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Introduction

The goal of this chapter is to describe the contemporary status of nonuniform
hyperbolicity theory. We present the core notions and results of the theory as
well as discuss recent developments and some open problems. We also describe
essentially all known examples of nonuniformly hyperbolic systems. Following the
principles of the Handbook we include informal discussions of many results and
sometimes outline their proofs.

Originated in the works of Lyapunov [170] and Perron [193, 194] the nonuniform
hyperbolicity theory has emerged as an independent discipline in the works of Os-
eledets [191] and Pesin [197]. Since then it has become one of the major parts of
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the general dynamical systems theory and one of the main tools in studying highly
sophisticated behavior associated with “deterministic chaos”. We refer the reader
to the article [105] by Hasselblatt and Katok in Volume 1A of the Handbook for
a discussion on the role of nonuniform hyperbolicity theory, its relations to and
interactions with other areas of dynamics. See also the article [104] by Hasselblatt
in the same volume for a brief account of nonuniform hyperbolicity theory in view
of the general hyperbolicity theory, and the book by Barreira and Pesin [24] for a
detailed presentation of the core of the nonuniform hyperbolicity theory.

Nonuniform hyperbolicity conditions can be expressed in terms of the Lyapunov
exponents. Namely, a dynamical system is nonuniformly hyperbolic if it admits
an invariant measure with nonzero Lyapunov exponents almost everywhere. This
provides an efficient tool in verifying the nonuniform hyperbolicity conditions and
determines the importance of the nonuniform hyperbolicity theory in applications.

We emphasize that the nonuniform hyperbolicity conditions are weak enough
not to interfere with the topology of the phase space so that any compact smooth
manifold of dimension ≥ 2 admits a volume-preserving C∞ diffeomorphism which
is nonuniformly hyperbolic. On the other hand, these conditions are strong enough
to ensure that any C1+α nonuniformly hyperbolic diffeomorphism has positive en-
tropy with respect to any invariant physical measure (by physical measure we mean
either a smooth measure or a Sinai–Ruelle–Bowen (SRB) measure). In addition,
any ergodic component has positive measure and up to a cyclic permutation the re-
striction of the map to this component is Bernoulli. Similar results hold for systems
with continuous time.

It is conjectured that dynamical systems of class C1+α with nonzero Lyapunov
exponents preserving a given smooth measure are typical in some sense. This
remains one of the major open problems in the field and its affirmative solution
would greatly benefit and boost the applications of the nonuniform hyperbolicity
theory. We stress that the systems under consideration should be of class C1+α

for some α > 0: not only the nonuniform hyperbolicity theory for C1 systems is
substantially less interesting but one should also expect a “typical” C1 map to have
some zero Lyapunov exponents (unless the map is Anosov).

In this chapter we give a detailed account of the topics mentioned above as well
as many others. Among them are: 1) stable manifold theory (including the con-
struction of local and global stable and unstable manifolds and their absolute con-
tinuity); 2) local ergodicity problem (i.e., finding conditions which guarantee that
every ergodic component of positive measure is open (mod 0)); 3) description of
the topological properties of systems with nonzero Lyapunov exponents (including
the density of periodic orbits, the closing and shadowing properties, and the ap-
proximation by horseshoes); and 4) computation of the dimension and the entropy
of arbitrary hyperbolic measures. We also describe some methods which allow one
to establish that a given system has nonzero Lyapunov exponents (for example, the
cone techniques) or to construct a hyperbolic measure with “good” ergodic proper-
ties (for example, the Markov extension approach). Finally, we outline a version of
nonuniform hyperbolicity theory for systems with singularities (including billiards).

The nonuniform hyperbolicity theory covers an enormous area of dynamics and
despite the scope of this survey there are several topics not covered or barely men-
tioned. Among them are nonuniformly hyperbolic one-dimensional transformations,
random dynamical systems with nonzero Lyapunov exponents, billiards and related
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systems (for example systems of hard balls), and numerical computation of Lya-
punov exponents. For more information on these topics we refer the reader to the
articles in the Handbook [90, 93, 124, 143, 147]. Here the reader finds the ergodic
theory of random transformations [143, 93] (including a version of Pesin’s entropy
formula in [143]), nonuniform one-dimensional dynamics [168, 124], ergodic proper-
ties and decay of correlations for nonuniformly expanding maps [168], the dynamics
of geodesic flows on compact manifolds of nonpositive curvature [147], homoclinic
bifurcations and dominated splitting [209] and dynamics of partially hyperbolic
systems with nonzero Lyapunov exponents [106]. Last but no least, we would like
to mention the article [90] on the Teichmüller geodesic flows showing in particular,
that the Kontsevich–Zorich cocycle over the Teichmüller flow is nonuniformly hy-
perbolic [89]. Although we included comments of historical nature concerning some
main notions and basic results, the chapter is not meant to present a complete his-
torical account of the field.

Acknowledgments. First of all we would like to thank O. Sarig who wrote the
appendix containing some background information on decay of correlations. We are
in debt to D. Dolgopyat, A. Katok, and the referees for valuable comments. L. Bar-
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partially supported by the National Science Foundation. Some parts of the chapter
were written when Ya. Pesin visited the Research Institute for Mathematical Sci-
ence (RIMS) at Kyoto University. Ya. Pesin wishes to thank RIMS for hospitality.

1. Lyapunov exponents of dynamical systems

Let f t : M →M be a dynamical system with discrete time, t ∈ Z, or continuous
time, t ∈ R, of a smooth Riemannian manifold M . Given a point x ∈M , consider
the family of linear maps {dxf

t} which is called the system in variations along the
trajectory f t(x). It turns out that for a “typical” trajectory one can obtain a suffi-
ciently complete information on stability of the trajectory based on the information
on the asymptotic stability of the “zero solution” of the system in variations.

In order to characterize the asymptotic stability of the “zero solution”, given a
vector v ∈ TxM , define the Lyapunov exponent of v at x by

χ+(x, v) = lim
t→+∞

1
t

log ‖dxf
tv‖.

For every ε > 0 there exists C = C(v, ε) > 0 such that if t ≥ 0 then

‖dxf
tv‖ ≤ Ce(χ

+(x,v)+ε)t‖v‖.
The Lyapunov exponent possesses the following basic properties:

1. χ+(x, αv) = χ+(x, v) for each v ∈ V and α ∈ R \ {0};
2. χ+(x, v + w) ≤ max{χ+(x, v), χ+(x,w)} for each v, w ∈ V ;
3. χ+(x, 0) = −∞.

The study of the Lyapunov exponents can be carried out to a certain extent using
only these three basic properties. This is the subject of the abstract theory of
Lyapunov exponents (see [24]). As a simple consequence of the basic properties we
obtain that the function χ+(x, ·) attains only finitely many values on TxM \ {0}.
Let p+(x) be the number of distinct values and

χ+
1 (x) < · · · < χ+

p+(x)(x),
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the values themselves. The Lyapunov exponent χ+(x, ·) generates the filtration V+
x

of the tangent space TxM

{0} = V +
0 (x) $ V +

1 (x) $ · · · $ V +
p+(x)(x) = TxM,

where V +
i (x) = {v ∈ TxM : χ+(x, v) ≤ χ+

i (x)}. The number

k+
i (x) = dimV +

i (x)− dimV +
i−1(x)

is the multiplicity of the value χ+
i (x). We have

p+(x)∑
i=1

k+
i (x) = dimM.

The collection of pairs

Spχ+(x) = {(χ+
i (x), k+

i (x)) : 1 ≤ i ≤ p+(x)}
is called the Lyapunov spectrum of the exponent χ+(x, ·).

The functions χ+
i (x), p+(x), and k+

i (x) are invariant under f and (Borel) mea-
surable (but not necessarily continuous).

One can obtain another Lyapunov exponent for f by reversing the time. Namely,
for every x ∈M and v ∈ TxM let

χ−(x, v) = lim
t→−∞

1
|t|

log‖dxf
tv‖.

The function χ−(x, ·) possesses the same basic properties as χ+(x, ·) and hence,
takes on finitely many values on TxM \ {0}:

χ−1 (x) > · · · > χ−p−(x)(x),

where p−(x) ≤ dimM . Denote by V−x the filtration of TxM associated with χ−(x, ·):
TxM = V −1 (x) % · · · % V −p−(x)(x) % V −p−(x)+1(x) = {0},

where V −i (x) = {v ∈ TxM : χ−(x, v) ≤ χ−i (x)}. The number

k−i (x) = dimV −i (x)− dimV −i+1(x)

is the multiplicity of the value χ−i (x). The collection of pairs

Spχ−(x) = {(χ−i (x), k−i (x)) : i = 1, . . . , p−(x)}
is called the Lyapunov spectrum of the exponent χ−(x, ·).

We now introduce the crucial concept of Lyapunov regularity. Roughly speaking
it asserts that the forward and backward behavior of the system along a “typical”
trajectory comply in a quite strong way.

A point x is called Lyapunov forward regular point if

lim
t→+∞

1
t

log|det dxf
t| =

p+(x)∑
i=1

k+
i (x)χ+

i (x).

Similarly, a point x is called Lyapunov backward regular if

lim
t→−∞

1
|t|

log|det dxf
t| =

p−(x)∑
i=1

k−i (x)χ−i (x).

If a point x is forward (backward) regular then so is any point along its trajectory
and we can say that the whole trajectory is forward (backward) regular. Note
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that there may be trajectories which are neither forward nor backward regular and
that forward (backward) regularity does not necessarily imply backward (forward)
regularity (an example is a flow in R3 that progressively approaches zero and infinity
when time goes to +∞, oscillating between the two, but which tends to a given
point when time goes to −∞).

Given x ∈M , we say that the filtrations V+
x and V−x comply if:

1. p+(x) = p−(x) def= p(x);
2. the subspaces Ei(x) = V +

i (x) ∩ V −i (x), i = 1, . . ., p(x) form a splitting of
the tangent space

TxM =
p(x)⊕
i=1

Ei(x).

We say that a point x is Lyapunov regular or simply regular if:
1. the filtrations V+

x and V−x comply;
2. for i = 1, . . ., p(x) and v ∈ Ei(x) \ {0} we have

lim
t→±∞

1
t

log ‖dxf
tv‖ = χ+

i (x) = −χ−i (x) def= χi(x)

with uniform convergence on {v ∈ Ei(x) : ‖v‖ = 1};
3.

lim
t→±∞

1
t

log|det dxf
t| =

p(x)∑
i=1

χi(x) dimEi(x).

Note that if x is regular then so is the point f t(x) for any t and thus, one can
speak of the whole trajectory as being regular.

In order to simplify our notations in what follows, we will drop the superscript
+ from the notation of the Lyapunov exponents and the associated quantities if it
does not cause any confusion.

The following criterion for regularity is quite useful in applications. Denote by
V (v1, . . . , vk) the k-volume of the parallelepiped defined by the vectors v1, . . ., vk.

Theorem 1.1 (see [58]). If x is Lyapunov regular then the following statements
hold:

1. for any vectors v1, . . ., vk ∈ TxM there exists the limit

lim
t→±∞

1
t

log V (dxf
tv1, . . . , dxf

tvk);

if, in addition, v1, . . ., vk ∈ Ei(x) and V (v1, . . . , vk) 6= 0 then

lim
t→±∞

1
t

log V (dxf
tv1, . . . , dxf

tvk) = χi(x)k;

2. if v ∈ Ei(x) \ {0} and w ∈ Ej(x) \ {0} with i 6= j then

lim
t→±∞

1
t

log|sin∠(dxf
tv, dxf

tw)| = 0.

Furthermore, if these properties hold then x is Lyapunov regular.

Forward and backward regularity of a trajectory does not automatically yields
that the filtrations comply and hence, forward and backward regularity do not, in
general, imply Lyapunov regularity. Roughly speaking the forward behavior of a
trajectory may not depend on its backward behavior while Lyapunov regularity
requires some compatibility between the forward and backward behavior expressed
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in terms of the filtrations Vχ+ and Vχ− . However, if a trajectory {fn(x)} returns
infinitely often to an arbitrary small neighborhood of x as n→ ±∞ one may expect
the forward and backward behavior to comply in a certain sense.

The following celebrated result of Oseledets [191] gives a rigorous mathematical
description of this phenomenon and shows that regularity is “typical” from the
measure-theoretical point of view.

Theorem 1.2 (Multiplicative Ergodic Theorem). If f is a diffeomorphism of a
smooth Riemannian manifold M , then the set of Lyapunov regular points has full
measure with respect to any f-invariant Borel probability measure on M .

This theorem is a particular case of a more general statement (see Section 5.3).
The notion of Lyapunov exponent was introduced by Lyapunov [170], with back-

ground and motivation coming from his study of differential equations. A compre-
hensive but somewhat outdated reference for the theory of Lyapunov exponents as
well as its applications to the theory of differential equations is the book of Bylov,
Vinograd, Grobman, and Nemyckii [58] which is available only in Russian. A part
of this theory is presented in modern language in [24].

The notion of forward regularity originated in the work of Lyapunov [170] and
Perron [193, 194] in connection with the study of the stability properties of solutions
of linear ordinary differential equations with nonconstant coefficients (see [24] for a
detailed discussion).

2. Examples of systems with nonzero exponents

2.1. Hyperbolic invariant measures. Smooth ergodic theory studies topologi-
cal and ergodic properties of smooth dynamical systems with nonzero Lyapunov
exponents. Let f be a diffeomorphism of a complete (not necessarily compact)
smooth Riemannian manifold M . The map f should be of class at least C1+α,
α > 0. We assume that there exists an f -invariant set Λ with the property that for
every x ∈ Λ the values of the Lyapunov exponent at x are nonzero. More precisely,
there exists a number s = s(x), 1 ≤ s < p(x) such that

χ1(x) < · · · < χs(x) < 0 < χs+1(x) < · · · < χp(x)(x). (2.1)

We say that f has nonzero exponents on Λ. Let us stress that according to our
definition there should always be at least one negative value and at least one positive
value of the exponent.

Assume now that f preserves a Borel probability measure ν on M . We call
ν hyperbolic if (2.1) holds for almost every x ∈ M . It is not known whether a
diffeomorphism f which has nonzero exponents on a set Λ possesses a hyperbolic
measure ν with ν(Λ) = 1.

