simply Diffme (M) in the case of scalar operators.

The space of differential wedge operators of order m is

x−m Diffme (M;E,F ).

Here and throughout the paper x : M → R is any smooth defining function for
∂M, i.e. x ≥ 0 on M with x = 0 precisely on ∂M, and dx 6= 0 on ∂M. Note that
x−m Diffme (M;E,F ) does not depend on the choice of defining function.

Let p0 ∈ ∂M and ℘(p0) = y0. Let z1, . . . , zn be functions defined near p0 in M
whose restriction to Zy0 give coordinates near p0. Let y1, . . . , yq be coordinates for
Y near p0. Write also yj for an extension of ℘∗yj to a neighborhood of Zy0 in M.
The functions x, y, z are coordinates forM near p0; such coordinates will be called
adapted.

Locally, near a point p0 ∈ ∂M, a differential wedge operator A ∈ x−m Diffme (M)
can be represented in terms of adapted coordinates x, y, z near p0 as

x−m
∑

k+|α|+|β|≤m

ak,α,β(x, y, z)(xDx)k(xDy)αDβ
z , (2.1)

alternatively as

x−m
∑

k+|α|+|β|≤m

bk,α,β(x, y, z)xkDk
x(xDy)αDβ

z , (2.2)

with coefficients ak,α,β or bk,α,β which are smooth up to x = 0. Here we use standard
multi-index notation and the usual convention D = −i∂ for the differential, and we
write (xDy)α for x|α|Dα

y .

The wedge-cotangent bundle. Let wC∞(M;T ∗M) be the space of smooth one-
forms on M whose pullback to each fiber of ℘ vanishes. Since wC∞(M;T ∗M) is
a locally free finitely generated C∞(M)-module, there is a vector bundle

wπ : wT ∗M→M
whose space of smooth sections is isomorphic to wC∞(M;T ∗M) (see Swan [15]);
this is the wedge-cotangent bundle of M, the w-cotangent for short. Since more-
over wC∞(M;T ∗M) is a submodule of C∞(M;T ∗M), there is a vector bundle
homomorphism

wev∗ : wT ∗M→ T ∗M (2.3)

such that the induced map

ι : C∞(M; wT ∗M)→ wC∞(M;T ∗M)

is an isomorphism of C∞(M)-modules. The homomorphism wev∗ is an isomor-
phism over

◦
M, the interior of M. This can be seen as an application of a general

construction of Melrose [13, Chapter 8] (with his vector bundle E being T ∗M here
and the subbundle F ⊂ E∂M being the annihilator of the elements of TM tangent
to the fibers of ℘).
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Again, let p0 ∈ ∂M and pick adapted coordinates x, y, z in a neighborhood U
of p0. A smooth 1-form α = adx+

∑
j bjdyj +

∑
k ckdzk has the property that its

pullback,
∑
k ckdzk, to each set U ∩ Zy vanishes if and only if the coefficients cj

vanish when x = 0. This easily gives that the differentials

dx, dyj , xdzk, j = 1, . . . , q, k = 1, . . . , n, (2.4)

furnish a local frame for wT ∗M near p0. More properly, these differentials are the
image by ι of a local frame of wT ∗M.

The w-principal symbol. Every A ∈ x−m Diffme (M;E,F ) has an invariantly
defined principal symbol wσσ(A); a section of the homomorphism bundle

Hom(wπ∗E, wπ∗F )→ wT ∗M

which is homogeneous of degree m in the fibers. This is the wedge symbol of A.
Namely, if A ∈ x−m Diffe(M;E,F ), then its standard principal symbol (over

◦
M),

σσ(A) ∈ C∞(T ∗
◦
M\0; Hom(π∗E, π∗F )),

gives a section
wσσ(A) = σσ(A) ◦ wev∗ (2.5)

of Hom(wπ∗E, wπ∗F ) over the part of wT ∗M\0 over
◦
M which extends smoothly

as a section
wσσ(A) ∈ C∞(wT ∗M\0; Hom(wπ∗E, wπ∗F )).

To see this, let p0 ∈ ∂M, let x, y, z be adapted coordinates in the neighborhood
U of p0, and write A in the form (2.1). If ννν = ξdx +

∑
ηjdyj +

∑
k ζkxdzk is a

covector over a point p ∈
◦
M∩ U of coordinates x, y, z, then

σσ(A)(ννν) = x−m
∑

`+|α|+|β|=m

a`,α,β(xξ)`(xη)α(xζ)β ,

an expression that clearly extends smoothly down to x = 0. Of course, using the
representation (2.2) instead of (2.1) gives the same result.

The wedge symbol can also be obtained through an oscillatory test using as phase
a function f ∈ C∞(M) such that f |∂M = ℘∗g with g ∈ C∞(Y). Indeed, for such
a function one has that df ∈ wC∞(M;T ∗M), and hence df = wev∗φ for a unique
section φ of wT ∗M. Then, if ψ is a section of E on M, the standard formula

σσ(A)(df) = lim
%→∞

%−me−i%f(p)Aei%fψ

over
◦
M gives

wσσ(A)(φ) = lim
%→∞

%−me−i%f(p)Aei%fψ,

also over
◦
M. The latter extends smoothly to ∂M.

Definition 2.6. An operator A ∈ x−m Diffme (M;E,F ) is called w-elliptic if its
w-principal symbol wσσ(A) is invertible on wT ∗M\ 0.

In view of (2.5), a w-elliptic operator is in particular elliptic on
◦
M.
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The normal family. Let x : M → R be a defining function for ∂M, positive
in the interior. Since dx : T∂MM → R has kernel T∂M, it induces a function
x∧ : N∂M→ R on the normal bundle of ∂M in M. Let

N+∂M = {v ∈ N∂M : x∧v ≥ 0}

be the closed inward pointing half of the normal bundle. We view it as a manifold
with boundary; the latter, the zero section, is identified with ∂M. The function x∧
is a defining function for the boundary which also gives a trivialization of N∂M by
the class of a vector field X ofM along ∂M such that Xx = 1: N+∂M∼= ∂M×R+.
We will write ∂x∧ for the vertical vector field such that ∂x∧x∧ = 1. This vector
field depends on x∧, but x∧∂x∧ does not. Later we will drop the subscript ∧ from
this notation.

Let

π∧ : N+∂M→ ∂M (2.7)

be the canonical projection. The map

℘∧ = ℘ ◦ π∧ : N+∂M→ Y (2.8)

makes N+∂M into the total space of a locally trivial bundle with typical fiber
Z∧ = R+ ×Z.

For descriptive purposes it is convenient to pick a tubular neighborhood map
with some care. Pick a vector field X on M such that Xx = 1 near ∂M. It
determines a trivialization of N+∂M and a flow onM which together give a tubular
neighborhood map

N+∂M⊃ V
ϕ−→ U ⊂M,

where

V = {v ∈ N+∂M : 0 ≤ x∧v < ε}.
Thus if v ∈ V , then [0, 1] 3 t 7→ ϕ(tv) ∈ M is the integral curve of X starting at
p = π∧(v). The map ϕ enables us to pass from N+∂M to the manifoldM and vice
versa near the boundary. The fact that x ◦ ϕ = x∧ allows us to drop the ∧ from
the notation x∧ in most cases.

Let E → M be a Hermitian vector bundle, fix a Hermitian connection and
let E∧ = π∗∧E have the induced metric and connection. We get a vector bundle
morphism

Φ : E∧V → EU

covering ϕ by sending the point E∧v obtained from parallel transport of η ∈ E∧p
along t 7→ tv (v ∈ V ⊂ N+∂M, p = π∧(v) ∈ ∂M (= ∂N+∂M)) to the point
of EΦ(v) which results from parallel transport of η along t 7→ ϕ(tv). Clearly, the
morphism Φ is an isometry. We generally use the notation EU to mean the part of
E over U , likewise E∧V .

If F → M is another Hermitian vector bundle with Hermitian connection, the
similarly constructed map will also be a bundle isomorphism F∧V → FU ; we will
denote it again by Φ.

With every operator A ∈ x−m Diffme (M;E,F ) we can associate the operator

Φ∗AΦ∗ : C∞c (
◦
V ;E∧)→ C∞(

◦
V ;F∧)

where of course
◦
V = V ∩

◦
N+∂M. (The meaning of the notation Φ∗ and Φ∗ should

be clear; we also use this notation rather than ϕ∗ or ϕ∗ when either of the bundles
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is trivial.) It is easy to see that

Φ∗AΦ∗ ∈ x−m Diffme (V ;E∧, F∧).

Let τ% : E∧ → E∧, ρ > 0, denote the vector bundle morphism that sends E∧v to
E∧%v using parallel transport along t 7→ tv; τ% is really independent of the original
connection on E. For u ∈ C∞(

◦
N+∂M;E∧) define κ%u by

(κ%u)(v) = %γτ−1
% (u(%v)), v ∈

◦
N+∂M; (2.9)

the factor %γ is for the moment arbitrary but will eventually result in κ% extending
to an isometry of a suitable L2 space; see (4.1). Clearly

R+ 3 % 7→ κ% : C∞c (
◦
N+∂M;E∧)→ C∞c (

◦
N+∂M;E∧)

is a group homomorphism, R+ with the multiplicative structure and the family
of linear invertible maps on C∞c (

◦
N+∂M;E∧) with composition. Clearly, κ% also

defines a map on sections over individual fibers of N+∂M→ ∂M.
If u ∈ C∞c (

◦
N+∂M;E∧), then the support of κ%u will be contained in

◦
V once

% > 0 is sufficiently large, hence Φ∗κ%u will be defined as an element of C∞c (
◦
U ;E).

Proposition 2.10. Let A ∈ x−m Diffme (M;E,F ), let g ∈ C∞(Y) be a real-valued
function, and let u ∈ C∞c (

◦
N+∂M, E∧). Then the limit

lim
%→∞

%−mκ−1
% e−i%℘

∗
∧gΦ∗AΦ∗e

i%℘∗∧gκ%u = A∧(dg)u (2.11)

exists. As the notation indicates, the resulting operator depends only on dg. Fur-
thermore, it commutes with multiplication by any function of the form ℘∗∧h, h ∈
C∞(Y). Therefore it defines, for each y ∈ Y and ηηη ∈ T ∗yY, a differential operator

A∧(ηηη) on Z∧y = ℘−1
∧ (y). This operator belongs to x−m Diffmb (Z∧y ;E∧Z∧y , F

∧
Z∧y ), and

if A is w-elliptic, then A∧(ηηη) is b-elliptic.

Proof. Let y0 ∈ Y and p0 ∈ ℘−1(y0). We trivialize the vector bundles E and F
in a neighborhood of p0 in ∂M and extend the trivializations using frames that
are parallel with respect to the integral curves of X, and do likewise with E∧ and
F∧ using ∂x∧ . This both reduces the problem to dealing with scalar operators
and allows us to identify U with V . Using coordinates (x, y, z) on N+∂M where
x is just x∧, the yj are lifted from Y, and the zk are lifted from an extension of
coordinates of Zy near p0, we have (κ%u)(x, y, z) = %γu(%x, y, z), and

xDx(ei%℘
∗
∧gκ%u) = ei%℘

∗
∧gκ%(xDxu), Dzk(ei%℘

∗
∧gκ%u) = ei%℘

∗
∧gκ%(Dzku),

xDyj (e
i%℘∗∧gκ%u) = ei%℘

∗
∧gκ%

(
(x℘∗∧gyj + x

%Dyj )u
)
.

Writing A in the form (2.1) we thus have

%−mκ−1
% e−i%℘

∗
∧gΦ∗AΦ∗e

i%℘∗∧gκ%u

= x−m
∑

k+|α|+|β|≤m

akαβa(x/%, y, z)(xDx)k
(
(x℘∗∧gy)α +O(%−1)

)
Dβ
z u,

where ℘∗∧gy means the coordinate gradient of ℘∗∧g. Consequently, the limit as
%→∞ exists, as claimed, and depends only pointwise on ℘∗∧dg. Thus, if dg is the
covector ηηη =

∑
ηjdyj at y, then

A∧(ηηη) = x−m
∑

k+|α|+|β|≤m

ak,α,β(0, y, z)(xDx)k(xη)αDβ
z (2.12)
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from which the rest of the statements in the proposition follow. �

The only arbitrary element in (2.11) is the map Φ. We will leave it to the reader
to verify that the limit is actually independent of the tubular neighborhood map.
The interested reader may also verify that if A is symmetric, then again A∧(ηηη) is
symmetric for each ηηη.

Definition 2.13. The normal family of A is the family

T ∗Y 3 ηηη 7→ A∧(ηηη) ∈ x−m Diffmb (Z∧y ;E∧Z∧y , F
∧
Z∧y ), y = πYηηη.

It follows immediately from (2.11) (also from (2.12) if one prefers working with
coordinates) that the normal family is κ-homogeneous of degree m, i.e.,

A∧(%ηηη) = %mκ%A∧(ηηη)κ−1
% . (2.14)

The conormal symbol. Again suppose A ∈ x−m Diffme (M;E,F ). Then P =
xmA belongs to Diffme (M;E,F ), and since Diffme (M;E,F ) ⊂ Diffmb (M;E,F ), the
operator P has an indicial family

P̂ (σ) : C∞(∂M;E∂M)→ C∞(∂M;F∂M) for σ ∈ C,
which we recall, is given as follows. If v ∈ C∞(∂M;E) and u ∈ C∞(M;E) is any
extension of v, then

P̂ (σ)v = x−iσPxiσu
∣∣
∂M.

This defines a holomorphic family

C 3 σ 7→ P̂ (σ) ∈ Diffm(∂M;E∂M, F∂M).

Likewise, if g ∈ C∞(Y) is real-valued, then

P∧(dg) = xm∧A∧(dg) ∈ Diffme (N+∂M;E∧, F∧)

has an indicial family, which happens to coincide with that of P using the canonical
identification of ∂M with the zero section of N+∂M. Hence the indicial family
of P∧ depends only on the base point of T ∗Y. And since A∧ commutes with
multiplication by any function of the form ℘∗∧h, h ∈ C∞(Y), so does P∧, hence also

P̂ . As a consequence, each of the operators P̂ (σ) determines yet another family of
operators,

Y × C 3 (y, σ) 7→ P̂ (y, σ) : C∞(Zy;EZy )→ C∞(Zy;FZy )

on each of the fibers Zy = ℘−1(y).

Definition 2.15. The conormal symbol of A ∈ x−m Diffme (M;E,F ) is the family

T ∗Y × C 3 (ηηη, σ) 7→ Â(ηηη, σ) ≡ P̂ (y, σ) ∈ Diffm(Zy;EZy , FZy ), y = πYηηη.

Since Â(ηηη, σ) really depends only on y = πYηηη (and σ), we will often write Â(y, σ)
instead. In the coordinates in which (2.12) holds we have

Â(y, σ) =
∑

k+|α|+|β|≤m

ak,α,β(0, y, z)σkDβ
z .

The e-spectrum of A is the set

spece(A) = {(y, σ) : Â(y, σ) is not invertible}
and the b-spectrum at y ∈ Y is

specb,y(A) = {σ ∈ C : Â(y, σ) is not invertible}.
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We will also make use of the set

πC spece(A) =
⋃
y∈Y

specb,y(A),

where πC : Y × C→ C is the canonical projection onto the second factor.

If A ∈ x−m Diffme (M;E,F ) is w-elliptic, then A∧(ηηη) is b-elliptic for each ηηη ∈
T ∗Y. Hence by the elliptic theory of b-operators, the operators Â(y, σ) are elliptic
and we have:

Lemma 2.16. Let A ∈ x−m Diffme (M;E,F ) be w-elliptic and let y ∈ Y be fixed.
The operator family

σ 7→ Â(y, σ) : C∞(Zy;EZy )→ C∞(Zy;FZy )

is a holomorphic Fredholm family with a finitely meromorphic inverse. Moreover,
each set specb,y(A) is discrete, and for every M > 0,

specb,y(A) ∩ {σ ∈ C : |=σ| ≤M}

is finite.