In the case ν is ergodic the values of the Lyapunov exponent are constant almost
everywhere, i.e., ki(x) = kν

i and χi(x) = χν
i for i = 1, . . . , p(x) = pν . The collection

of pairs
Spχν = {(χν

i , k
ν
i ) : i = 1, . . . , pν}

is called the Lyapunov spectrum of the measure. The measure ν is hyperbolic if
none of the numbers χν

i in its spectrum is zero.
We now discuss the case of dynamical systems with continuous time. Let f t be

a smooth flow on a smooth Riemannian manifold M . It is generated by a vector
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field X on M such that X(x) = dft(x)
dt |t=0. Clearly, χ(x, v) = 0 for every v in the

direction of X(x), i.e., for v = αX(x) with some α ∈ R.
We say that the flow f t has nonzero exponents on an invariant set Λ if for every

x ∈ Λ all the Lyapunov exponents, but the one in the direction of the flow, are
nonzero, at least one of them is negative and at least one of them is positive. More
precisely, there exists a number s = s(x), 1 ≤ s < p(x)− 1 such that

χ1(x) < · · · < χs(x) < χs+1(x) = 0 < χs+2(x) < · · · < χp(x)(x), (2.2)

where χs+1(x) is the value of the exponent in the direction of X(x).
Assume now that a flow f t preserves a Borel probability measure ν on M . We

call ν hyperbolic if (2.2) holds for almost every x ∈M .
There are two classes of hyperbolic invariant measures on compact manifolds for

which one can obtain a sufficiently complete description of its ergodic properties.
They are:

1. smooth measures, i.e., measures which are equivalent to the Riemannian vol-
ume with the Radon–Nikodim derivative bounded from above and bounded
away from zero (see Section 11);

2. Sinai–Ruelle–Bowen measures (see Section 14).
Dolgopyat and Pesin [78] proved that any compact manifold of dimension ≥ 2

admits a volume-preserving diffeomorphism with nonzero Lyapunov exponents, and
Hu, Pesin and Talitskaya [121] showed that any compact manifold of dimension ≥ 3
admits a volume-preserving flow with nonzero Lyapunov exponents; see Section 13.1
for precise statements and further discussion. However, there are few particular
examples of volume-preserving systems with nonzero Lyapunov exponents. In the
following subsections we present some basic examples of such systems to illustrate
some interesting phenomena associated with nonuniform hyperbolicity.

2.2. Diffeomorphisms with nonzero exponents on the 2-torus. The first
example of a diffeomorphism with nonzero Lyapunov exponent, which is not an
Anosov map, was constructed by Katok [130]. This is an area-preserving ergodic
(indeed, Bernoulli) diffeomorphism GT2 of the two-dimensional torus T2 which is
obtained by a “surgery” of an area-preserving hyperbolic toral automorphism A
with two eigenvalues λ > 1 and λ−1 < 1. The main idea of Katok’s construction
is to destroy the uniform hyperbolic structure associated with A by slowing down
trajectories in a small neighborhood U of the origin (which is a fixed hyperbolic
point for A). This means that the time, a trajectory of a “perturbed” map GT2 stays
in U , gets larger and larger the closer the trajectory passes by the origin, while the
map is unchanged outside U . In particular, it can be arranged that the trajectories,
starting on the stable and unstable separatrices of the origin, have zero exponents
and thus, GT2 is a not an Anosov map. Although a “typical” trajectory may spend
arbitrarily long periods of time in U , the average time it stays in U is proportional to
the measure of U and hence, is small. This alone does not automatically guarantee
that a “typical” trajectory has nonzero exponents. Indeed, one should make sure
that between the time the trajectory enters and exits U a vector in small cone
around the unstable direction of A does not turn into a vector in a small cone
around the stable direction of A. If this occurs the vector may contract, while
travelling outside U , so one may loose control over its length.

The construction depends upon a real-valued function ψ which is defined on the
unit interval [0, 1] and has the following properties:
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1. ψ is a C∞ function except at the origin;
2. ψ(0) = 0 and ψ(u) = 1 for u ≥ r0 where 0 < r0 < 1;
3. ψ′(u) > 0 for every 0 < u < r0;
4. the following integral converges:∫ 1

0

du

ψ(u)
<∞.

Consider the disk Dr centered at 0 of radius r and a coordinate system (s1, s2)
in Dr formed by the eigendirections of A such that

Dr = {(s1, s2) : s12 + s2
2 ≤ r2}.

Observe that A is the time-one map of the flow generated by the following system
of differential equations:

ṡ1 = s1 log λ, ṡ2 = −s2 log λ.

Fix a sufficiently small number r1 > r0 and consider the time-one map g generated
by the following system of differential equations in Dr1 :

ṡ1 = s1ψ(s12 + s2
2) log λ, ṡ2 = −s2ψ(s12 + s2

2) log λ. (2.3)

Our choice of the function ψ guarantees that g(Dr2) ⊂ Dr1 for some r2 < r1, and
that g is of class C∞ in Dr1 \ {0} and coincides with A in some neighborhood of
the boundary ∂Dr1 . Therefore, the map

G(x) =

{
A(x) if x ∈ T2 \Dr1

g(x) if x ∈ Dr1

defines a homeomorphism of the torus T2 which is a C∞ diffeomorphism everywhere
except at the origin. The map G(x) is a slowdown of the automorphism A at 0.

Denote byWu andW s the projections of the eigenlines in R2 to T2 corresponding
to the eigenvalues λ and λ−1. Set W = Wu ∪W s and X = T2 \W . Note that the
set W is everywhere dense in T2.

Let x = (0, s2) ∈ Dr1 ∩W s. For a vertical vector v ∈ TxT2,

χ(x, v) = lim
t→+∞

log|s2(t)|
t

= lim
t→+∞

(log|s2(t)|)′ = lim
t→+∞

(−ψ(s2(t)2) log λ),

where s2(t) is the solution of (2.3) with the initial condition s2(0) = s2. In view
of the choice of the function ψ, we obtain that χ(x, v) = 0. Similarly, χ(x, v) = 0
whenever x, v ∈Wu. In particular, G is not an Anosov diffeomorphism.

Choose x ∈ X \Dr1 and define the stable and unstable cones in TxT2 = R2 by

Cs(x) = {(v1, v2) ∈ R2 : |v1| ≤ α|v2|},
Cu(x) = {(v1, v2) ∈ R2 : |v2| ≤ α|v1|},

where v1 ∈Wu, v2 ∈W s and 0 < α < 1/4. The formulae

Es(x) =
∞⋂

j=0

dG−jCs(Gj(x)), Eu(x) =
∞⋂

j=0

dGjCu(G−j(x))
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define one-dimensional subspaces at x such that χ(x, v) < 0 for v ∈ Es(x) and
χ(x, v) > 0 for v ∈ Eu(x). The map G is uniformly hyperbolic on X \Dr1 : there
is a number µ > 1 such that for every x ∈ X \Dr1 ,

‖dG|Es(x)‖ ≤ 1
µ
, ‖dG−1|Eu(x)‖ ≤ 1

µ
.

One can show that the stable and unstable subspaces can be extended to W \ {0}
to form two one-dimensional continuous distributions on T2 \ {0}.

The map G preserves the probability measure dν = κ−1
0 κ dm where m is area

and the density κ is a positive C∞ function that is infinite at 0. It is defined by
the formula

κ(s1, s2) =

{
(ψ(s12 + s2

2))−1 if (s1, s2) ∈ Dr1

1 otherwise
,

and

κ0 =
∫

T2
κ dm.

Consider the map ϕ of the torus given by

ϕ(s1, s2) =
1√

κ0(s12 + s22)

(∫ s1
2+s2

2

0

du

ψ(u)

)1/2

(s1, s2) (2.4)

in Dr1 and ϕ = Id in T2 \Dr1 . It is a homeomorphism and is a C∞ diffeomorphism
except at the origin. It also commutes with the involution I(t1, t2) = (1−t1, 1−t2).
The map GT2 = ϕ ◦ G ◦ ϕ−1 is of class C∞, area-preserving and has nonzero
Lyapunov exponents almost everywhere. One can show that GT2 is ergodic and is
a Bernoulli diffeomorphism.

2.3. Diffeomorphisms with nonzero exponents on the 2-sphere. Using the
diffeomorphism GT2 Katok [130] constructed a diffeomorphisms with nonzero ex-
ponents on the 2-sphere S2. Consider a toral automorphism A of the torus T2

given by the matrix A = ( 5 8
8 13 ). It has four fixed points x1 = (0, 0), x2 = (1/2, 0),

x3 = (0, 1/2) and x4 = (1/2, 1/2).
For i = 1, 2, 3, 4 consider the disk Di

r centered at xi of radius r. Repeating
the construction from the previous section we obtain a diffeomorphism gi which
coincides with A outside Di

r1
. Therefore, the map

G1(x) =

{
A(x) if x ∈ T2 \D
gi(x) if x ∈ Di

r1

defines a homeomorphism of the torus T2 which is a C∞ diffeomorphism everywhere
expect at the points xi. Here D =

⋃4
i=1D

i
r1

. The Lyapunov exponents of G1 are
nonzero almost everywhere with respect to the area.

Consider the map

ϕ(x) =

{
ϕi(x) if x ∈ Di

r1

x otherwise,

where ϕi are given by (2.4) in each disk Di
r2

. It is a homeomorphism of T2 which is
a C∞ diffeomorphism everywhere expect at the points xi. The map G2 = ϕ ◦G1 ◦
ϕ−1 is of class C∞, area-preserving and has nonzero Lyapunov exponents almost
everywhere.
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Consider the map ζ : T2 → S2 defined by

ζ(s1, s2) =
(
s1

2 − s2
2

√
s12 + s22

,
2s1s2√
s12 + s22

)
.

This map is a double branched covering and is C∞ everywhere except at the
points xi, i = 1, 2, 3, 4 where it branches. It commutes with the involution I
and preserves the area. Consider the map GS2 = ζ ◦G2 ◦ ζ−1. One can show that
it is a C∞ diffeomorphism which preserves the area and has nonzero Lyapunov
exponents almost everywhere. Furthermore, one can show that GS2 is ergodic and
indeed, is a Bernoulli diffeomorphism.

2.4. Analytic diffeomorphisms with nonzero exponents. We describe an ex-
ample due to Katok and Lewis [134] of a volume-preserving analytic diffeomorphism
of a compact smooth Riemannian manifold. It is a version of the well-known blow-
up procedure from algebraic geometry.

Setting X = {x ∈ Rn : ‖x‖ > 1} consider the map ϕ : Rn \ {0} → X given by

ϕ(x) =
(‖x‖n + 1)1/n

‖x‖
x.

It is easy to see that ϕ has Jacobian 1 with respect to the standard coordinates
on Rn.

Let A be a linear hyperbolic transformation of Rn. The diffeomorphism f =
ϕ ◦A ◦ϕ−1 extends analytically to a neighborhood of the boundary which depends
on A. This follows from the formula

ϕ ◦A ◦ ϕ−1(x) =
(‖x‖n − 1

‖x‖
+

1
‖Ax‖n

)1/n

Ax.

Let (r, θ) be the standard polar coordinates on X so that X = {(r, θ) : r > 1, θ ∈
Sn−1}. Introducing new coordinates (s, θ), where s = rn − 1, observe that these
coordinates extend analytically across the boundary and have the property that the
standard volume form is proportional to ds∧dθ. Let B be the quotient of X̄ under
the identification of antipodal points on the boundary. The map f induces a map
F of B which preserves the volume form ds∧ dθ, has nonzero Lyapunov exponents
and is analytic.

2.5. Pseudo-Anosov maps. Pseudo-Anosov maps were singled out by Thurston
in connection with the problem of classifying diffeomorphisms of a compact C∞

surface M up to isotopy (see [240, 85]). According to Thurston’s classification,
a diffeomorphism f of M is isotopic to a homeomorphism g satisfying one of the
following properties (see [85, Exposé 9]):

1. g is of finite order and is an isometry with respect to a Riemannian metric
of constant curvature on M ;

2. g is a “reducible” diffeomorphism, that is, a diffeomorphism leaving invariant
a closed curve;

3. g is a pseudo-Anosov map.
Pseudo-Anosov maps are surface homeomorphisms that are differentiable except

at most at finitely many points called singularities. These maps minimize both
the number of periodic points (of any given period) and the topological entropy
in their isotopy classes. A pseudo-Anosov map is Bernoulli with respect to an
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absolutely continuous invariant measure with C∞ density which is positive except
at the singularities (see [85, Exposé 10]).

We proceed with a formal description. Let {x1, . . . , xm} be a finite set of points
and ν a Borel measure on M . Write Da = {z ∈ C : |z| < a}.

We say that (F, ν) is a measured foliation of M with singular points x1, . . ., xm

if F is a partition of M for which the following properties hold:
1. there is a collection of C∞ charts ϕk : Uk → C for k = 1, . . ., ` and some
` ≥ m with

⋃`
k=1 Uk = M ;

2. for each k = 1, . . ., m there is a number p = p(k) ≥ 3 of elements of F

meeting at xk such that:
(a) ϕk(xk) = 0 and ϕk(Uk) = Dak

for some ak > 0;
(b) if C is an element of F then C ∩ Uk is mapped by ϕk to a set

{z : Im(zp/2) = constant} ∩ ϕk(Uk);

(c) the measure ν|Uk is the pullback under ϕk of

|Im(dzp/2)| = |Im(z(p−2)/2dz)|;
3. for each k > m we have:

(a) ϕk(Uk) = (0, bk)× (0, ck) ⊂ R2 ≡ C for some bk, ck > 0;
(b) if C is an element of F then C ∩ Uk is mapped by ϕk to a segment

{(x, y) : y = constant} ∩ ϕk(Uk);

(c) the measure ν|Uk is given by the pullback of |dy| under ϕk.
The elements of F are called leaves of the foliation, and ν a transverse measure.
For k = 1, . . ., m, each point xk is called a p(k)-prong singularity of F and each
of the leaves of F meeting at xk is called a prong of xk. If, in addition, we allow
single leaves of F to terminate in a point (called a spine, in which case we set p = 1
above), then (F, ν) is called a measured foliation with spines.

The transverse measure is consistently defined on chart overlaps, because when-
ever Uj ∩ Uk 6= ∅, the transition functions ϕk ◦ ϕj

−1 are of the form

(ϕk ◦ ϕj
−1)(x, y) = (hjk(x, y), cjk ± y),

where hjk is a function, and cjk is a constant.
A surface homeomorphism f is called pseudo-Anosov if it satisfies the following

properties:
1. f is differentiable except at a finite number of points x1, . . ., xm;
2. there are two measured foliations (Fs, νs) and (Fu, νu) with the same sin-

gularities x1, . . ., xm and the same number of prongs p = p(k) at each point
xk, for k = 1, . . ., m;

3. the leaves of the foliations Fs and Fu are transversal at nonsingular points;
4. there are C∞ charts ϕk : Uk → C for k = 1, . . ., ` and some ` ≥ m, such

that for each k we have:
(a) ϕk(xk) = 0 and ϕk(Uk) = Dak

for some ak > 0;
(b) leaves of Fs are mapped by ϕi to components of the sets

{z : Re zp/2 = constant} ∩Dak
;

(c) leaves of Fu are mapped by ϕi to components of the sets

{z : Im(zp/2) = constant} ∩Dak
;
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(d) there exists a constant λ > 1 such that

f(Fs, νs) = (Fs, νs/λ) and f(Fu, νu) = (Fu, λνu).

If, in addition, (Fs, νs) and (Fu, νu) are measured foliations with spines (with
p = p(k) = 1 when there is only one prong at xk), then f is called a generalized
pseudo-Anosov homeomorphism.

We call Fs and Fu the stable and unstable foliations, respectively. At each
singular point xk, with p = p(k), the stable and unstable prongs are, respectively,
given by

P s
kj = ϕk

−1

{
ρeiτ : 0 ≤ ρ < ak, τ =

2j + 1
p

π

}
,

Pu
kj = ϕk

−1

{
ρeiτ : 0 ≤ ρ < ak, τ =

2j
p
π

}
,

for j = 0, 1, . . ., p− 1. We define the stable and unstable sectors at xk by

Ss
kj = ϕk

−1

{
ρeiτ : 0 ≤ ρ < ak,

2j − 1
p

π ≤ τ ≤ 2j + 1
p

π

}
,

Su
kj = ϕk

−1

{
ρeiτ : 0 ≤ ρ < ak,

2j
p
π ≤ τ ≤ 2j + 2

p
π

}
,

respectively, for j = 0, 1, . . ., p− 1.
Since f is a homeomorphism, f(xk) = xσk

for k = 1, . . ., m, where σ is a
permutation of {1, . . ., m} such that p(k) = p(σk) and f maps the stable prongs
at xk into the stable prongs at xσk

(provided the numbers ak are chosen such that
ak/λ

2/p ≤ aσk
). Hence, we may assume that σ is the identity permutation, and

f(P s
kj) ⊂ P s

kj and f−1(Pu
kj) ⊂ Pu

kj

for k = 1, . . ., m and j = 0, . . ., p− 1. Consider the map

Φkj : ϕk(Ss
kj) → {z : Re z ≥ 0},

given by

Φkj(z) = 2zp/2/p,

where p = p(k). Write Φkj(z) = s1 + is2 and z = t1 + it2, where s1, s2, t1, t2 are
real numbers. Define a measure ν on each stable sector by

dν|Ss
kj = ϕ∗kΦ∗kj(ds1ds2)

if k = 1, . . ., m, j = 0, . . ., p(i)− 1, and on each “nonsingular” neighborhood by

dν|Uk = ϕ∗k(dt1dt2)

if k > m. The measure ν can be extended to an f -invariant measure with the
following properties:

1. ν is equivalent to the Lebesgue measure on M ; moreover, ν has a density
which is smooth everywhere except at the singular points xk, where it van-
ishes if p(k) ≥ 3, and goes to infinity if p(k) = 1;

2. f is Bernoulli with respect to ν (see [85, Section 10]).
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One can show that the periodic points of any pseudo-Anosov map are dense.
If M is a torus, then any pseudo-Anosov map is an Anosov diffeomorphism

(see [85, Exposé 1]). However, if M has genus greater than 1, a pseudo-Anosov
map cannot be made a diffeomorphism by a coordinate change which is smooth
outside the singularities or even outside a sufficiently small neighborhood of the
singularities (see [97]). Thus, in order to find smooth models of pseudo-Anosov
maps one may have to apply some nontrivial construction which is global in nature.
In [97], Gerber and Katok constructed, for every pseudo-Anosov map g, a C∞

diffeomorphism which is topologically conjugate to f through a homeomorphism
isotopic to the identity and which is Bernoulli with respect to a smooth measure
(that is, a measure whose density is C∞ and positive everywhere).

In [96], Gerber proved the existence of real analytic Bernoulli models of pseudo-
Anosov maps as an application of a conditional stability result for the smooth
models constructed in [97]. The proofs rely on the use of Markov partitions. The
same results were obtained by Lewowicz and Lima de Sá [162] using a different
approach.

2.6. Flows with nonzero exponents. The first example of a volume-preserving
ergodic flow with nonzero Lyapunov exponents, which is not an Anosov flow, was
constructed by Pesin in [195]. The construction is a “surgery” of an Anosov flow
and is based on slowing down trajectories near a given trajectory of the Anosov
flow.

Let ϕt be an Anosov flow on a compact three-dimensional manifold M given by
a vector field X and preserving a smooth ergodic measure µ. Fix a point p0 ∈ M .
There is a coordinate system x, y, z in a ball B(p0, d) (for some d > 0) such that
p0 is the origin (i.e., p0 = 0) and X = ∂/∂z.

For each ε > 0, let Tε = S1 × Dε ⊂ B(0, d) be the solid torus obtained by
rotating the disk

Dε = {(x, y, z) ∈ B(0, d) : x = 0 and (y − d/2)2 + z2 ≤ (εd)2}
around the z-axis. Every point on the solid torus can be represented as (θ, y, z)
with θ ∈ S1 and (y, z) ∈ Dε.

For every 0 ≤ α ≤ 2π, consider the cross-section of the solid torus Πα =
{(θ, y, z) : θ = α}. We construct a new vector field X̃ on M \ Tε. We describe
the construction of X̃ on the cross-section Π0 and we obtain the desired vector field
X̃|Πα on an arbitrary cross-section by rotating it around the z-axis.

Consider the Hamiltonian flow given by the Hamiltonian H(y, z) = y(ε2 − y2 −
z2). In the annulus ε2 ≤ y2 + z2 ≤ 4ε2 the flow is topologically conjugated to the
one shown on Figure 1. However, the Hamiltonian vector field (−2yz, 3y2 +z2−ε2)
is not everywhere vertical on the circle y2+z2 = 4ε2. To correct this consider a C∞

function p : [ε,∞) → [0, 1] such that p|[ε, 3ε/2] = 1, p|[2ε,∞) = 0, and p is strictly
decreasing in (3ε/2, 2ε). The flow defined by the system of differential equations{

y′ = −2yzp(
√
y2 + z2)

z′ = (3y2 + z2 − ε2)p(
√
y2 + z2) + 1− p(

√
y2 + z2)

has now the behavior shown on Figure 1. Denote by ϕt and X the corresponding
flow and vector field in coordinates x, y, z.

By changing the time one can obtain a flow ϕt in the annulus ε2 ≤ y2 +z2 ≤ 4ε2

so that the new flow ϕ̃t preserves the measure µ. As a result we have a smooth
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PIA

Figure 1. A cross-section Πα and the flow ϕ̃t

vector field X̃ on M \ Tε such that the flow ϕ̃t generated by X̃ has the following
properties:

1. X̃|(M \ T2ε) = X|(M \ T2ε);
2. for any 0 ≤ α, β ≤ 2π, the vector field X̃|Πβ is the image of the vector field
X̃|Πα under the rotation around the z-axis that moves Πα onto Πβ ;

3. for every 0 ≤ α ≤ 2π, the unique two fixed points of the flow ϕ̃t|Πα are those
in the intersection of Πα with the hyperplanes z = ±εd;

4. for every 0 ≤ α ≤ 2π and (y, z) ∈ D2ε \ intDε, the trajectory of the
flow ϕ̃t|Πα passing through the point (y, z) is invariant under the symmetry
(α, y, z) 7→ (α, y,−z);

5. the flow ϕ̃t|Πα preserves the conditional measure induced by the measure µ
on the set Πα.

The orbits of the flows ϕt and ϕ̃t coincide on M \ T2ε, the flow ϕ̃t preserves the
measure µ and the only fixed points of this flow are those on the circles {(θ, y, z) :
z = −εd} and {(θ, y, z) : z = εd}.

On T2ε \ intTε consider the new coordinates θ1, θ2, r with 0 ≤ θ1, θ2 < 2π and
εd ≤ r ≤ 2εd such that the set of fixed points of ϕ̃t consists of those for which
r = εd, and θ1 = 0 or θ1 = π.

Define the flow on T2ε \ intTε by

(θ1, θ2, r, t) 7→ (θ1, θ2 + [2− r/(εd)]4t cos θ1, r),

and let X̂ be the corresponding vector field. Consider the flow ψt on M \ intTε

generated by the vector field Y on M \ intTε

Y (x) =

{
X(x), x ∈M \ intT2ε

X̃(x) + X̂(x), x ∈ intT2ε \ intTε

.
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The flow ψt has no fixed points, preserves the measure µ and for µ-almost every
x ∈M \ T2ε,

χ(x, v) < 0 if v ∈ Es(x), and χ(x, v) > 0 if v ∈ Eu(x),

where Eu(x) and Es(x) are respectively stable and unstable subspaces of the
Anosov flow ϕt at x.

Set M1 = M \ Tε and consider a copy (M̃1, ψ̃t) of the flow (M1, ψt). Gluing the
manifolds M1 and M̃1 along their boundaries ∂Tε one obtains a three-dimensional
smooth Riemannian manifold D without boundary. We define a flow Ft on D by

Ftx =

{
ψtx, x ∈M1

ψ̃tx, x ∈ M̃1

.

It is clear that the flow Ft is smooth and preserves a smooth hyperbolic measure.

2.7. Geodesic flows. Our next example is the geodesic flow on a compact smooth
Riemannian manifold of nonpositive curvature. Let M be a compact smooth p-
dimensional Riemannian manifold with a Riemannian metric of class C3.

The geodesic flow gt acts on the tangent bundle TM by the formula

gt(v) = γ̇v(t),

where γ̇v(t) is the unit tangent vector to the geodesic γv(t) defined by the vector v
(i.e., γ̇v(0) = v; this geodesic is uniquely defined). The geodesic flow generates a
vector field V on TM given by

V (v) =
d(gt(v))
dt

∣∣∣
t=0

.

Since M is compact the flow gt is well-defined for all t ∈ R and is a smooth flow.
We recall some basic notions from Riemannian geometry of nonpositively curved

manifolds (see [82, 81] for a detailed exposition). We endow the second tangent
space T (TM) with a special Riemannian metric. Let π : TM →M be the natural
projection (i.e., π(x, v) = x for each x ∈M and each v ∈ TxM) and K : T (TM) →
TM the linear (connection) operator defined by Kξ = (∇Z)(t)|t=0, where Z(t) is
any curve in TM such that Z(0) = dπξ, d

dtZ(t)|t=0 = ξ and ∇ is the covariant
derivative. The canonical metric on T (TM) is given by

〈ξ, η〉v = 〈dvπξ, dvπη〉πv + 〈Kξ,Kη〉πv.

The set SM ⊂ TM of the unit vectors is invariant with respect to the geodesic
flow, and is a compact manifold of dimension 2p − 1. In what follows we consider
the geodesic flow restricted to SM .

The study of hyperbolic properties of the geodesic flow is based upon the de-
scription of solutions of the variational equation for the flow. This equation along
a given trajectory gt(v) of the flow is the Jacobi equation along the geodesic γv(t):

Y ′′(t) +RXY X(t) = 0. (2.5)

Here Y (t) is a vector field along γv(t), X(t) = γ̇(t), and RXY is the curvature
operator. More precisely, the relation between the variational equations and the
Jacobi equation (2.5) can be described as follows. Fix v ∈ SM and ξ ∈ TvSM . Let
Yξ(t) be the unique solution of (2.5) satisfying the initial conditions Yξ(0) = dvπξ
and Y ′ξ (0) = Kξ. One can show that the map ξ 7→ Yξ(t) is an isomorphism for which
dgtvπdvgtξ = Yξ(t) and Kdvgtξ = Y ′ξ (t). This map establishes the identification
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between solutions of the variational equation and solutions of the Jacobi equation
(2.5).

Recall that the Fermi coordinates {ei(t)}, for i = 1, . . ., p, along the geodesic
γv(t) are obtained by the time t parallel translation along γv(t) of an orthonormal
basis {ei(0)} in Tγv(0)M where e1(t) = γ̇(t). Using these coordinates we can rewrite
Equation (2.5) in the matrix form

d2

dt2
A(t) +K(t)A(t) = 0, (2.6)

where A(t) = (aij(t)) and K(t) = (kij(t)) are matrix functions with entries kij(t) =
Kγv(t)(ei(t), ej(t)).

Two points x = γ(t1) and y = γ(t2) on the geodesic γ are called conjugate if there
exists a nonidentically zero Jacobi field Y along γ such that Y (t1) = Y (t2) = 0.
Two points x = γ(t1) and y = γ(t2) are called focal if there exists a Jacobi field Y
along γ such that Y (t1) = 0, Y ′(t1) 6= 0 and d

dt‖Y (t)‖2|t=t2 = 0.
We say that the manifold M has:
1. no conjugate points if on each geodesic no two points are conjugate;
2. no focal points if on each geodesic no two points are focal;
3. nonpositive curvature if for any x ∈ M and any two vectors v1, v2 ∈ TxM

the sectional curvature Kx(v1, v2) satisfies

Kx(v1, v2) ≤ 0. (2.7)

If the manifold has no focal points then it has no conjugate points and if it has
nonpositive curvature then it has no focal points.