More precisely, for each y ∈ Y,

C 3 σ 7→ Â(y, σ) ∈ L
(
Hs(Zy;EZy ), Hs−m(Zy;FZy )

)
is, for every s, a holomorphic family of elliptic differential operators with finitely
meromorphic inverse. Standard elliptic regularity gives that the set specb,y(A) does
not depend on the value of s ∈ R.

While the normal family is independent of choices, the indicial family does de-
pend on the defining function, however in a very mild way: changing the defining
function to x̃ only results in a conjugation by (x̃/x)iσ.

w-Laplacians. A w-metric wg is a smooth Riemannian metric on the dual wTM
of the w-cotangent bundle. Since (2.3) is an isomorphism over

◦
M, its dual map

wev : TM→ wTM

gives a natural isomorphism between T
◦
M and the part of wTM over

◦
M. By way

of this isomorphism, we get a standard Riemannian metric on
◦
M which we also

denote by wg. Near the boundary we can write wg as a 2-cotensor in the forms (2.4)
whose coefficients are smooth up to the boundary and form a symmetric matrix
which is positive definite up to the boundary.

A w-Laplacian is a Laplace-Beltrami operator with respect to a w-metric. Such
operators are elliptic wedge operators which provide an important class of examples
in the theory.

Note that the Riemannian density induced by wg is of the form xnm, where m
is a smooth positive density on M up to the boundary.

3. Spaces

Fix a b-density mb on
◦
M, i.e. a density on

◦
M of the form mb = x−1m for some

smooth positive density m onM. The L2 space of sections of the Hermitian vector
bundle E → M defined using these data is denoted L2

b(M;E), as usual. In the
context of edge operators, one of the fundamental spaces is:



ON THE CLOSURE OF ELLIPTIC WEDGE OPERATORS 9

Definition 3.1 (Mazzeo [10]). For s ∈ N0 let

Hs
e (M;E) = {u ∈ D′(M;E) : Bu ∈ L2

b(M;E) for all B ∈ Diffke(M;E), k ≤ s}.

Define Hs
e (M;E) for general s ∈ R using interpolation and duality.

The b-density mb may be viewed as a density on bTM, smooth up to the bound-
ary. Using the canonical section x∂x of bTM along ∂M we obtain a smooth density
m∂M on ∂M as follows: given a basis v = (v1, . . . , vn) of Tp∂M, let m∂M at v be the

number mb(v1, . . . , vn, x∂x). With this density we define mN+ = m∂M ⊗ |x−1
∧ dx∧|

on N+∂M. This resulting density is independent of the choice of defining function
x.

To obtain densities on the various Zy and on Z∧y , suppose that a smooth density
has been given on Y. For example, let mY = ℘∗m∂M. Then there is a canonical
density mZy induced on each fiber Zy of ℘, with which in turn we define mZ∧y =

mZy ⊗ |x−1
∧ dx∧| on Z∧y . The latter is again independent of the choice of x.

Thus we have L2 spaces of sections of the various versions of E on all the mani-
folds involved in the previous two paragraphs.

We will also need to compare domains for A∧(ηηη) as ηηη varies over T ∗Y. We do
this by fixing the L2 spaces and transferring all dependence in y of measures and
Hermitian metrics to the operators. This entails as a first step making

p :
⊔
y∈Y

L2(Zy;EZy )→ Y

into a (Hilbert space) vector bundle, as described in the next paragraphs. The
definition of p is clear.

First, fix a Riemannian metric g on ∂M. Let Vert ⊂ T∂M be the kernel of
d℘ : T∂M → TY and let Hor = Vert⊥ ⊂ T∂M be the orthogonal subbundle.
Assume g has the property that

∀p ∈ ∂M, ∀u, v ∈ Horp : ℘∗u = ℘∗v =⇒ g(u, u) = g(v, v). (3.2)

Thus g determines a metric gY on Y. Let γ : [a, b] → Y be a continuous piecewise
smooth curve. Recall that for each p ∈ Zγ(a) there is a unique horizontal lift of γ,
a curve

[a, b] 3 t 7→ γ̂t(p) ∈ ∂M
with derivative in Hor such that ℘(γ̂t(p)) = γ(t) and γ̂a(p) = p. The maps

Zγ(a) 3 p 7→ γ̂t(p) ∈ Zγ(t)

are diffeomorphisms for each t. Let Jγ(t) ∈ C∞(Zγ(t)) be the function such that
γ̂t,∗mZγ(a) = Jγ(t)mZγ(t) , a strictly positive function. Let

τγ̂t : EZγ(a) → EZγ(t)

denote parallel transport in E along the curve [0, t] 3 s 7→ γ̂s(p) from p to γ̂t(p).
Thus τγ̂t is a vector bundle morphism covering γ̂t preserving the Hermitian struc-
ture. If u is a section of E along Zγ(a), let τγ̂tu be the section of E along Zγ(t)

whose value at γ̂t(p) is τγ̂t(u(p)). The map

L2(Zγ(a);EZγ(a)) 3 u
ψγ7−→ J

1/2
γ(b)τγ(b)u ∈ L2(Zγ(b);EZγ(b)) (3.3)

is a unitary surjective map.
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Pick some y0 ∈ Y. Define Expy0 : HorZy0 → ∂M as follows. If v ∈ HorZy0 , let

γ̂t be the map resulting from the horizontal lift of the geodesic t 7→ exp(t℘∗v) of Y
of the metric gY and define Expy0(v) = γ̂1. Given ε > 0, let

By0,ε = {v ∈ HorZy0 : g(v, v) < ε2}.

The hypothesis (3.2) implies that if ε is small enough, then Exp : By0,ε → ∂M is
a diffeomorphism onto its image, Uy0,ε, and that Vy0,ε = ℘(Uy0,ε) is a geodesically
convex ball about y0, the image by exp of the ball in Ty0Y of radius ε. The map

[0, 1]× Uy0,ε 3 (t, p) 7→ ĥ(t, p) = Exp((1− t) Exp−1(p)) ∈ Uy0,ε
is a fiber preserving (maps fibers of ℘ to fibers of ℘) retraction of Uy0,ε to Zy0 . In
fact, with

h : [0, 1]× Vy0,ε → Vy0,ε, h(t, y) = exp((1− t) exp−1(y)),

we have that t 7→ ĥ(t, p) is the horizontal lifting of t 7→ h(t, ℘(p)). For each y ∈ Vy0,ε
the map

Zy 3 p 7→ ĥ(t, p) ∈ Zh(t,y)

is a diffeomorphism. The construction of the previous paragraph along the curves

t 7→ ĥ(t, p), t ∈ [0, 1], gives a surjective isometry

ψy0,y : L2(Zy;EZy )→ L2(Zy0 ;EZy0 )

for each y ∈ Vy0,ε (see (3.3)) such that if u is a smooth section of E over U , then
ψy0,·(u|Z·) is a smooth function on Vy0,ε ×Zy0 .

Now fix once and for all a point y? ∈ Y and let Z be the specific fiber Zy? with
density mZ . Given y0, construct the maps ψy0,y of the previous paragraph. Pick a
continuous piecewise smooth curve γ from y0 to y?, let

ψγ : L2(Zy0 ;EZy0 )→ L2(Z;EZ)

be the map associated with γ and let

Ψy0 :
⊔

y∈Vy0,ε

L2(Zy;EZy )→ Vy0,ε × L2(Z;EZ)

be the map

p−1(Vy0,ε) 3 u 7→
(
p(u), ψγ ◦ ψy0,℘(u)(u)

)
.

We declare the collection of maps thus obtained by varying y0, ε, and γ to be the
local trivializations of the Hilbert space bundle.