From now on we consider only manifolds with no conjugate points. The boundary
value problem for Equation (2.6) has a unique solution, i.e., for any numbers s1,
s2 and any matrices A1, A2 there exists a unique solution A(t) of (2.6) satisfying
A(s1) = A1 and A(s2) = A2.

Proposition 2.1. Given s ∈ R, let As(t) be the unique solution of Equation (2.6)
satisfying the boundary conditions: As(0) = Id (where Id is the identity matrix)
and As(s) = 0. Then there exists the limit

lim
s→∞

d

dt
As(t)

∣∣∣
t=0

= A+.

[Eberlein, [80]] We define the positive limit solution A+(t) of (2.6) as the solution
that satisfies the initial conditions:

A+(0) = Id and
d

dt
A+(t)

∣∣∣
t=0

= A+.

This solution is nondegenerate (i.e., detA+(t) 6= 0 for every t ∈ R) and A+(t) =
lims→+∞As(t).

Similarly, letting s→ −∞, define the negative limit solution A−(t) of Equation
(2.6).

For every v ∈ SM set

E+(v) = {ξ ∈ TvSM : 〈ξ, V (v)〉 = 0 and Yξ(t) = A+(t)dvπξ}, (2.8)

E−(v) = {ξ ∈ TvSM : 〈ξ, V (v)〉 = 0 and Yξ(t) = A−(t)dvπξ}, (2.9)
where V is the vector field generated by the geodesic flow.

Proposition 2.2 (Eberlein, [80]). The following properties hold:
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1. the sets E−(v) and E+(v) are linear subspaces of TvSM ;
2. dimE−(v) = dimE+(v) = p− 1;
3. dvπE

−(v) = dvπE
+(v) = {w ∈ TπvM : w is orthogonal to v};

4. the subspaces E−(v) and E+(v) are invariant under the differential dvgt,
i.e., dvgtE

−(v) = E−(gtv) and dvgtE
+(v) = E+(gtv);

5. if τ : SM → SM is the involution defined by τv = −v, then

E+(−v) = dvτE
−(v) and E−(−v) = dvτE

+(v);

6. if Kx(v1, v2) ≥ −a2 for some a > 0 and all x ∈ M , then ‖Kξ‖ ≤ a‖dvπξ‖
for every ξ ∈ E+(v) and ξ ∈ E−(v);

7. if ξ ∈ E+(v) or ξ ∈ E−(v), then Yξ(t) 6= 0 for every t ∈ R;
8. ξ ∈ E+(v) (respectively, ξ ∈ E−(v)) if and only if

〈ξ, V (v)〉 = 0 and ‖dgtvπdvgtξ‖ ≤ c

for every t > 0 (respectively, t < 0) and some c > 0;
9. if the manifold has no focal points then for any ξ ∈ E+(v) (respectively,
ξ ∈ E−(v)) the function t 7→ ‖Yξ(t)‖ is nonincreasing (respectively, nonde-
creasing).

In view of Properties 6 and 8, we have ξ ∈ E+(v) (respectively, ξ ∈ E−(v)) if
and only if 〈ξ, V (v)〉 = 0 and ‖dvgtξ‖ ≤ c for t > 0 (respectively, t < 0), for some
constant c > 0. This observation and Property 4 justify to call E+(v) and E−(v)
the stable and unstable subspaces.

In general, the subspaces E−(v) and E+(v) do not span the whole second tangent
space TvSM . Eberlein (see [80]) has shown that if they do span TvSM for every
v ∈ SM , then the geodesic flow is Anosov. This is the case when the curvature is
strictly negative. For a general manifold without conjugate points consider the set

∆ =
{
v ∈ SM : lim

t→∞

1
t

∫ t

0

Kπ(gsv)(gsv, gsw) ds < 0

for every w ∈ SM orthogonal to v
}
. (2.10)

It is easy to see that ∆ is measurable and invariant under gt. The following result
shows that the Lyapunov exponents are nonzero on the set ∆.

Theorem 2.3 (Pesin [197]). Assume that the Riemannian manifold M has no
conjugate points. Then for every v ∈ ∆ we have χ(v, ξ) < 0 if ξ ∈ E+(v) and
χ(v, ξ) > 0 if ξ ∈ E−(v).

The geodesic flow preserves the Liouville measure µ on the tangent bundle.
Denote by m the Lebesgue measure on M . It follows from Theorem 2.3 that if
the set ∆ has positive Liouville measure then the geodesic flow gt|∆ has nonzero
Lyapunov exponents almost everywhere. It is, therefore, crucial to find conditions
which would guarantee that ∆ has positive Liouville measure.

We first consider the two-dimensional case.

Theorem 2.4 (Pesin [197]). Let M be a smooth compact surface of nonpositive
curvature K(x) and genus greater than 1. Then µ(∆) > 0.

In the multidimensional case one can establish the following criterion for posi-
tivity of the Liouville measure of the set ∆.
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Theorem 2.5 (Pesin [197]). Let M be a smooth compact Riemannian manifold of
nonpositive curvature. Assume that there exist x ∈M and a vector v ∈ SxM such
that

Kx(v, w) < 0
for any vector w ∈ SxM which is orthogonal to v. Then µ(∆) > 0.

One can show that if µ(∆) > 0 then the set ∆ is open (mod 0) and is everywhere
dense (see Theorem 17.7 below).

3. Lyapunov exponents associated with sequences of matrices

In studying the stability of trajectories of a dynamical system f one introduces
the system of variations {dxf

m,m ∈ Z} and uses the Lyapunov exponents for this
systems (see Section 1). Consider a family of trivializations τx of M , i.e., linear
isomorphisms τx : TxM → Rn where n = dimM . The sequence of matrices

Am = τfm+1(x) ◦ dfm(x)f ◦ τ−1
fm(x) : Rn → Rn

can also be used to study the linear stability along the trajectory fm(x).
In this section we extend our study of Lyapunov exponents for sequences of

matrices generated by smooth dynamical systems to arbitrary sequences of matri-
ces. This will also serve as an important intermediate step in studying Lyapunov
exponents for the even more general case of cocycles over dynamical systems.

3.1. Definition of the Lyapunov exponent. Let A+ = {Am}m≥0 ⊂ GL(n,R)
be a one-sided sequence of matrices. Set Am = Am−1 · · ·A1A0 and consider the
function χ+ : Rn → R ∪ {−∞} given by

χ+(v) = χ+(v,A+) = lim
m→+∞

1
m

log‖Amv‖. (3.1)

We make the convention log 0 = −∞, so that χ+(0) = −∞.
The function χ+(v) is called the forward Lyapunov exponent of v (with respect

to the sequence A+). It has the following basic properties:
1. χ+(αv) = χ+(v) for each v ∈ Rn and α ∈ R \ {0};
2. χ+(v + w) ≤ max{χ+(v), χ+(w)} for each v, w ∈ Rn;
3. χ+(0) = −∞.

As an immediate consequence of the basic properties we obtain that there exist
a positive integer p+, 1 ≤ p+ ≤ n, a collection of numbers χ1 < χ2 < · · · < χp+ ,
and linear subspaces

{0} = V0 $ V1 $ V2 $ · · · $ Vp+ = Rn

such that Vi = {v ∈ Rn : χ+(v) ≤ χi}, and if v ∈ Vi \ Vi−1, then χ+(v) = χi for
each i = 1, . . . , p+. The spaces Vi form the filtration Vχ+ of Rn associated with χ+.
The number

ki = dimVi − dimVi−1

is called the multiplicity of the value χi, and the collection of pairs

Spχ+ = {(χi, ki) : i = 1, . . . , p+}
the Lyapunov spectrum of χ+. We also set

ni = dimVi =
i∑

j=1

kj .
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In a similar way, given a sequence of matrices A− = {Am}m<0, define the backward
Lyapunov exponent (with respect to the sequence A−) χ− : Rn → R ∪ {−∞} by

χ−(v) = χ−(v,A−) = lim
m→−∞

1
|m|

log‖Amv‖, (3.2)

where Am = (Am)−1 · · · (A−2)
−1(A−1)

−1 for each m < 0. Let χ−1 > · · · > χ−p− be
the values of χ−, for some integer 1 ≤ p− ≤ n. The subspaces

Rn = V −1 % · · · % V −p− % V −p−+1 = {0},

where V −i = {v ∈ Rn : χ−(v) ≤ χ−i }, form the filtration Vχ− of Rn associated
with χ−. The number

k−i = dimV −i − dimV −i+1

is the multiplicity of the value χ−i , and the collection of pairs

Spχ− = {(χ−i , k
−
i ) : i = 1, . . ., p−}

is the Lyapunov spectrum of χ−.
In the case when the sequence of matrices is obtained by iterating a given matrix

A, i.e., Am = Am the Lyapunov spectrum is calculated as follows. Take all the
eigenvalues with absolute value r. Then log r is a value of the Lyapunov exponent
and the multiplicity is equal to the sum of the multiplicities of the exponents with
this absolute value.

Equality (3.1) implies that for every ε > 0 there exists C+ = C+(v, ε) > 0 such
that if m ≥ 0 then

‖Amv‖ ≤ C+e
(χ+(v)+ε)m‖v‖. (3.3)

Similarly, (3.2) implies that for every ε > 0 there exists C− = C−(v, ε) > 0 such
that if m ≥ 0 then

‖A−mv‖ ≤ C−e
(χ−(v)+ε)m‖v‖. (3.4)

Given vectors v1, . . ., vk ∈ Rn, we denote by V(v1, . . ., vk) the volume of the
k-parallelepiped formed by v1, . . ., vk. The forward and backward k-dimensional
Lyapunov exponents of the vectors v1, . . ., vk are defined, respectively, by

χ+(v1, . . ., vk) = χ+(v1, . . ., vk,A
+)

= lim
m→+∞

1
m

log V(Amv1, . . ., Amvk),

χ−(v1, . . ., vk) = χ−(v1, . . ., vk,A
−)

= lim
m→−∞

1
|m|

log V(Amv1, . . ., Amvk).

These exponents depend only on the linear space generated by the vectors v1, . . .,
vk. Since V(v1, . . ., vk) ≤

∏k
i=1‖vi‖ we obtain

χ+(v1, . . ., vk) ≤
k∑

i=1

χ+(vi). (3.5)

A similar inequality holds for the backward Lyapunov exponent.
The inequality (3.5) can be strict. Indeed, consider the sequence of matrices

Am =
(

2 0
0 1

2

)
and the vectors v1 = (1, 0), v2 = (1, 1). We have χ+(v1) = χ+(v2) =

log 2. On the other hand, since detAm = 1, we have χ+(v1, v2) = 0 < χ+(v1) +
χ+(v2).
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3.2. Forward and backward regularity. We say that a sequence of matrices
A+ is forward regular if

lim
m→+∞

1
m

log|det Am| =
n∑

i=1

χ′i, (3.6)

where χ′1, . . ., χ
′
n are the finite values of the exponent χ+ counted with their mul-

tiplicities. By (3.5), this is equivalent to

lim
m→+∞

1
m

log|det Am| ≥
n∑

i=1

χ′i.

The forward regularity is equivalent to the statement that there exists a positive
definite symmetric matrix Λ such that

lim
m→∞

‖AmΛ−m‖ = 0, lim
m→∞

‖ΛmA−1
m ‖ = 0. (3.7)

Let A+ = {Am}m≥0 and B+ = {Bm}m≥0 be two sequences of matrices. They
are called equivalent if there is a nondegenerate matrix C such that Am = C−1BmC
for every m ≥ 0. Any sequence of linear transformations, which is equivalent to a
forward regular sequence, is itself forward regular.

The Lyapunov exponent χ+ is said to be
1. exact with respect to the collection of vectors {v1, . . ., vk} ⊂ Rn if

χ+(v1, . . ., vk) = lim
m→+∞

1
m

log V(Amv1, . . ., Amvk);

2. exact if for any 1 ≤ k ≤ n, the exponent χ+ is exact with respect to every
collection of vectors {v1, . . ., vk} ⊂ Rn.

If the Lyapunov exponent is exact then in particular for v ∈ Rn one has

χ+(v) = lim
m→+∞

1
m

log‖Amv‖;

equivalently (compare with (3.3) and (3.4)): for every ε > 0 there exists C =
C(v, ε) > 0 such that if m ≥ 0 then

C−1e(χ
+(v)−ε)m ≤ ‖Amv‖ ≤ Ce(χ

+(v)+ε)m.

Theorem 3.1 (Lyapunov [170]). If the sequence of matrices A+ is forward regular,
then the Lyapunov exponent χ+ is exact.

The following simple example demonstrates that the Lyapunov exponent χ+

may be exact even for a sequence of matrices which is not forward regular. In other
words, the existence of the limit in (3.1) does not guarantee that the Lyapunov
exponent χ+ is forward regular.

Example 3.2. Let A+ = {Am}m≥0 be the sequence of matrices where A0 = ( 1 0
2 4 )

and Am =
(

1 0
−2m+1 4

)
for each m ≥ 1 so that Am =

(
1 0

2m 4m

)
for every m ≥ 1.

Given a vector v = (a, b) 6= (0, 0) we have χ+(v) = log 2 if b = 0, and χ+(v) = log 4
if b 6= 0. This implies that χ+ is exact with respect to every vector v. Let v1 = (1, 0)
and v2 = (0, 1). Then χ+(v1) = log 2 and χ+(v2) = log 4. Since det Am = 4m we
obtain χ+(v1, v2) = log 4. Therefore, χ+ is exact with respect to {v1, v2}, and hence
with respect to every collection of two vectors. On the other hand,

χ+(v1, v2) = log 4 < log 2 + log 4 = χ+(v1) + χ+(v2)
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and the sequence of matrices A+ is not forward regular.

In the one-dimensional case the situation is different.

Proposition 3.3. A sequence of numbers A+ ⊂ GL(1,R) = R \ {0} is forward
regular if and only if the Lyapunov exponent χ+ is exact.

We now present an important characteristic property of forward regularity which
is very useful in applications. We say that a basis v = (v1, . . ., vn) of Rn is normal
with respect to the filtration V = {Vi : i = 0, . . ., p+} if for every 1 ≤ i ≤ p+ there
exists a basis of Vi composed of vectors from {v1, . . ., vn}.

Theorem 3.4 (see [58]). A sequence of matrices A+ is forward regular if and only
if for any normal basis v of Rn with respect to the filtration Vχ+ and any subset
K ⊂ {1, . . ., n}, we have:

1.
χ+({vi}i∈K) = lim

m→+∞

1
m

log V({Amvi}i∈K) =
∑
i∈K

χ+(vi);

2. if σm is the angle between the subspaces span{Amvi : i ∈ K} and span{Amvi :
i /∈ K}, then

lim
m→+∞

1
m

log|sinσm| = 0.

A sequence of matrices A− = {Am}m<0 is called backward regular if

lim
m→−∞

1
|m|

log|detAm| =
n∑

i=1

χ̃′i,

where χ̃′1, . . ., χ̃
′
n are the finite values of χ− counted with their multiplicities.

Given a sequence A− = {Am}m<0, we construct a new sequence B+ = {Bm}m≥0

by setting Bm = (A−m−1)−1. The backward regularity of A− is equivalent to the
forward regularity of B+. This reduction allows one to translate any fact about
forward regularity into a corresponding fact about backward regularity.

For example, the backward regularity of the sequence of matrices A− implies
that the Lyapunov exponent χ− is exact. Moreover, if the Lyapunov exponent χ−

is exact (in particular, if it is backward regular) then

χ−(v) = lim
m→−∞

1
|m|

log‖Amv‖

for every v ∈ Rn. This is equivalent to the following: for every ε > 0 there exists
C = C(v, ε) > 0 such that if m ≥ 0 then

C−1e−(χ−(v)−ε)m ≤ ‖A−mv‖ ≤ Ce−(χ−(v)+ε)m.

3.3. A criterion for forward regularity of triangular matrices. Let A+ =
{Am}m≥0 be a sequence of matrices. One can write each Am in the form Am =
RmTm, where Rm is orthogonal, and Tm is lower triangular. In general, the diagonal
entries of Tm alone do not determine the values of the Lyapunov exponent associated
with A+. Indeed, let A+ = {Am}m≥0 be a sequence of matrices where Am =(

0 −1/2
2 0

)
for each m > 0. We have Am = RmTm, where Rm =

(
0 −1
1 0

)
is orthogonal

and Tm =
(

2 0
0 1/2

)
is diagonal. Since Am

2 = −Id, we obtain χ+(v,A+) = 0 for
every v 6= 0 whereas the values of the Lyapunov exponent for T = {Tm}m≥0 are
equal to ± log 2.
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However, in certain situations one can reduce the study of sequences of arbitrary
matrices to the study of sequences of lower triangular matrices (see Section 5.3).
Therefore, we shall consider sequences of lower triangular matrices and present a
useful criterion of regularity of the Lyapunov exponent. This criterion is used in
the proof of the Multiplicative Ergodic Theorem 5.5, which is one of the central
results in smooth ergodic theory. We write log+ a = max{log a, 0} for a positive
number a.

Theorem 3.5 (see [58]). Let A+ = {(am
ij )}m≥0 ⊂ GL(n,R) be a sequence of lower

triangular matrices such that:
1. for each i = 1, . . ., n, the following limit exists and is finite:

lim
m→+∞

1
m

m∑
k=0

log|ak
ii|

def= λi;

2. for any i, j = 1, . . ., n, we have

lim
m→+∞

1
m

log+|am
ij | = 0.

Then the sequence A+ is forward regular, and the numbers λi are the values of the
Lyapunov exponent χ+ (counted with their multiplicities but possibly not ordered).

Let us comment on the proof of this theorem. If we count each exponent ac-
cording to its multiplicity we have exactly n exponents. To verify (3.6) we will
produce a basis v1, . . ., vn which is normal with respect to the standard filtration
(i.e., related with the standard basis by an upper triangular coordinate change)
such that χ+(vi) = λi.

If the exponents are ordered so that λ1 ≥ λ2 ≥ · · · ≥ λn then the standard
basis is in fact normal. To see this notice that while multiplying lower triangular
matrices one obtains a matrix whose off-diagonal entries contain a polynomially
growing number of terms each of which can be estimated by the growth of the
product of diagonal terms below.

However, if the exponents are not ordered that way then an element ei of the
standard basis will grow according to the maximal of the exponents λj for j ≥ i.
In order to produce the right growth one has to compensate the growth caused by
off-diagonal terms by subtracting from the vector ei a certain linear combination of
vectors ej for which λj > λi. This can be done in a unique fashion. The detailed
proof proceeds by induction.

A similar criterion of forward regularity holds for sequences of upper triangular
matrices.

Using the correspondence between forward and backward sequences of matrices
we immediately obtain the corresponding criterion for backward regularity.

3.4. Lyapunov regularity. Let A = {Am}m∈Z be a sequence of matrices in
GL(n,R). Set A+ = {Am}m≥0 and A− = {Am}m<0. Consider the forward and
backward Lyapunov exponents χ+ and χ− specified by the sequence A, i.e., by the
sequences A+ and A− respectively; see (3.1) and (3.2). Denote by

Vχ+ = {V +
i : i = 1, . . ., p+} and Vχ− = {V −i : i = 1, . . ., p−}

the filtrations of Rn associated with the Lyapunov exponents χ+ and χ−.
We say that the filtrations Vχ+ and Vχ− comply if the following properties hold:
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1. p+ = p−
def= p;

2. there exists a decomposition

Rn =
p⊕

i=1

Ei

into subspaces Ei such that if i = 1, . . ., p then

V +
i =

i⊕
j=1

Ej and V −i =
p⊕

j=i

Ej

(note that necessarily Ei = V +
i ∩ V −i for i = 1, . . ., p);

3. if v ∈ Ei \ {0} then

lim
m→±∞

1
m

log‖Amv‖ = χi,

with uniform convergence on {v ∈ Ei : ‖v‖ = 1}.
We say that the sequence A is Lyapunov regular or simply regular if:
1. A is simultaneously forward and backward regular (i.e., A+ is forward regular

and A− is backward regular);
2. the filtrations Vχ+ and Vχ− comply.

Notice that the constant cocycle generated by a single matrix A (see Section 3.1)
is Lyapunov regular since

p∑
i=1

χi dimEi = log|detA|.

Proposition 3.6. If A is regular then:
1. the exponents χ+ and χ− are exact;
2. χ−i = −χi, dimEi = ki, and

lim
m→±∞

1
m

log|det(Am|Ei)| = χiki.

Simultaneous forward and backward regularity of a sequence of matrices A is
not sufficient for Lyapunov regularity. Forward (respectively, backward) regularity
does not depend on the backward (respectively, forward) behavior of A, i.e., for
m ≤ 0 (respectively, m ≥ 0). On the other hand, Lyapunov regularity requires
some compatibility between the forward and backward behavior which is expressed
in terms of the filtrations Vχ+ and Vχ− .

Example 3.7. Let

Am =

{(
2 0
0 1/2

)
if m ≥ 0(

5/4 −3/4
−3/4 5/4

)
if m < 0

.

Note that (
2 0
0 1/2

)
= R−1

(
5/4 −3/4
−3/4 5/4

)
R,

where R is the rotation by π/4 around 0. We have χ+(1, 0) = χ−(1, 1) = log 2 and
χ+(0, 1) = χ−(1,−1) = − log 2. Hence, V +

1 6= V −1 , and thus, A is not regular. On
the other hand, since detAm = 1, we have

χ+(v1, v2) = χ−(v1, v2) = log 2− log 2 = 0,
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and the exponents χ+(v1, v2) and χ−(v1, v2) are exact for any linearly independent
vectors v1, v2 ∈ R2. Therefore, the sequence A is simultaneously forward and
backward regular.

4. Cocycles and Lyapunov exponents

4.1. Cocycles and linear extensions. In what follows we assume that X is
a measure space which is endowed with a σ-algebra of measurable subsets and
that f : X → X is an invertible measurable transformation. For most substantive
statements we will assume that f preserves a finite measure.

A function A : X ×Z → GL(n,R) is called a linear multiplicative cocycle over f
or simply a cocycle if the following properties hold:

1. for every x ∈ X we have A(x, 0) = Id and if m, k ∈ Z then

A(x,m+ k) = A(fk(x),m)A(x, k); (4.1)

2. for every m ∈ Z the function A(·,m) : X → GL(n,R) is measurable.

If A is a cocycle, then A(f−m(x),m)−1 = A(x,−m) for every x ∈ X and m ∈ Z.
Given a measurable function A : X → GL(n,R) and x ∈ X, define the cocycle

A(x,m) =


A(fm−1(x)) · · ·A(f(x))A(x) if m > 0
Id if m = 0
A(fm(x))−1 · · ·A(f−2(x))−1

A(f−1(x))−1 if m < 0
.

The map A is called the generator of the cocycle A. One also says that the cocycle
A is generated by the function A. Each cocycle A is generated by the function
A(·) = A(·, 1).

The sequences of matrices that we discussed in the previous section are cocycles
over the shift map f : Z → Z, f(n) = n+ 1.

A cocycle A over f induces a linear extension F : X × Rn → X × Rn of f to
X × Rn, or a linear skew product, defined by

F (x, v) = (f(x), A(x)v).

In other words, the action of F on the fiber over x to the fiber over f(x) is given
by the linear map A(x). If π : X ×Rn → X is the projection, π(x, v) = x, then the
following diagram

X × Rn F−−−−→ X × Rn

π

y yπ

X
f−−−−→ X

is commutative. Notice that for each m ∈ Z,

Fm(x, v) = (fm(x),A(x,m)v).

Linear extensions are particular cases of bundle maps of measurable vector bundles
which we now consider. Let E and X be measure spaces and π : E → X a mea-
surable map. One says that E is a measurable vector bundle over X if for every
x ∈ X there exists a measurable subset Yx ⊂ X containing x such that there exists
a measurable map with measurable inverse π−1(Yx) → Yx × Rn. A bundle map
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F : E → E over a measurable map f : X → X is a measurable map which makes
the following diagram commutative:

E
F−−−−→ E

π

y yπ

X
f−−−−→ X

.

The following proposition shows that from the measure theory point of view every
vector bundle over a compact metric space is trivial, and hence, without loss of
generality, one may always assume that E = X ×Rn. In other words every bundle
map of E is essentially a linear extension provided that the base space X is a
compact metric space.

Proposition 4.1. If E is a measurable vector bundle over a compact metric space
(X, ν), then there is a subset Y ⊂ X such that ν(Y ) = 1 and π−1(Y ) is (isomorphic
to) a trivial vector bundle.

4.2. Cohomology and tempered equivalence. Let A : X → GL(n,R) be the
generator of a cocycle A over the invertible measurable transformation f : X → X.
The cocycle A acts on the linear coordinate vx on the fiber {x} × Rn of X ×
Rn by vf(x) = A(x)vx. Let L(x) ∈ GL(n,R) be a linear coordinate change in
each fiber, given by ux = L(x)vx for each x ∈ X. We assume that the function
L : X → GL(n,R) is measurable. Consider the function B : X → GL(n,R) for
which uf(x) = B(x)ux. One can easily verify that

A(x) = L(f(x))−1B(x)L(x),

and that B generates a new cocycle B over f . One can naturally think of the
cocycles A and B as equivalent. However, since the function L is in general only
measurable, without any additional assumption on L the measure-theoretical prop-
erties of the cocycles A and B can be very different. We now introduce a sufficiently
general class of coordinate changes which make the notion of equivalence produc-
tive.

Let Y ⊂ X be an f -invariant nonempty measurable set. A measurable function
L : X → GL(n,R) is said to be tempered on Y with respect to f or simply tempered
on Y if for every x ∈ Y we have

lim
m→±∞

1
m

log‖L(fm(x))‖ = lim
m→±∞

1
m

log‖L(fm(x))−1‖ = 0.

A cocycle over f is said to be tempered on Y if its generator is tempered on Y . If the
real functions x 7→ ‖L(x)‖, ‖L(x)−1‖ are bounded or, more generally, have finite
essential supremum, then the function L is tempered with respect to any invertible
transformation f : X → X on any f -invariant nonempty measurable subset Y ⊂ X.
The following statement provides a more general criterion for a function L to be
tempered.

Proposition 4.2. Let f : X → X be an invertible transformation preserving a
probability measure ν, and L : X → GL(n,R) a measurable function. If

log‖L‖, log‖L−1‖ ∈ L1(X, ν),

then L is tempered on some set of full ν-measure.
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Let A, B : X → GL(n,R) be the generators, respectively, of two cocycles A

and B over an invertible measurable transformation f , and Y ⊂ X a measurable
subset. The cocycles A and B are said to be equivalent on Y or cohomologous on Y ,
if there exists a measurable function L : X → GL(n,R) which is tempered on Y
such that for every x ∈ Y , we have

A(x) = L(f(x))−1B(x)L(x). (4.2)

This is clearly an equivalence relation and if two cocycles A and B are equivalent,
we write A ∼Y B. Equation (4.2) is called cohomology equation.

It follows from (4.2) that for any x ∈ Y and m ∈ Z,

A(x,m) = L(fm(x))−1B(x,m)L(x). (4.3)

Proposition 4.2 immediately implies the following.

Corollary 4.3. If L : X → R is a measurable function such that log‖L‖, log‖L−1‖
∈ L1(X, ν) then any two cocycles A and B satisfying (4.3) are equivalent cocycles.

We now consider the notion of equivalence for cocycles over different transfor-
mations. Let f : X → X and g : Y → Y be invertible measurable transformations.
Assume that f and g are measurably conjugated, i.e., that h ◦ f = g ◦ h for some
invertible measurable transformation h : X → Y . Let A be a cocycle over f and B

a cocycle over g. The cocycles A and B are said to be equivalent if there exists a
measurable function L : X → GL(n,R) which is tempered on Y with respect to g,
such that for every x ∈ Y , we have

A(h−1(x)) = L(g(x))−1B(x)L(x).