Structurally, the transition functions are smooth maps

χ : V → L (L2(Z;EZ))

on open sets V ⊂ Y into bounded linear operators on L2(Z;EZ) such that χ(y) is
an invertible unitary map of the form

u 7→ fτu

where τ : EZ → EZ is bundle isometry covering a diffeomorphism ϕ : Z → Z and
f is the positive function such that ϕ∗mZ = f2mZ . In particular, the transition
functions are Fourier integral operators of a very simple kind.

Now let P ∈ Diffm(∂M;E,F ) be an operator that commutes with multiplication
by all functions ℘∗f with f ∈ C∞(Y). Again let y0 ∈ Y. Construct trivializations
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for the bundles associated with E and F using the same underlying data (metric

g, homotopies h and ĥ, and curve γ). Get maps

ψEγ ◦ ψEy0,y, ψFγ ◦ ψFy0,y

for each y ∈ Vy0,ε. Then (with the obvious meaning for pushforward)

Py = (ψFγ ◦ ψFy0,y)∗ ◦ P ◦ (ψEγ ◦ ψEy0,y)∗ (3.4)

is, for each y ∈ Vy0,ε, an element of Diffm(Z;EZ , FZ). If P is symmetric as an
operator on each Zy, then so is Py for each y because the transition functions are
unitary.

The observation of the previous paragraph is directly applicable to the case where
the operator P depends on a parameter such as σ ∈ C: simply replace the operator
P in (3.4) by P (σ). This covers in particular the case of the conormal symbol

(Definition 2.15) of a wedge operator since Â(ηηη, σ) depends on ηηη only through
y = πYηηη. The case of the normal family A∧ (Definition 2.13), which we now
discuss, is only slightly more involved.

It is convenient to introduce at this time the pullback bundle ℘∧ : π∗Y
◦
N+∂M→

T ∗Y,

π∗Y
◦
N+∂M

◦
N+∂M

℘∧

y
T ∗Y

y℘∧
Y.

πY
−→

(3.5)

The vertical map on the right was defined in (2.8); the reuse of the notation ℘∧ for
the map on the left should not cause confusion. The fiber over ηηη, Z∧ηηη , is just Z∧y
with y = πYηηη.

Let Hor+ ⊂ T
◦
N+∂M be the horizontal bundle of a connection on the principal

R+-bundle
◦
N+∂M→M (for example one obtained from a trivialization). Thus if

the curve γ̂ in ∂M has γ̃ as horizontal lifting to a curve in
◦
N+∂M→M starting

at v, then its horizontal lifting to a curve starting at %v is %γ̃. The property that
the connection on

◦
N+∂M respects the action of R+ implies that monomials x|α|

are preserved: If τ̃γ̂ denotes parallel transport along a curve γ̂ in ∂M from the fiber

of
◦
N+∂M over p0 to that over p1 and x|α| is a monomial on the fiber over p1, then

τ̃∗γ̂x
|α| is a monomial (of the same order) on the fiber over p0.

Give the manifold
◦
N+∂M a metric which on its horizontal subbundle is the

lifting of g (the metric on ∂M) by π∧ and with which its vertical and horizontal
tangent bundles are orthogonal. Write g∧ for this Riemannian metric. Give the
manifold T ∗Y the Riemannian metric determined by gY and write gT∗Y for it. Thus
π∗Y

◦
N+∂M → T ∗Y, as a submanifold of T ∗Y ×

◦
N+∂M, has a metric determined

by those of T ∗Y and
◦
N+∂M. This metric is related to gT∗Y in the same way as g

is to gY in (3.2).
Horizontal lifts of curves in T ∗Y can be described as follows. Let ηηη0 ∈ T ∗Y and

v0 ∈ ℘−1
∧ (ηηη0) and let γ be a curve in T ∗Y starting at ηηη0 (the map π∧ was defined in

(2.7)). Lift the curve πY ◦ γ to a horizontal curve in ∂M starting at π∧v0, then lift
this curve to a horizontal curve γ̃ in

◦
N+∂M starting at v0. Then t 7→ (γ(t), γ̃(t))

is the lifting of γ starting at (ηηη0, v0).
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The construction done before is repeated to give

p∧ :
⊔

y∈Y,ηηη∈T∗yY
L2(Z∧y ;E∧Z∧y )→ T ∗Y

the structure of a Hilbert space bundle with special transition functions and model
fiber L2(Z∧;EZ∧). The role of Z = Zy? earlier is now played by Z∧ηηη? with some
fixed element ηηη? ∈ T ∗y?Y.

Given an arbitrary element ηηη0 ∈ T ∗Y, we transport the operators

A∧(ηηη) ∈ x−m Diffmb (Z∧ηηη ;E∧Z∧ηηη , F
∧
Z∧ηηη )

with ηηη in a suitable neighborhood V of ηηη0 using the analogue of (3.4), thus obtaining
a family

V 3 ηηη 7→ Ã∧,ηηη ∈ x−m Diffmb (Z∧ηηη ;E∧Z∧ηηη?
, F∧Z∧ηηη?

) (3.6)

depending smoothly on ηηη. The fact that the construction used a connection on
◦
N+∂M that respects the action of R+ implies that the structure of A∧(ηηη) in the
fiber variable of

◦
N+∂M is preserved, meaning the local form (2.12) is preserved.

Because of (2.14), changing the connection on
◦
N+∂M changes the resulting local

family (3.6) by conjugation with κh(ηηη) and multiplication by h(ηηη)m for some smooth
positive h.

4. The minimal domain and a semi-Fredholm theorem

This section is concerned with the minimal extension of an elliptic differential
wedge operator (of positive order) when considered as an unbounded operator

A : C∞c (
◦
M;E) ⊂ x−γL2

b(M;E)→ x−γL2
b(M;F ) (4.1)

for some fixed γ ∈ R. We let Dmin = Dmin(A) be the closure of C∞c (
◦
M;E) with

respect to the norm

‖u‖2A = ‖u‖2x−γL2
b(M;E) + ‖Au‖2x−γL2

b(M;F ),

and denote by Amin the operator (4.1) with domain Dmin.
The problem is essentially local in Y, so we will use local coordinates y1, . . . , yq,

and the notation (y, η) for an element ηηη ∈ T ∗Y. We fix some y0 in the domain of
the chart and choose the space x−γL2

b over Z∧ = Z∧y0 as reference Hilbert space for
the normal family A∧(ηηη) = A∧(y, η). We will write E∧ when we mean E∧Z . Our
starting point is thus the unbounded operator

A∧(y, η) : C∞c (Z∧;E∧) ⊂ x−γL2
b(Z∧;E∧)→ x−γL2

b(Z∧;F∧). (4.2)

Let Hm
b (Z∧;E∧) be the space of functions u ∈ L2

b(Z∧;E∧) such that Pu ∈ L2
b

for each P ∈ Diffmb (Z∧;E∧) with coefficients independent of x (i.e., [P,∇x∂x ] = 0).
Recall that

◦
Z∧ is a principal R+ bundle over Z. Let Hs

cone(Z∧;E∧) be the space
of E∧-valued distributions u on Z∧ such that, given any coordinate patch U ⊂ Z
diffeomorphic to an open subset of the sphere Sn such that E∧U

∼= U × Cr, and
any χ ∈ C∞c (U), we have that χu is the restriction to Rn+1\{0} of an element of
Hs(Rn+1;Cr); here R+ × Sn is identified with Rn+1\{0} via polar coordinates.

The following proposition follows from standard results about cone operators.

Proposition 4.3. Let A ∈ x−m Diffme (M;E,F ) be w-elliptic.
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(i) For (y, η) ∈ T ∗Y the closure of C∞c (Z∧y ;E∧) with respect to the norm

‖u‖2A∧(y,η) = ‖u‖2x−γL2
b

+ ‖A∧(y, η)u‖2x−γL2
b

is independent of η. In other words, the minimal domain of A∧(y, η) depends
only on y ∈ Y, hence we will denote it by D∧,min(y).