4.3. Examples and basic constructions with cocycles. We describe various
examples of measurable cocycles over dynamical systems. Perhaps the simplest
example is provided by the rigid cocycles generated by a single matrix. Starting
from a given cocycle one can build other cocycles using some basic constructions
in ergodic theory and algebra. Thus one obtains power cocycles, induced cocycles,
and exterior power cocycles.

Let A be a measurable cocycle over a measurable transformation f of a Lebesgue
space X. We will call a cocycle A rigid if it is equivalent to a cocycle whose
generator A is a constant map. Rigid cocycles naturally arise in the classical Floquet
Theory (where the dynamical system in the base is a periodic flow), and among
smooth cocycles over translations on the torus with rotation vector satisfying a
Diophantine condition (see [83, 151] and the references therein). In the setting
of actions of groups other than Z and R rigid cocycles appear in the measurable
setting for actions of higher rank semisimple Lie groups and lattices in such groups
(see [261]), and in the smooth setting for hyperbolic actions of higher rank Abelian
groups (see [136, 137]).

Given m ≥ 1, consider the transformation fm : X → X and the measurable
cocycle Am over fm with the generator

Am(x) def= A(fm−1(x)) · · ·A(x).

The cocycle Am is called the m-th power cocycle of A.
Assume that f preserves a measure ν and let Y ⊂ X be a measurable subset of

positive ν-measure. By Poincaré’s Recurrence Theorem the set Z ⊂ Y of points
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x ∈ Y such that fn(x) ∈ Y for infinitely many positive integers n, has measure
ν(Z) = ν(Y ). We define the transformation fY : Y → Y (mod 0) as follows

fY (x) = fkY (x)(x) where kY (x) = min{k ≥ 1 : fk(x) ∈ Y }.

The function kY and the map fY are measurable on Z. We call kY the (first) return
time to Y and fY the (first) return map or induced transformation on Y .

Proposition 4.4 (see, for example, [67]). The measure ν is invariant under fY ,
the function kY ∈ L1(X, ν) and

∫
Y
kY dν = ν(

⋃
n≥0 f

nY ).

Since kY ∈ L1(X, ν), it follows from Birkhoff’s Ergodic Theorem that the func-
tion

τY (x) = lim
k→+∞

1
k

k−1∑
i=0

kY (f i
Y (x))

is well-defined for ν-almost all x ∈ Y and that τY ∈ L1(X, ν).
If A is a measurable linear cocycle over f with generator A, we define the induced

cocycle AY over fY to be the cocycle with the generator

AY (x) = AkY (x)(x).

Finally, given a cocycle A we define the cocycle A∧k : X ×Z → (GL(n,R))∧k by
A∧k(x,m) = A(x,m)∧k (see Section 5.1 for the definition of exterior power). We
call A∧k the k-fold exterior power cocycle of A.

4.4. Hyperbolicity of cocycles. The crucial notion of nonuniformly hyperbolic
diffeomorphisms was introduced by Pesin in [196, 197]. In terms of cocycles this
is the special case of derivative cocycles (see Section 6.1). Pesin’s approach can
readily be extended to general cocycles.

Consider a family of inner products 〈·, ·〉 = {〈·, ·〉x : x ∈ X} on Rn. Given x ∈ X
we denote by ‖·‖x the norm and by ^(·, ·)x the angle induced by the inner product
〈·, ·〉x. In order to simplify the notation we often write ‖·‖ and ^(·, ·) omitting the
reference point x.

Let Y ⊂ X be an f -invariant nonempty measurable subset. Let also λ, µ : Y →
(0,+∞) and ε : Y → [0, ε0], ε0 > 0, be f -invariant measurable functions such that
λ(x) < µ(x) for every x ∈ Y .

We say that a cocycle A : X×Z → GL(n,R) over f is nonuniformly partially hy-
perbolic in the broad sense if there exist measurable functions C, K : Y → (0,+∞)
such that

1. for every x ∈ Y ,

either λ(x)eε(x) < 1 or µ(x)e−ε(x) > 1; (4.4)

2. there exists a decomposition Rn = E1(x)⊕E2(x), depending measurably on
x ∈ Y , such that A(x)E1(x) = E1(f(x)) and A(x)E2(x) = E2(f(x));

3. (a) for v ∈ E1(x) and m > 0,

‖A(x,m)v‖ ≤ C(x)λ(x)meε(x)m‖v‖;

(b) for v ∈ E2(x) and m < 0,

‖A(x,m)v‖ ≤ C(x)µ(x)meε(x)|m|‖v‖;

(c) ^(E1(fm(x)), E2(fm(x))) ≥ K(fm(x)) for every m ∈ Z;
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(d) for m ∈ Z,

C(fm(x)) ≤ C(x)e|m|ε(x), K(fm(x)) ≥ K(x)e−|m|ε(x).

We say that a cocycle A : X×Z → GL(n,R) over f is nonuniformly (completely)
hyperbolic if the requirement (4.4) is replaced by the following stronger one: for
every x ∈ Y ,

λ(x)eε(x) < 1 < µ(x)e−ε(x).

Proposition 4.5. If a cocycle A over f is partially hyperbolic in the broad sense,
then for every x ∈ Y ,

1. A(x,m)E1(x) = E1(fm(x)) and A(x,m)E2(x) = E2(fm(x));
2. for v ∈ E1(x) and m < 0,

‖A(x,m)v‖ ≥ C(fm(x))−1λ(x)me−ε(x)|m|‖v‖;
3. for v ∈ E2(x) and m > 0,

‖A(x,m)v‖ ≥ C(fm(x))−1µ(x)me−ε(x)m‖v‖.

The set Y is nested by the invariant sets Yλµε for which λ(x) ≤ λ, µ(x) ≤ µ and
ε(x) ≤ ε, i.e., Y =

⋃
Yλµε and Yλ′µ′ε′ ⊂ Yλ′′µ′′ε′′ provided λ′ ≤ λ′′, µ′ ≤ µ′′ and

ε′ ≤ ε′′. On each of these sets the above estimates hold with λ(x), µ(x) and ε(x)
replaced by λ, µ and ε respectively.

Even when a cocycle is continuous or smooth one should expect the functions λ,
µ, ε, C, and K to be only measurable, the function C to be unbounded and K to
have values arbitrarily close to zero.

If these functions turn to be continuous we arrive to the special case of uniformly
hyperbolic cocycles. More precisely, we say that the cocycle A : X ×Z → GL(n,R)
over f is uniformly partially hyperbolic in the broad sense if there exist 0 < λ <
µ < ∞, λ < 1, and constants c > 0 and γ > 0 such that the following conditions
hold

1. there exists a decomposition Rn = E1(x) ⊕ E2(x), depending continuously
on x ∈ Y , such that A(x)E1(x) = E1(f(x)) and A(x)E2(x) = E2(f(x));

2. (a) for v ∈ E1(x) and m > 0,

‖A(x,m)v‖ ≤ cλm‖v‖;
(b) for v ∈ E2(x) and m < 0,

‖A(x,m)v‖ ≤ cµm‖v‖;
(c) ^(E1(fm(x)), E2(fm(x))) ≥ γ for every m ∈ Z.

The principal example of uniformly hyperbolic cocycles are cocycles generated
by Anosov diffeomorphisms and more generally Axiom A diffeomorphisms. The
principal examples of nonuniformly hyperbolic cocycles are cocycles with nonzero
Lyapunov exponents.

We will see below that a nonuniformly hyperbolic cocycle on a set Y of full
measure (with respect to an invariant measure) is in fact, uniformly hyperbolic on
a set Yδ ⊂ Y of measure at least 1−δ for arbitrarily small δ > 0. This observation is
crucial in studying topological and measure-theoretical properties of such cocycles.
However, the “parameters” of uniform hyperbolicity, i.e., the numbers c and γ may
vary with δ approaching ∞ and 0, respectively. We stress that this can only occur
with a sub-exponential rate. We proceed with the formal description.
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4.5. Regular sets of hyperbolic cocycles. Nonuniformly hyperbolic cocycles
turn out to be uniformly hyperbolic on some compact but noninvariant subsets,
called regular sets. They are nested and exhaust the whole space. Nonuniform
hyperbolic structure appears then as a result of deterioration of the hyperbolic
structure when a trajectory travels from one of these subsets to another. We first
introduce regular sets for arbitrary cocycles and then establish their existence for
nonuniformly hyperbolic cocycles.

Let A be a cocycle over X and ε : X → [0,+∞) an f -invariant measurable
function. Given 0 < λ < µ < ∞, λ < 1, and ` ≥ 1, denote by Λ` = Λ`

λµ the set of
points x ∈ X for which there exists a decomposition Rn = E1x ⊕E2x such that for
every k ∈ Z and m > 0,

1. if v ∈ A(x, k)E1x then

‖A(fk(x),m)v‖ ≤ `λmeε(x)(m+|k|)‖v‖
and

‖A(fk(x),−m)v‖ ≥ `−1λ−me−ε(x)(|k−m|+m)‖v‖;
2. if v ∈ A(x, k)E2x then

‖A(fk(x),−m)v‖ ≤ `µ−meε(x)(m+|k|)‖v‖
and

‖A(fk(x),m)v‖ ≥ `−1µme−ε(x)(|k+m|+m)‖v‖;
3.

^(E1fk(x), E2fk(x)) ≥ `−1e−ε(x)|k|.

The set Λ` is called a regular set (or a Pesin set).
It is easy to see that these sets have the following properties:
1. Λ` ⊂ Λ`+1;
2. for m ∈ Z we have fm(Λ`) ⊂ Λ`′ , where

`′ = ` exp
(
|m| sup{ε(x) : x ∈ Λ`}

)
;

3. the set Λ = Λλµ
def=
⋃

`≥1 Λ` is f -invariant;
4. if X is a topological space and A and ε are continuous then the sets Λ` are

closed and the subspaces E1x and E2x vary continuously with x ∈ Λ` (with
respect to the Grassmannian distance).

Every cocycle A over f , which is nonuniformly hyperbolic on a set Y ⊂ X,
admits a nonempty regular set. Indeed, for each 0 < λ < µ < ∞, λ < 1, and each
integer ` ≥ 1 let Y ` ⊂ X be the set of points for which

λ(x) ≤ λ < µ ≤ µ(x), C(x) ≤ `, and K(x) ≥ `−1.

We have Y ` ⊂ Y `+1, Y ` ⊂ Λ` and E1x = E1(x), E2x = E2(x) for every x ∈ Y .

4.6. Lyapunov exponents for cocycles. We extend the notion of Lyapunov
exponent to cocycles over dynamical systems.

Let A be a cocycle over an invertible measurable transformation f of a measure
space X with generator A : X → GL(n,R). Note that for each x ∈ X the cocycle
A generates a sequence of matrices {Am}m∈Z = {A(fm(x))}m∈Z. Therefore, every
cocycle can be viewed as a collection of sequences of matrices which are indexed
by the trajectories of f . One can associate to each of these sequences of matrices a
Lyapunov exponent.
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However, one should carefully examine the dependence of the Lyapunov exponent
when one moves from a sequence of matrices to another one (see Proposition 4.6
below). This is what constitutes a substantial difference in studying cocycles over
dynamical systems and sequences of matrices (see Sections 5.1 and 5.3 below). We
now proceed with the formal definition of the Lyapunov exponent for cocycles.

Consider the generator A : X → GL(n,R) of the cocycle A. Given a point (x, v)
∈ X × Rn, we define the forward Lyapunov exponent of (x, v) (with respect to the
cocycle A) by

χ+(x, v) = χ+(x, v,A) = lim
m→+∞

1
m

log‖A(x,m)v‖.

Note that the number χ+(x, v) does not depend on the norm ‖·‖ induced by an
inner product on Rn. With the convention log 0 = −∞, we obtain χ+(x, 0) = −∞
for every x ∈ X.

There exist a positive integer p+(x) ≤ n, a collection of numbers

χ+
1 (x) < χ+

2 (x) < · · · < χ+
p+(x)(x),

and a filtration V+
x of linear subspaces

{0} = V +
0 (x) $ V +

1 (x) $ · · · $ V +
p+(x)(x) = Rn,

such that:
1. V +

i (x) = {v ∈ Rn : χ+(x, v) ≤ χ+
i (x)};

2. if v ∈ V +
i (x) \ V +

i−1(x), then χ+(x, v) = χ+
i (x).

The numbers χ+
i (x) are called the values of the Lyapunov exponent χ+ at x.

The number
k+

i (x) = dimV +
i (x)− dimV +

i−1(x)

is called the multiplicity of the value χ+
i (x). We also write

n+
i (x) def= dimV +

i (x) =
i∑

j=1

k+
j (x).

The Lyapunov spectrum of χ+ at x is the collection of pairs

Sp+
x A = {(χ+

i (x), k+
i (x)) : i = 1, . . ., p+(x)}.

Observe that k+
i (f(x)) = k+

i (x) and hence, Sp+
f(x)A = Sp+

x A.

Proposition 4.6. The following properties hold:
1. the functions χ+ and p+ are measurable;
2. χ+ ◦ f = χ+ and p+ ◦ f = p+;
3. A(x)V +

i (x) = V +
i (f(x)) and χ+

i (f(x)) = χ+
i (x).

For every (x, v) ∈ X × Rn, we set

χ−(x, v) = χ−(x, v,A) = lim
m→−∞

1
|m|

log‖A(x,m)v‖.

We call χ−(x, v) the backward Lyapunov exponent of (x, v) (with respect to the
cocycle A). One can show that for every x ∈ X there exist a positive integer
p−(x) ≤ n, the values

χ−1 (x) > χ−2 (x) > · · · > χ−p−(x)(x),
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and the filtration V−x of Rn associated with χ− at x,

Rn = V −1 (x) % · · · % V −p−(x)(x) % V −p−(x)+1(x) = {0},

such that V −i (x) = {v ∈ Rn : χ−(x, v) ≤ χ−i (x)}. The number

k−i (x) = dimV −i (x)− dimV −i+1(x)

is called the multiplicity of the value χ−i (x). We define the Lyapunov spectrum of
χ− at x by

Sp−x A = {(χ−i (x), k−i (x)) : i = 1, . . ., p−(x)}.
Any nonuniformly (partially or completely) hyperbolic cocycle has nonzero Lya-
punov exponents. More precisely,

1. If A is a nonuniformly partially hyperbolic cocycle (in the broad sense) on
Y , then

Y ⊂
{
x ∈ X : χ+(x, v) 6= 0 for some v ∈ Rn \ {0}

}
.