(ii) The group of isometries κ% ∈ L (x−γL2
b(Z∧y ;E∧)), % > 0, defined in (2.9),

restricts to a strongly continuous group on D∧,min(y).
(iii) For (y, η) ∈ T ∗Y \ 0, the normal family

A∧(y, η) : D∧,min(y)→ x−γL2
b(Z∧y ;F∧)

is Fredholm.

Moreover, if specb,y(A)∩{σ ∈ C : =(σ) = γ−m} = ∅, then for any cut-off function
ω with ω = 1 near x = 0, we have

D∧,min(y) = ωx−γ+mHm
b (Z∧y ;E∧) + (1− ω)x

n+1
2 −γHm

cone(Z∧y ;E∧).

Compactifying at infinity with x′ = 1/x, we get that A∧(y, η) is an elliptic
scattering differential operator up to x′ = 0 that is even fully elliptic for (y, η) ∈
T ∗Y \ 0. This fact takes care of all aspects near infinity of the above statements.
For more information on the scattering calculus, see [11].

Thus the above proposition is reduced to analyzing the objects near x = 0. Part
(i) is a consequence of the fact that the conormal symbol of A∧(y, η) is independent
of η, see [4, Proposition 4.1]. Part (iii) follows from the analysis that leads to the
proof of Proposition 1 in [8].

Finally, the statement about the structure of D∧,min(y), under the given addi-
tional condition on specb,y(A), follows from [4, Proposition 3.6].

The goal of this section is to prove the following theorem.

Theorem 4.4. Let A ∈ x−m Diffme (M;E,F ) be w-elliptic. If

πC spece(A) ∩ {σ ∈ C : =σ = γ −m} = ∅
and the normal family A∧(y, η) : D∧,min(y) ⊂ x−γL2

b → x−γL2
b is injective for all

(y, η) ∈ T ∗Y \ 0, then

Dmin(A) = x−γ+mHm
e (M;E).

Moreover,
A : Dmin → x−γL2

b(M;F )

is a semi-Fredholm operator with finite-dimensional kernel and closed range.

Note that, in view of the κ-homogeneity of A∧, it is sufficient to only check the
injectivity of A∧(y, η) on the cosphere bundle S∗Y.

Example 4.5. Assume that Z = {pt}, so Y = ∂M. Let A ∈ Diffm(M;E) be a
regular elliptic operator onM. Let L2(M;E) be the L2-space of sections of E with
respect to any smooth density on M and Hermitian metric on E, and consider A
as an unbounded operator

A : C∞c (
◦
M;E) ⊂ L2(M;E)→ L2(M;E).

We have L2(M;E) = x−1/2L2
b(M;E), and the operator A is a w-elliptic element

of x−m Diffme (M;E) with

spece(A) = Y × {0,−i, . . . ,−(m− 1)i}.



14 JUAN B. GIL, THOMAS KRAINER, AND GERARDO A. MENDOZA

In fact,

Â(y, σ) = ϕ(y)σ(σ + i) · · · (σ + (m− 1)i)

for some invertible ϕ ∈ C∞(Y; Hom(EY)). Moreover, A∧(y, η) is a family of or-
dinary differential operators in the inward normal direction, parametrized by the
cotangent bundle T ∗Y. More precisely, if

A =
∑

k+|α|≤m

ak,α(x, y)Dα
yD

k
x

in coordinates y1, . . . , yd−1 and x near a boundary point, then

A∧(y, η) =
∑

k+|α|=m

ak,α(0, y)ηαDk
x.

In particular,

A∧(y, η) : D∧,min ⊂ x−1/2L2
b(R+;E∧)→ x−1/2L2

b(R+;E∧)

is injective for η 6= 0 since D∧,min = Hm
0 (R+;E∧). In view of Theorem 4.4, the

minimal domain of A in L2(M;E) is

Dmin = xm−1/2Hm
e (M;E) = Hm

0 (M;E),

and A : Dmin → L2(M;E) is semi-Fredholm.

Classically, this result is a consequence of elliptic regularity estimates (specifically
the equivalence of the Hm and the graph norm of A on C∞c (

◦
M;E)) and Rellich’s

theorem. See [16, Theorem 12.12] for a proof of how such Schauder estimates lead
to semi-Fredholmness, and Section 4 in Chapter 5 of [2] (in particular Theorem 4.4)
for a discussion of elliptic regularity estimates of solutions to elliptic boundary value
problems in the Sobolev space scale.

Proof of Theorem 4.4. The proof relies on the parametrix constructed in Section 6.
There we will show that under the assumptions of the theorem, there exists a left
parametrix

B : x−γL2
b(M;F )→ x−γ+mHm

e (M;E)

of A modulo compact remainders; see Remark 6.14. Therefore, in particular,

A : x−γ+mHm
e (M;E)→ x−γL2

b(M;F )

is semi-Fredholm with finite-dimensional kernel and closed range. As a conse-
quence of this and Proposition 4.6, we get that x−γ+mHm

e (M;E) is complete in
the graph norm of A. Thus Dmin(A) = x−γ+mHm

e (M;E) since C∞c (
◦
M;E) is dense

in x−γ+mHm
e (M;E). �

Proposition 4.6. Let H1 and H2 be Hilbert spaces, and let D be a Banach subspace
of H1 equipped with a norm ‖ · ‖D such that the inclusion map (D, ‖ · ‖D) →
(H1, ‖ · ‖H1

) is continuous. Let A : D ⊂ H1 → H2 be continuous and assume that:

(i) The range of A is closed.
(ii) The kernel N(A) ⊂ H1 is closed with respect to ‖ · ‖H1

.

Then the operator A with domain D is closed, i.e., D is complete with respect to
the graph norm ‖u‖A = ‖u‖H1

+ ‖Au‖H2
.

Note that assumptions (i) and (ii) are fulfilled if A is a semi-Fredholm operator
with finite dimensional kernel (thus, in particular, if A : D → H2 is Fredholm).
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Proof. Let Π = Π2 ∈ L (H1) be a projection onto N(A). Since Π(D) = N(A) ⊂ D,
and since the inclusion map (D, ‖ · ‖D) → (H1, ‖ · ‖H1) is continuous, we conclude
that the graph of the restriction Π : D → D is closed. Hence Π ∈ L (D) by the
closed graph theorem (note that D is complete with respect to ‖ · ‖D). So Π is a
continuous projection onto N(A), both on H1 and on D. Write

D = N(A)⊕ (I −Π)(D), H2 = X ⊕R(A).

Then A|(I−Π)(D) : (I −Π)(D)→ R(A) is a topological isomorphism. Let

P =
(
A|(I−Π)(D)

)−1 ◦Q : H2 → D,

where Q = Q2 ∈ L (H2) is the projection onto R(A) according to the decomposition
H2 = X ⊕R(A). Then P ∈ L (H2, D) and PA = I −Π on D.

Now assume that (uk)k ⊂ D is such that uk → u in H1 and Auk → v in H2. We
have to show that u ∈ D and that v = Au. Since A : D → H2 has closed range, we
conclude that there is some ū ∈ D such that Auk → Aū = v in H2. Consequently,

PAuk = (I −Π)uk → PAū = (I −Π)ū in D.

But since D ↪→ H1, we also have (I−Π)uk → (I−Π)ū in H1. Since (I−Π) ∈ L (H1)
and uk → u in H1, we conclude that (I −Π)u = lim

k→∞
(I −Π)uk = (I −Π)ū. Thus

u = Πu+ (I −Π)u = Πu+ (I −Π)ū ∈ D,

and moreover,

Au = AΠu+A(I −Π)u = A(I −Π)ū = Aū = v.

�

5. The resolvent family

Let A be an elliptic wedge operator of order m > 0. Let Λ be a ray or a closed
sector properly contained in C. Consider the operator family

A− λ : Dmin(A)→ x−γL2
b(M;E).

Our goal is the following theorem.