2. If A is a nonuniformly hyperbolic cocycle on Y , then

Y ⊂
{
x ∈ X : χ+(x, v) 6= 0 for all v ∈ Rn

}
.

The converse statement is also true but is much more difficult. It is a manifestation
of the Multiplicative Ergodic Theorem 5.5 of Oseledets. Namely, a cocycle whose
Lyapunov exponents do not vanish almost everywhere is nonuniformly hyperbolic
on a set of full measure (see Theorem 5.11).

Lyapunov exponents of a cocycle are invariants of a coordinate change which
satisfies the tempering property as the following statement shows.

Proposition 4.7. Let A and B be equivalent cocycles on Y over a measurable
transformation f : X → X, and L : X → GL(n,R) a measurable function satisfying
(4.2) that is tempered on Y . If x ∈ Y then:

1. the forward and backward Lyapunov spectra coincide at x, i.e.,

Sp+
x A = Sp+

x B and Sp−x A = Sp−x B;

2. L(x) preserves the forward and backward filtrations of A and B, i.e.,

L(x)V +
i (x,A) = V +

i (x,B), i = 1, . . ., p+(x),

and
L(x)V −i (x,A) = V −i (x,B), i = 1, . . ., p−(x).

5. Regularity and Multiplicative Ergodic Theorem

5.1. Lyapunov regularity. We extend the concept of regularity to cocycles over
dynamical systems. Let A be a cocycle over an invertible measurable transformation
f of a measure space X. As we saw, given x ∈ X, the cocycle A generates the
sequence of matrices {Am}m∈Z = {A(fm(x))}m∈Z.

We say that x is forward ( respectively, backward) regular for A if the sequence
of matrices {A(fm(x))}m∈Z is forward (respectively, backward) regular.

Clearly, if x is a forward (respectively, backward) regular point for A then so is
the point fm(x) for every m ∈ Z. Furthermore, if A and B are equivalent cocycles
on Y then the point y ∈ Y is forward (respectively, backward) regular for A if and
only if it is forward (respectively, backward) regular for B.

Consider the filtrations V+ = {V+
x }x∈X and V− = {V−x }x∈X of Rn associated

with the Lyapunov exponents χ+ and χ− specified by the cocycle A. For each
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x ∈ X these filtrations determine filtrations V+
x and V−x of the Lyapunov exponents

χ+(x, ·) and χ−(x, ·) for the sequence of matrices {Am}m∈Z = {A(fm(x))}m∈Z.
We say that the filtrations V+ and V− comply at a point x ∈ X if the filtrations

V+
x and V−x comply with respect to the sequence of matrices {A(fm(x))}m∈Z. In

other words, the filtrations V+ and V− comply at x ∈ X if the following properties
hold:

1. p+(x) = p−(x) def= p(x);
2. there exists a decomposition

Rn =
p(x)⊕
i=1

Ei(x) (5.1)

into subspaces Ei(x) such thatA(x)Ei(x) = Ei(f(x)) and for i = 1, . . ., p(x),

V +
i (x) =

i⊕
j=1

Ej(x) and V −i (x) =
p(x)⊕
j=i

Ej(x);

3. if v ∈ Ei(x) \ {0} then

lim
m→±∞

1
m

log‖A(x,m)v‖ = χ+
i (x) = −χ−i (x) def= χi(x),

with uniform convergence on {v ∈ Ei(x) : ‖v‖ = 1}.
We call the decomposition (5.1) the Oseledets’ decomposition at the point x.

Property 2 requires some degree of compatibility between forward and backward
regularity and is equivalent to the following: for i = 1, . . ., p(x) the spaces

Ei(x) = V +
i (x) ∩ V −i (x) (5.2)

satisfy (5.1).
A point x ∈ X is said to be Lyapunov regular or simply regular for A if the

following conditions hold:
1. x is simultaneously forward and backward regular for A;
2. the filtrations V+ and V− comply at x.

The set of regular points is f -invariant. If A and B are equivalent cocycles on Y
then y ∈ Y is regular for A if and only if it is regular for B. Under fairly general
assumptions the set of regular points has full measure with respect to any invariant
measure (see Theorem 5.5).

For each integer k, 1 ≤ k ≤ n, let (Rn)∧k be the space of alternating k-linear
forms on Rn. For any linear transformation A of Rn, the k-fold exterior power A∧k

of A is the unique linear transformation A∧k of (Rn)∧k such that

A∧k(v1 ∧ · · · ∧ vk) = Av1 ∧ · · · ∧Avk

for any v1, . . ., vk ∈ (Rn)∧1 ≡ Rn. One can define an inner product in (Rn)∧k by
requiring that for any v1 ∧ · · · ∧ vk, w1 ∧ · · · ∧ wk ∈ (Rn)∧k,

〈v1 ∧ · · · ∧ vk, w1 ∧ · · · ∧ wk〉 = detB,

where B = (bij) is the k×k matrix with entries bij = 〈vi, wj〉 for each i and j. The
induced norm satisfies the following properties:

1. ‖v1 ∧ · · · ∧ vk‖ ≤ ‖v1 ∧ · · · ∧ v`‖ · ‖v`+1 ∧ · · · ∧ vk‖ for any ` < k;
2. for every linear transformations A, B of Rn and 1 ≤ k, ` ≤ n the induced

operator norm in (Rn)∧k satisfies:
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(a) ‖(AB)∧k‖ ≤ ‖A∧k‖ · ‖B∧k‖;
(b) ‖A∧(k+`)‖ ≤ ‖A∧k‖ · ‖A∧`‖ ≤ ‖A‖k+`;
(c) ‖A∧k‖ =

∏k
j=1 dj , where d1 ≥ d2 ≥ · · · ≥ dn ≥ 0 are the eigenvalues of

(A∗A)1/2.

Proposition 5.1. Let x ∈ X be a regular point for A. The following statements
hold:

1. the exponents χ+(x, ·) and χ−(x, ·) are exact;
2. for i = 1, . . ., p(x),

(a) dimEi(x) = k+
i (x) = k−i (x) def= ki(x);

(b) for any vectors v1, . . ., vki(x) ∈ Ei(x) with V (v1, . . ., vki(x)) 6= 0,

lim
m→±∞

1
m

log V (A(x,m)v1, . . ., A(x,m)vki(x)) = χi(x)ki(x).

3. for k = 1, . . ., n,

lim
m→±∞

1
m

log‖A(x,m)∧k‖ =
k∑

j=1

χ′n−j+1(x).

Identifying the space Ei(fm(x)) with Rki(x) one can rewrite Property 2b in the
following way: for i = 1, . . ., p(x),

lim
m→±∞

1
m

log|det(A(x,m)|Ei(x))| = χi(x)ki(x).

Furthermore, for every regular point x ∈ X, 1 ≤ i, j ≤ p(x) with i 6= j, and
every distinct vectors v, w ∈ Hi(x),

lim
m→±∞

1
m

log|sin^(Ei(fm(x)), Ej(fm(x)))| = 0,

i.e., the angles between any two spaces Ei(x) and Ej(x) can grow at most sub-ex-
ponentially along the orbit of x, and

lim
m→±∞

1
m

log|sin^(dxf
mv, dxf

mw)| = 0.

5.2. Lyapunov exponents and basic constructions with cocycles.

Proposition 5.2. For every x ∈ X and every v ∈ Rn, if the exponent χ+(x, v,A)
is exact, then χ+(x, v,Am) is exact and

χ+(x, v,Am) = mχ+(x, v,A).

It follows that if x ∈ X is Lyapunov regular with respect to the cocycle A then
so it is with respect to the cocycle Am. Moreover, the Oseledets’ decomposition at
a regular point x ∈ X for the cocycle A provides the Oseledets’ decomposition at
x for the cocycle Am.

Proposition 5.3. Let A be a measurable cocycle over f and Y ⊂ X a measurable
subset of positive ν-measure. For ν-almost every x ∈ Y and every v ∈ Rn, if
χ+(x, v,A) is exact then χ+(x, v,AY ) is exact and

χ+(x, v,AY ) = τY (x)χ+(x, v,A).

It follows that ν-almost every x ∈ Y is regular with respect to the cocycle AY

if and only if it is regular with respect to the cocycle A. Moreover, the Oseledets’
decomposition at x for A provides the Oseledets’ decomposition at x for AY .
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Proposition 5.4. For every x ∈ X, k = 1, . . ., n, and v1 ∧ · · · ∧ vk ∈ (Rn)∧k, if
the exponent χ+(x, vi,A) is exact for i = 1, . . ., k, then χ+(x, v1 ∧ · · · ∧ vk,A

∧k) is
exact and

χ+(x, v1 ∧ · · · ∧ vk,A
∧k) =

k∑
i=1

χ+(x, vi,A).

It follows that if x ∈ X is Lyapunov regular with respect to the cocycle A then so
it is with respect to the cocycle A∧k. Moreover, from the Oseledets’ decomposition⊕s(x)

i=1 Ei(x) at a regular point x ∈ X for the cocycle A we obtain the Oseledets’
decomposition ⊕

i1, . . ., ik

Ei1(x)
∧1 ∧ · · · ∧ Eik

(x)∧1

of (Rn)∧k at x for the cocycle A∧k.

5.3. Multiplicative Ergodic Theorem I: Oseledets’ approach. Lyapunov
regularity is a strong condition which imposes certain requirements on the forward
and backward behavior of trajectories. It is also not easy to verify this condition.
Nevertheless, it turns out that Lyapunov regularity is “typical” in the measure-
theoretical sense.

Theorem 5.5 (Multiplicative Ergodic Theorem, Oseledets [191]; see also [24] and
[174]). Let f be an invertible measure preserving transformation of a Lebesgue space
(X, ν) and A a measurable cocycle over f whose generator satisfies the following
integrability condition

log+‖A‖, log+‖A−1‖ ∈ L1(X, ν), (5.3)

where log+ a = max{log a, 0}. Then the set of regular points for A has full ν-
measure.

Let us notice that Property (5.3) holds for any cocycle A : X → GL(n,R) for
which there is a positive constant c such that ‖A(x)±1‖ ≤ c for ν-almost all x ∈ X.

For one-dimensional cocycles, i.e., cocycles with values in GL(1,R), the Multi-
plicative Ergodic Theorem amounts to Birkhoff’s Ergodic Theorem since

log|A(x,m)| =
m−1∑
j=0

log|A(f j(x))|.

The main idea of Oseledets in proving the Multiplicative Ergodic Theorem is to
reduce the general case to the case of triangular cocycles and then use a version of
Theorem 3.5 to establish regularity.

The reduction to triangular cocycles goes as follows. First one constructs an
extension of the transformation f ,

F : X × SO(n,R) → X × SO(n,R),

where SO(n,R) is the group of orthogonal n × n matrices. Given (x,U) ∈ X ×
SO(n,R) one can apply the Gram–Schmidt orthogonalization procedure to the
columns of the matrix A(x)U and write

A(x)U = R(x, U)T (x,U), (5.4)
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where R(x,U) is orthogonal and T (x,U) is lower triangular (with positive entries
on the diagonal). The two matrices R(x, U) and T (x,U) are uniquely defined, and
their entries are linear combinations of the entries of U . Set

F (x, U) = (f(x), R(x,U)).

Consider the projection π : (x, U) 7→ U . By (5.4), we obtain

T (x,U) = ((π ◦ F )(x,U))−1A(x)π(x, U). (5.5)

Let Ã and T be two cocycles over F defined respectively by Ã(x, U) = A(x) and
T(x,U) = T (x,U). Since ‖U‖ = 1 for every U ∈ SO(n,R), it follows from (5.5)
that the cocycles Ã and T are equivalent on X × SO(n,R). Therefore a point
(x, U) ∈ X × SO(n,R) is regular for Ã if and only if it is regular for T.

By the Representation Theorem for Lebesgue spaces we may assume that X is
a compact metric space and that f : X → X is Borel measurable. Let M be the set
of all Borel probability measures ν̃ on X × SO(n,R) which satisfy

ν̃(B × SO(n,R)) = ν(B) (5.6)

for all measurable sets B ⊂ X. Then M is a compact convex subset of a locally
convex topological vector space. The map F∗ : M → M defined by

(F∗ν̃)(B) = ν̃(F−1B)

is a bounded linear operator. By the Tychonoff Fixed Point Theorem, there exists
a fixed point ν̃0 ∈ M for the operator F∗, i.e., a measure ν̃0 such that ν̃0(F−1B) =
ν̃0(B) for every measurable set B ⊂ X × SO(n,R). By (5.6), we conclude that the
set of regular points for A has full ν-measure if and only if the set of regular points
for Ã has full ν̃0-measure, and hence, if and only if the set of regular points for T

has full ν̃0-measure.
We may now assume that A(x) = (aij(x)) is a lower triangular matrix (i.e.,

aij(x) = 0 if i < j). Write A(x)−1 = (bij(x)) and note that bii(x) = 1/aii(x) for
each i. By (5.3), log+|aij |, log+|bij | ∈ L1(X, ν). It follows from Birkhoff’s Ergodic
Theorem that for ν-almost every x ∈ X,

lim
m→+∞

1
m

log+|aij(fm(x))| = lim
m→−∞

1
m

log+|bij(fm(x))| = 0. (5.7)

Note that
|log|aii|| = log+|aii|+ log−|aii| = log+|aii|+ log+|bii|. (5.8)

By (5.3) and (5.8), we obtain log|aii| = − log|bii| ∈ L1(X, ν). Birkhoff’s Er-
godic Theorem guarantees the existence of measurable functions λi ∈ L1(X, ν),
i = 1, . . ., n, such that for ν-almost every x ∈ X,

lim
m→+∞

1
m

m−1∑
k=0

log|aii(fk(x))| = lim
m→−∞

1
m

−1∑
k=m

log|bii(fk(x))| = λi(x). (5.9)

Let Y ⊂ X be the set of points for which (5.7) and (5.9) hold. It is a set of full
ν-measure. The proof is concluded by showing that Y consists of regular points
for A. Indeed, by Theorem 3.5, the sequence {A(fm(x))}m∈Z is simultaneously
forward and backward regular for every x ∈ Y . Moreover, the numbers λi(x) are
the forward Lyapunov exponents counted with their multiplicities (but possibly not
ordered), and are the symmetric of the backward Lyapunov exponents counted with
their multiplicities (but possibly not ordered either). We conclude that p+(x) =
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p−(x) def= p(x) and χ−i (x) = −χ+
i (x) for i = 1, . . ., p(x). The hardest and more

technical part of the proof is to show that the spaces E1(x), . . ., Ep(x)(x), defined
by (5.2), satisfy (5.1).