Theorem 5.1. Let A ∈ x−m Diffme (M;E) with m > 0 be such that

spec(wσσ(A)) ∩ Λ = ∅ on wT ∗M\ 0,

and assume that

πC spece(A) ∩ {σ ∈ C : =(σ) = γ −m} = ∅.
If the normal family A∧(y, η)−λ : D∧,min(y) ⊂ x−γL2

b → x−γL2
b is injective for all

(y, η, λ) ∈ (T ∗Y × Λ) \ 0, then

A− λ : Dmin(A)→ x−γL2
b(M;E) (5.2)

is injective for λ ∈ Λ with |λ| large, and there exists a (left) parametrix

B(λ) : x−γL2
b(M;E)→ Dmin(A)

of A−λ with the following properties. For |λ| large, B(λ) is a left inverse of (5.2),
and for α = (α1, α2) ∈ N2

0 with 1 + |α| > d
m , the operator family

∂α1

λ ∂α2

λ
B(λ) : x−γL2

b(M;E)→ x−γL2
b(M;E)
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is of trace class. Moreover, for every ϕ ∈ C∞(M; Hom(E)), the trace

t(λ) = Tr
(
ϕ∂α1

λ ∂α2

λ
B(λ)

)
: Λ→ C

is a symbol on Λ having an asymptotic expansion

t(λ) ∼
∞∑
j=0

mj∑
k=0

tjk(λ) logk(λ) as |λ| → ∞ (5.3)

with functions tjk that satisfy the homogeneity relation

tjk(%λ) = %
d−j
m −1−|α|tjk(λ) for % > 0.

Here mj ≤ 1 for all j, and mj = 0 for j ≤ n = dimZ. Recall that d = dimM.

The proof of this theorem is given in Section 7. It relies on the parametrix
construction presented in Section 6.

The logarithm in formula (5.3) is a holomorphic branch of the logarithm with
respect to some cut Γ 6⊂ Λ. The powers and logarithms in Corollary 5.4 below are
to be understood in the same way.

Corollary 5.4. Let A satisfy all the assumptions of Theorem 5.1. If in addition
the normal family

A∧(y, η)− λ : D∧,min(y) ⊂ x−γL2
b → x−γL2

b

is surjective (and therefore bijective) for all (y, η, λ) ∈ (T ∗Y × Λ) \ 0, then Λ is
a ray/sector of minimal growth for Amin. In other words, the family Amin − λ is
invertible for λ ∈ Λ with |λ| large, and

‖
(
Amin − λ

)−1‖L (x−γL2
b)

= O(|λ|−1) as |λ| → ∞, λ ∈ Λ.

Moreover, for every ` ∈ N with ` > d
m ,(

Amin − λ
)−`

: x−γL2
b(M;E)→ x−γL2

b(M;E)

is of trace class, and for every ϕ ∈ C∞(M; Hom(E)) we have an expansion

Tr
(
ϕ ◦
(
Amin − λ

)−`) ∼ ∞∑
j=0

mj∑
k=0

αjkλ
d−j
m −` logk(λ) as |λ| → ∞.

Here mj ≤ 1 for all j, and mj = 0 for j ≤ n.

Proof of the corollary. Since the normal family A∧(y, η)−λ is assumed to be bijec-
tive on D∧,min(y), the parametrix B(λ) constructed in Section 6 is an actual inverse
of Amin − λ for large λ ∈ Λ; see the comments right after Theorem 6.13. Thus, for
λ large, the resolvent (Amin−λ)−1 coincides with B(λ) and the asymptotic expan-
sion (5.3) applies to the λ-derivatives of the resolvent. Note that the analyticity
of the resolvent implies the analyticity of the components of the trace expansion.
Thus the asymptotic expansion can indeed be written in terms of powers of λ and
logarithms, as claimed.

Finally, that Λ is a ray/sector of minimal growth for Amin follows immediately
from the structure of the parametrix B(λ) described in Section 6. �
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6. Parametrix construction

Let Λ be a closed sector in C. Given A ∈ x−m Diffme (M;E) with m > 0, our
main goal here is to describe the construction of a parametrix B(λ) to

A− λ : x−γ+mHm
e (M;E)→ x−γL2

b(M;E), λ ∈ Λ,

under the assumptions and with the properties listed in Theorem 5.1. We will use
ideas and structural results obtained by Schulze and his collaborators for the study
of pseudodifferential operators on manifolds with edge singularities. But while their
goal is to obtain a complete algebra of pseudodifferential operators with a notion
of ellipticity, a Fredholm theory, and parametrices giving fine regularity results for
solutions of elliptic equations, our task—the description of the structure of the
parametrix—can be accomplished with considerable less effort.

Assumptions. Throughout this section we will assume:

1. spec(wσσ(A)) ∩ Λ = ∅ on wT ∗M\ 0 (w-ellipticity with parameter).
2. πC spece(A) ∩ {σ ∈ C : =σ = γ −m} = ∅.
3. The normal family

A∧(y, η)− λ : D∧,min(y) ⊂ x−γL2
b → x−γL2

b

is injective for all (y, η, λ) ∈ (T ∗Y × Λ) \ 0.

Under these assumptions, we will follow essentially three steps to construct our
parametrix B(λ), each resulting in an improvement of the remainder terms. In the
first two steps we make use of the w-ellipticity with parameter and the assumption
on the e-spectrum to find a parametrix ofA−λmodulo operators that are smoothing
on

◦
M. We then use the third assumption to invert A − λ from the left modulo

compact remainders for any λ, and to obtain an actual left inverse for large |λ|.

In adapted local coordinates near the boundary of M, the complete symbol of
A− λ has the form

x−m
( ∑
k+|α|+|β|≤m

akαβ(x, y, z)(xξ)k(xη)αζβ − xmλ
)

with coefficients akαβ that are smooth up to x = 0. The assumed invertibility of
wσσ(A)− λ allows the construction of a parametrix B1(λ) whose complete symbols
are locally of the form

xmb(x, y, z, xξ, xη, ζ;xmλ),

where b(x, y, z, ξ, η, ζ;λ) is a classical symbol of order −m. This means that each b
is a smooth function satisfying the estimates∣∣∣∂α(x,y,z)∂β(ξ,η,ζ)∂γ1λ ∂γ2λ b∣∣∣ = O

(
(1 + |(ξ, η, ζ)|+ |λ|1/m)−m−|β|−m|γ|

)
as (1 + |(ξ, η, ζ)|+ |λ|1/m)→∞ for every α, β ∈ Nd0 and γ ∈ N2

0, locally uniformly
in (x, y, z) up to the boundary. Moreover, b admits an asymptotic expansion

b(x, y, z, ξ, η, ζ;λ) ∼
∞∑
j=0

bj(x, y, z, ξ, η, ζ;λ)

with components bj that are anisotropic homogeneous of degree −m− j, i.e.,

bj(x, y, z, %ξ, %η, %ζ; %mλ) = %−m−jbj(x, y, z, ξ, η, ζ;λ) for % > 0.
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In general, B1(λ) : C∞c (
◦
M;E) → C∞(

◦
M;E) does not extend by continuity to

an operator on x−γL2
b . However, it can be modified by a smoothing operator (using

Mellin quantization) in order to get a parametrix, also denoted by B1(λ), such that

B1(λ) : x−γL2
b(M;E)→ x−γ+mHm

e (M;E)

is bounded. The resulting operator B1(λ) is obtained, near the boundary, by glueing
together operators of the form Opy(q)(λ) with an operator-valued symbol q(y, η;λ) :
C∞c (Z∧;E∧)→ C∞(Z∧;E∧) of the form

q(y, η;λ) = opM(h)(y, η;λ) + v(y, η;λ) + g(y, η;λ) (6.1)

with components opM(h), v, and g which we will describe in a moment. Structurally,
without the parameter λ, this is [14, Section 3.3.3, Definition 3] modified as in [7],
see Theorem 3.18; for a version with the parameter λ, see [3, Definition 2.4.2] also
modified as in [7]. This general structure persists throughout all of the successive
refinements.

First, for u ∈ C∞c (Z∧;E∧),

opM(h)(y, η;λ)u =
1

2π

∫
=σ=γ

∫
R+

( x
x′

)iσ
xmh(x, y, σ, xη;xmλ)u(x′)

dx′

x′
dσ, (6.2)

where h(x, y, σ, η;λ) is a so-called Mellin symbol; it is smooth in y and x up to
x = 0, it is holomorphic in σ ∈ C, and it takes values in the pseudodifferential
operators of order −m on the fiber Z that depend isotropically on the parameters
(<σ, η) and anisotropically on the parameter λ.

Let |η, λ|m denote the anisotropic distance function

|η, λ|m =
(
|η|2m + |λ|2

) 1
2m , (6.3)

and let %m : Rq × Λ→ R+ be a positive smooth function such that

%m(η, λ) = |η, λ|m for |η, λ|m > 1.

For the second component of q(y, η;λ) in (6.1), we have

v(y, η;λ)u =
1

2π

∫
=σ=γ

∫
R+

( x
x′

)iσ
xmhv(x, x

′, y, σ, η;λ)u(x′)
dx′

x′
dσ (6.4)

with hv(x, x
′, y, σ, η;λ) = ω

(
x%m(η, λ)

)
h̃(y, σ)ω

(
x′%m(η, λ)

)
, where ω ∈ C∞(R+)

is some cut-off function supported near zero, and h̃(y, σ) is a family of smoothing
operators on Z, depending smoothly on y, holomorphic in σ in a small strip centered
at =σ = γ, and rapidly decreasing in the parameter <σ as |<σ| → ∞.

In order to describe the last component of q(y, η;λ), we need to introduce the

following weighted spaces: For s, t, δ ∈ R, let Ks,tδ (Z∧;E∧) be the space consisting

of all u such that ωu ∈ xtHs
b (Z∧;E∧) and (1−ω)u ∈ xn+1

2 −γ−δHs
cone(Z∧;E∧). Ob-

serve that under the conditions of Proposition 4.3, we have D∧,min(y) = Km,−γ+m
0 .

Now, g(y, η;λ) in (6.1) is a smooth family of operators in L
(
Ks,−γδ ,Ks

′,−γ+m+ε
δ′

)
for any s, s′, δ, δ′ ∈ R and some sufficiently small ε > 0, which for all multi-indices
α, β, γ, satisfies the norm estimates∥∥∥κ−1

%m(η,λ)

(
∂αy ∂

β
η ∂

γ1
λ ∂

γ2
λ
g(y, η;λ)

)
κ%m(η,λ)

∥∥∥ = O
(
%m(η, λ)µ−|β|−m|γ|

)
(6.5)
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as %m(η, λ) → ∞, with µ = −m, locally uniformly for y ∈ Ω. Here κ% is given
by κ%u(x, z) = %γu(%x, z) for % > 0, see (2.9). Moreover, there is an asymptotic
expansion

g(y, η;λ) ∼
∞∑
j=0

gj(y, η;λ) (6.6)

with the gj(y, η;λ) satisfying the κ-homogeneity relations

gj(y, %η; %mλ) = %µ−jκ% gj(y, η;λ)κ−1
% for % > 0. (6.7)

The formal adjoint of g(y, η;λ) with respect to the x−γL2
b-inner product on Z∧ has

similar properties.
The quantized family Opy(v+g)(λ) with v and g as in (6.1) give rise to smooth-

ing operators on
◦
M whose Schwartz kernels may exhibit blow-up at the boundary.

The final parametrix B(λ) will be obtained via suitable modifications of B1(λ) by
smoothing operators of that kind, modulo global negligible remainders. By negli-
gible we mean a family that takes values in `1

(
x−γL2

b , x
−γ+mHm

e

)
and is rapidly

decreasing in λ ∈ Λ as |λ| → ∞.

Remark 6.8. Let α = (α1, α2) ∈ N2
0, |α| > 0, and let ϕ ∈ C∞(M; Hom(E)).

For any parametrix B1(λ) with local structure as described above, we have that
modulo negligible operators, the family ϕ∂α1

λ ∂α2

λ
B1(λ) can be realized (near the

boundary) as Opy(qα)(λ) for some qα(y, η;λ) as in (6.1) with v(y, η;λ) = 0 and
g(y, η;λ) such that (6.5) and (6.7) are satisfied with µ = −m−m|α|. In this case,
the corresponding Mellin symbol h is of order −m−m|α| and opM(h)(y, η;λ) has
an extra xm|α| inside the integral in (6.2).

The structure of B1(λ), as just described, already leads to the asymptotics as
stated in Theorem 5.1, see Section 7. However, B1(λ) may not yet be a left inverse,
thus further refinements are needed.

We now proceed to refine B1(λ) making use of our assumption on the bound-
ary spectrum of A. Notice that up to this point we only made use of the w-
ellipticity with parameter. As described above, near the boundary we have B1(λ) =
Opy(q)(λ) modulo negligible terms. With h as in (6.2) and hv as in (6.4), the conor-
mal symbol of B1(λ) can be represented as

B̂1(y, σ) = h(0, y, σ, 0, 0) + hv(0, 0, y, σ, 0, 0).

For every y ∈ Y, B̂1(y, σ) : C∞(Zy;E) → C∞(Zy;E) is a holomorphic family
of pseudodifferential operators defined for σ in a small strip centered at =σ = γ.

Moreover, by construction we have that B̂1(y, σ + im) is a parameter-dependent

parametrix of Â(y, σ) for =σ = γ−m, modulo remainder terms that are smoothing
on the fibers Zy and rapidly decreasing as |<σ| → ∞. Because of our standing

assumption on spece(A), we have that Â(y, σ) is invertible for =σ = γ −m. Thus
we can locally modify B1(λ) by terms of the form Opy(v)(λ) with v(y, η;λ) as in

(6.1) in such a way that B̂1(y, σ + im) is an inverse of Â(y, σ) for all =σ = γ −m.
Denote this modification by B2(λ). We have now used the first two assumptions at
the beginning of this section.

Modulo negligible terms, we locally have B2(λ) = Opy(q2)(λ) with q2(y, η;λ) as
in (6.1). Thus, for (η, λ) 6= (0, 0), the normal family B2,∧(y, η;λ) of B2(λ) can be
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locally represented as

B2,∧(y, η;λ) = opM(h0)(y, η;λ) + v0(y, η;λ) + g0(y, η;λ), (6.9)

where opM(h0)(y, η;λ) is of the same form as (6.2) with h(x, y, σ, xη;xmλ) replaced
by h(0, y, σ, xη;xmλ), v0(y, η;λ) is of the form (6.4) with the function %m(η, λ) in
hv replaced by |η, λ|m from (6.3), and where g0(y, η;λ) is the leading term in the
asymptotic expansion (6.6) of g(y, η;λ). Observe that we have the κ-homogeneity

B2,∧(y, %η; %mλ) = %−mκ%B2,∧(y, η;λ)κ−1
% for % > 0.

Moreover, on (T ∗Y × Λ) \ 0, B2,∧(y, η;λ) maps x−γL2
b(Z∧y ;E∧) to D∧,min(y) and

it inverts the normal family

A∧(y, η)− λ : D∧,min(y)→ x−γL2
b(Z∧y ;E∧) (6.10)

modulo compact operators.
As a last step, we now make use of the assumed injectivity of (6.10) to obtain

our final refinement of the parametrix. Let S(T ∗Y × C) be the sphere bundle of
T ∗Y ×C→ Y with respect to some metric and let SΛ = S(T ∗Y ×C)∩ (T ∗Y ×Λ).
The injectivity of the normal family implies that there is a smooth vector bundle
J → SΛ and a smooth family

k∧(y, η;λ) : J(y,η,λ) → C∞c (Z∧y ;E∧)

such that (
A∧(y, η)− λ k∧(y, η;λ)

)
:
D∧,min(y)
⊕

J(y,η,λ)

→ x−γL2
b (6.11)

is invertible on SΛ. We extend k∧(y, η;λ) by κ-homogeneity to all of
(
T ∗Y ×Λ

)
\ 0

such that

k∧(y, %η; %mλ) = %mκ%k∧(y, η;λ) for % > 0.

The inverse of (6.11) is then of the form(
A∧(y, η)− λ k∧(y, η;λ)

)−1
=

(
B2,∧(y, η;λ) + g2,∧(y, η;λ)

t∧(y, η;λ)

)
,

where g2,∧(y, η;λ) satisfies the κ-homogeneity (6.7) with µ = −m and j = 0.
Let χ ∈ C∞(T ∗Y ×Λ) be such that χ = 0 in a neighborhood of the zero section

and χ = 1 near infinity. The function χg2,∧ is then a smooth family of operators

in L
(
Ks,−γδ ,Ks

′,−γ+m+ε
δ′

)
for every s, s′, δ, δ′ ∈ R and some ε > 0, satisfying the

estimates (6.5) with µ = −m.
On each local patch near the boundary, we can build Opy(χg2,∧)(λ) and add it

to B2(λ) = Opy(q2)(λ) to define a new global parameter-dependent parametrix

B3(λ) : x−γL2
b(M;E)→ x−γ+mHm

e (M;E) (6.12)

such that B3,∧(y, η;λ) = B2,∧(y, η;λ) + g2,∧(y, η;λ), and

B3(λ)(A− λ) = I +G(λ) : x−γ+mHm
e (M;E)→ x−γ+mHm

e (M;E)

with a remainder G(λ) that, modulo terms in S
(
Λ, `1

(
x−γ+mHm

e (M;E)
))

, can

locally be realized as Opy(g)(λ) with g(y, η;λ) in L
(
Ks,−γ+m
δ ,Ks

′,−γ+m+ε
δ′

)
satis-

fying the symbol estimates (6.5) with µ = −1, and having an asymptotic expansion
of the form (6.6).
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By means of a formal Neumann series argument, one can find a family G̃(λ)
having the same structure as G(λ) such that

(I + G̃(λ))(I +G(λ)) = I +R(λ)

with R(λ) ∈ S
(
Λ, `1

(
x−γ+mHm

e (M;E)
))

. In fact, G̃(λ) can be chosen in such a
way that R(λ) vanishes for λ ∈ Λ with |λ| large enough. We then set

B(λ) = (I + G̃(λ))B3(λ)

and arrive at the following theorem.

Theorem 6.13. The parametrix B(λ) : x−γL2
b → x−γ+mHm

e constructed above is
a left inverse of A−λ : x−γ+mHm

e → x−γL2
b modulo compact operators. For λ ∈ Λ

with |λ| large enough, B(λ) is even an exact left inverse of A− λ.

Observe that B(λ) has near the boundary the same structure as B1(λ), cf. (6.1).
Actually, a careful inspection of the arguments in our parametrix construction above
shows that, modulo negligible terms in S

(
Λ, `1

(
x−γL2

b , x
−γ+mHm

e

))
, the difference

B(λ)−B1(λ) is near the boundary of the form Opy(v + g)(λ) with v(y, η;λ) as in
(6.4) and g(y, η;λ) satisfying (6.5) and (6.6) with µ = −m.

Moreover, if in addition to our standing assumptions we also require that

A∧(y, η)− λ : D∧,min(y)→ x−γL2
b

be surjective (and therefore bijective) on
(
T ∗Y ×Λ

)
\ 0, then the refinements from

B2(λ) to B3(λ) to B(λ) in the parametrix construction above furnish a parametrix
B(λ) that is also a right inverse of A−λ : x−γ+mHm

e → x−γL2
b for |λ| large enough.

Thus, in this case, A−λ is invertible for λ ∈ Λ with |λ| large, and (A−λ)−1 = B(λ).

Remark 6.14. IfA ∈ x−m Diffme (M;E,F ) satisfies the hypotheses of Theorem 4.4,
then the above parametrix construction up to (6.12) gives (by setting λ = 0) a
parametrix B of

A : x−γ+mHm
e (M;E)→ x−γL2

b(M;F )

such that BA− 1 is a compact operator in L
(
x−γ+mHm

e (M;E)
)
.

A related parametrix for A (i.e., λ = 0) under stronger invertibility assumptions
on its various symbols is given in the proof of [14, Section 3.3.5, Theorem 4]. For
the parameter-dependent case, see [3, Chapter 3].

7. Proof of Theorem 5.1

The parametrix B(λ) : x−γL2
b(M;E) → x−γ+mHm

e (M;E) constructed in the
previous section gives a left inverse of Amin − λ; see Theorem 6.13. Note that, in
the situation at hand, Dmin(A) = x−γ+mHm

e (M;E) by Theorem 4.4.
Let α = (α1, α2) ∈ N2

0 be such that 1 + |α| > d
m , let ϕ ∈ C∞(M; Hom(E)), and

consider the operator family

P (λ) = ϕ∂α1

λ ∂α2

λ
B(λ) : x−γL2

b → x−γL2
b .

We need to prove that P (λ) is of trace class and that t(λ) = TrP (λ) admits the
asymptotic expansion (5.3) as |λ| → ∞. Observe that for both discussions, terms
in S

(
Λ, `1(x−γL2

b)
)

are negligible. Modulo such a term, P (λ) can be written as

P (λ) = Pint(λ) + P∂(λ)

with Pint(λ) supported in the interior of M and P∂(λ) supported near ∂M.
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The interior term is a parameter-dependent family of pseudodifferential operators
of order −m − m|α| on the double of M (which is a smooth compact manifold
without boundary). Since m + m|α| > d = dimM, we conclude that Pint(λ) is of
trace class. Moreover, we have the standard asymptotic expansion

TrPint(λ) ∼
∞∑
j=0

pj(λ) as |λ| → ∞, (7.1)

where pj(%
mλ) = %d−j−m−m|α|pj(λ) for % > 0.

In a coordinate patch Ω × Z∧ near the boundary, with coordinates y ∈ Ω for
Y, we have P∂(λ) = Opy(q)(λ) modulo negligible terms for some operator-valued
symbol q(y, η;λ) taking values in the trace class operators on Z∧; see Remark 6.8.
Moreover, as a symbol with values in `1

(
x−γL2

b

)
, the order of q(y, η;λ) is less than

−dimY, so P∂(λ) is of trace class with

TrP∂(λ) =
1

(2π)q

∫∫
trZ∧

(
q(y, η;λ)

)
dy dη, (7.2)

where trZ∧ is the trace functional on `1
(
x−γL2

b

)
on Z∧.

Now, for every y ∈ Ω, the symbol q(y, η;λ) is a family of cone operators on Z∧
with parameters (η, λ); isotropic in η ∈ Rq and anisotropic in λ ∈ Λ. By adapting
the results from [5, Section 4] to our present situation, we obtain the expansion

trZ∧
(
q(y, η;λ)

)
∼
∞∑
j=0

mj∑
k=0

cjk(y, η, λ) logk(|η, λ|m) as |η, λ|m →∞, (7.3)

where the cjk satisfy the homogeneity relations

cjk(y, %η, %mλ) = %n+1−j−m−m|α|cjk(y, η, λ) for % > 0.

Here mj ≤ 1 for all j, and mj = 0 for j ≤ n = dimZ.
In other words, trZ∧

(
q(y, η;λ)

)
is a parameter-dependent log-polyhomogeneous

symbol; see [9]. Making use of the asymptotic expansion (7.3), the integral (7.2),
and the typical arguments involving change of variables, homogeneity, and the
multiplicative properties of the logarithm, we then get the expansion

TrP∂(λ) ∼
∞∑
j=0

mj∑
k=0

djk(λ) logk(|λ|) as |λ| → ∞, (7.4)

where djk(%mλ) = %d−j−m−m|α|djk(λ) for % > 0. As before, mj ≤ 1 for all j, and
mj = 0 for j ≤ n.

Both expansions (7.1) and (7.4) imply the asymptotic expansion (5.3), and the
proof of Theorem 5.1 is complete. �
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