Consider the set N of points which are not Lyapunov regular. This set has zero
measure with respect to any invariant Borel probability measure but in general is
not empty. For example, for the derivative cocycle (see below Section 6.1) gener-
ated by a volume-preserving Anosov diffeomorphism the set of nonregular points
has positive Hausdorff dimension provided that the Riemannian volume is not the
measure of maximal entropy (see [26]).

On another end, Herman [109] (see also Section 7.3.1) and Walters [245] con-
structed examples of continuous cocycles with values in SL(2,R) over uniquely
ergodic homeomorphisms of compact metric spaces for which the set of nonregular
points is not empty.

Furman [92] found additional conditions on the cocycle over a uniquely ergodic
homeomorphism which guarantee that every point is Lyapunov regular. Namely,
the generator of the cocycle should be either 1) continuously diagonalizable, i.e.,
continuously equivalent to a diagonal matrix, or 2) one-point Lyapunov spectrum,
or 3) continuously equivalent to an eventually positive function, i.e., for some n ≥ 0
all the entries of A(x, n) are positive.

5.4. Multiplicative Ergodic Theorem II: Raghunathan’s approach. We de-
scribe another approach to the proof of the Multiplicative Ergodic Theorem due
to Raghunathan [211]. It exploits the Sub-Additive Ergodic Theorem. The work
of Raghunathan also contains an extension to local fields (such as the field Qp of
p-adic numbers).

Let f : X → X be a measurable transformation. A measurable function B : X ×
Z → R \ {0} is called a sub-additive cocycle over f if for every x ∈ X the following
properties hold:

1. B(x, 0) = 1;
2. if m, k ∈ Z then

B(x,m+ k) ≤ B(fk(x),m) + B(x, k).

If A : X × Z → GL(n,R) is a multiplicative cocycle over f (see (4.1)), then
B = log‖A‖ is a sub-additive cocycle. Indeed, by (4.1),

log‖A(x,m+ k)‖ ≤ log‖A(fk(x),m)‖+ log‖A(x, k)‖.

The following statement is an immediate consequence of Kingman’s Sub-additive
Ergodic Theorem (see [215]).

Theorem 5.6. Let f be an invertible measure preserving transformation of a
Lebesgue space (X, ν), and A a measurable multiplicative cocycle over f whose gen-
erator satisfies (5.3). Then there exist f-invariant measurable functions ϕ+ : X →
R and ϕ− : X → R such that for ν-almost every x ∈ X,

ϕ+(x) = lim
m→+∞

1
m

log‖A(x,m)‖ = − lim
m→−∞

1
m

log‖A(x,m)−1‖,

ϕ−(x) = lim
m→−∞

1
m

log‖A(x,m)‖ = − lim
m→+∞

1
m

log‖A(x,m)−1‖.
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Moreover ϕ+, ϕ− ∈ L1(X, ν) and∫
X

ϕ+ dν = lim
m→+∞

1
m

∫
X

log‖A(x,m)‖ dν(x)

= − lim
m→−∞

1
m

∫
X

log‖A(x,m)−1‖ dν(x),∫
X

ϕ− dν = lim
m→−∞

1
m

∫
X

log‖A(x,m)‖ dν(x)

= − lim
m→+∞

1
m

∫
X

log‖A(x,m)−1‖ dν(x).

As an immediate corollary we obtain that the values of the Lyapunov exponents
χ+

i (x) and χ−i (x) are integrable functions provided that (5.3) holds.
Let A be a measurable multiplicative cocycle over a transformation f . For each

i = 1, . . ., n the function log‖A∧i‖ is a sub-additive cocycle.
We present now Raghunathan’s version of the Multiplicative Ergodic Theo-

rem 5.5. Let us stress that Raghunathan considered the case of noninvertible trans-
formations but his methods can be adapted to invertible transformations and we
state the corresponding result here; we refer the reader to Section 5.7 where we
consider the case of noninvertible transformations.

Theorem 5.7 (Raghunathan [211]). Let f be an invertible measure preserving
transformation of a Lebesgue space (X, ν), and A a measurable multiplicative cocycle
over f whose generator satisfies (5.3). Then there exists a set Y ⊂ X of full ν-
measure such that if x ∈ Y then:

1. x is a regular point for A;
2. there exist matrices A+

x and A−x such that

lim
m→±∞

(A(x,m)∗A(x,m))1/(2|m|) = A±x ;

3. the distinct eigenvalues of A+
x are the numbers eχ1(x), . . ., eχs(x)(x);

4. the distinct eigenvalues of A−x are the numbers eχ1(x), . . ., eχs(x)(x).

5.5. Tempering kernels and the Reduction Theorem. The results in the pre-
vious sections allow one to obtain a “normal form” of a general measurable cocycle
associated with its Lyapunov exponent. Let us begin with the simple particular
case of a rigid cocycle A, i.e., a cocycle whose generator is a constant map A (see
Section 4.6). It is easy to see that the cocycle A is equivalent to the rigid cocycle
B whose generator is the Jordan block form of the matrix A. We consider B as the
“normal form” of A, and say that A is reduced to B.

A general measurable cocycle A satisfying the integrability condition (5.3) is
so to speak “weakly” rigid, i.e., it can be reduced to a constant cocycle up to an
arbitrarily small error. We consider this constant cocycle as a “normal form” of A.
More precisely, by the Oseledets–Pesin Reduction Theorem 5.10 below given ε > 0,
there exists a cocycle Aε which is equivalent to A and has block form, such that
the generator Ai

ε of each block satisfies

eχi(x)−ε‖v‖ ≤ ‖Ai
ε(x)v‖ ≤ eχi(x)+ε‖v‖

for each regular point x and each v ∈ Ei(x), where {Ei(x) : i = 1, . . ., p(x)} is the
Oseledets’ decomposition at x (see (5.1)). We say that Aε is the reduced form of A.
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To proceed with the description of normal forms we first introduce a family of
inner products 〈·, ·〉 = 〈·, ·〉x on Rn for x ∈ X. We start with the following auxiliary
result.

Proposition 5.8. For each ε > 0 and each regular point x ∈ X for A, the formula

〈u, v〉′x,i =
∑
m∈Z

〈A(x,m)u,A(x,m)v〉e−2χi(x)m−2ε|m| (5.10)

determines a scalar product on Ei(x).

For a fixed ε > 0 we introduce a new inner product on Rn by

〈u, v〉′x =
p(x)∑
i=1

〈ui, vi〉′x,i,

where ui and vi are the projections of the vectors u and v over Ei(x) along⊕
j 6=iEj(x). We call 〈·, ·〉′x a Lyapunov inner product at x, and the corresponding

norm ‖·‖′x a Lyapunov norm at x. The sequence of weights {e−2χi(x)m−2ε|m|}m∈Z
in (5.10) is called a Pesin Tempering Kernel. The value of 〈u, v〉′x depends on the
number ε. The Lyapunov inner product has the following properties.

Proposition 5.9. The following properties hold:
1. The inner product 〈·, ·〉′x depends measurably on the regular point x.
2. For every regular point x ∈ X and i 6= j, the spaces Ei(x) and Ej(x) are

orthogonal with respect to the Lyapunov inner product.

A coordinate change Cε : X → GL(n,R) is called a Lyapunov change of coordi-
nates if for each regular point x ∈ X and u, v ∈ Rn it satisfies:

〈u, v〉x = 〈Cε(x)u,Cε(x)v〉′x. (5.11)

Note that the identity (5.11) does not determine the function Cε(x) uniquely.
The following result known as Oseledets–Pesin Reduction Theorem provides a

complete description of normal forms for cocycles.

Theorem 5.10 (see [135]). Let f : X → X be an invertible measure preserving
transformation of the Lebesgue space (X, ν), and A a measurable cocycle over f .
Given ε > 0 and a regular point x,

1. there exists a Lyapunov change of coordinates Cε which sends the orthogonal
decomposition

⊕p(x)
i=1 Rki(x) to the decomposition

⊕p(x)
i=1 Ei(x) of Rn;

2. the cocycle Aε(x) = Cε(f(x))−1A(x)Cε(x) has the block form

Aε(x) =

A
1
ε(x)

. . .
A

s(x)
ε (x)

 , (5.12)

where each block Ai
ε(x) is a ki(x) × ki(x) matrix, and the entries are zero

above and below the matrices Ai
ε(x);

3. each block Ai
ε(x) satisfies

eχi(x)−ε ≤ ‖Ai
ε(x)

−1‖−1 ≤ ‖Ai
ε(x)‖ ≤ eχi(x)+ε;

4. if the integrability condition (5.3) holds then the map Cε is tempered ν-almost
everywhere, and the spectra of A and Aε coincide ν-almost everywhere.
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In the particular case of cocycles with values in GL(2,R) Thieullen [239] showed
that if the two Lyapunov exponents are equal the cocycle is conjugate to one of
the following: a rotation cocycle, an upper triangular cocycle, or a diagonal cocycle
modulo a rotation by π/2.

An important manifestation of the Oseledets–Pesin Reduction Theorem is a cri-
terion of nonuniform hyperbolicity (partial or complete) of measurable cocycles via
the values of their Lyapunov exponents.

Theorem 5.11. Let f : X → X be an invertible measure preserving transformation
of the Lebesgue space (X, ν), and A a measurable cocycle over f whose generator
satisfies (5.3). Then the following properties hold:

1. if the set

Zph = {x ∈ X : χ+(x, v) 6= 0 for some v ∈ Rn \ {0}}
has measure ν(Zph) > 0 then A is nonuniformly partially hyperbolic in the
broad sense on some set Wph ⊂ Zph with ν(Wph) = ν(Zph);

2. if the set

Zh = {x ∈ X : χ+(x, v) 6= 0 for all v ∈ Rn \ {0}}
has measure ν(Zh) > 0 then A is nonuniformly hyperbolic on some set Wh ⊂
Zh with ν(Wh) = ν(Zh).

This theorem was first proved by Pesin in [197] for the special case of derivative
cocycles (see the definition of the derivative cocycle in the next section) but the
argument can readily be extended to the case of general cocycle.

The proof of this crucial statement is based upon the following observation.
Given a regular point x and a small ε there exists a number m(x, ε) such that for
m ≥ m(x, ε),

χi − ε ≤ 1
n

log ‖Am
ix‖ ≤ χi + ε, −χi − ε ≤ 1

n
log ‖A−m

ix ‖ ≤ −χi + ε,

and

−χi − ε ≤ 1
n

log ‖Bm
ix‖ ≤ −χi + ε, χi − ε ≤ 1

n
log ‖B−m

ix ‖ ≤ χi + ε,

where Am
ix = A(x, nm)|Ei(x) and Bm

ix = B(x,m)|E∗i (x) with E∗i (x) the dual space
to Ei(x). Here

B(x,m) =


(A(x)∗)−1(A(f(x))∗)−1 · · · (A(fm−1(x))∗)−1 if m > 0
Id if m = 0
A(f−1(x))∗A(f−2(x))∗ · · ·A(fm(x))∗ if m < 0

.

Set

D±
1 (x, ε) = min

1≤i≤s
min

0≤j≤m(x,ε)

{
1, ‖Aj

ix‖e
(−χi±ε)j , ‖Bj

ix‖e
(χi±ε)j

}
,

D±
2 (x, ε) = max

1≤i≤s
max

0≤j≤m(x,ε)

{
1, ‖Aj

ix‖e
(−χi±ε)j , ‖Bj

ix‖e
(χi±ε)j

}
and

D1(x, ε) = min{D+
1 (x, ε), D−

1 (x, ε)},
D2(x, ε) = max{D+

2 (x, ε), D−
2 (x, ε)},

D(x, ε) = max{D1(x, ε)−1, D2(x, ε)}.
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The function D(x, ε) is measurable, and if m ≥ 0 and 1 ≤ i ≤ p then

D(x, ε)−1e(±χi−ε)m ≤‖A±m
ix ‖ ≤ D(x, ε)e(±χi+ε)m,

D(x, ε)−1e(±χi−ε)m ≤‖B±m
ix ‖ ≤ D(x, ε)e(±χi+ε)m.

(5.13)

Moreover, if d ≥ 1 is a number for which the inequalities (5.13) hold for all m ≥ 0
and 1 ≤ i ≤ p with D(x, ε) replaced by d then d ≥ D(x, ε). Therefore,

D(x, ε) = inf{d ≥ 1 : the inequalities (5.13) hold for all n ≥ 0

and 1 ≤ i ≤ p with D(x, ε) replaced by d}.
(5.14)

We wish to compare the values of the function D(x, ε) at the points x and f j(x).
We introduce the identification map τx : (Rn)∗ → Rn such that 〈τx(ϕ), v〉 = ϕ(v)
where v ∈ Rn and ϕ ∈ (Rn)∗.

Let {vm
k : k = 1, . . ., `} be a basis of Ei(fm(x)) and {wm

k : k = 1, . . . , `} the
dual basis of E∗i (fm(x)). We have τfm(x)(wm

k ) = vm
k . Denote by Ai

m,j and Bi
m,j

the matrices corresponding to the linear maps Am
ifj(x) and Bm

ifj(x) with respect to
the above bases. We have that

Ai
j,0(B

i
j,0)

∗ = Id

where ∗ stands for matrix transposition. Hence, for every m > 0 the matrix corre-
sponding to the map Am

ifj(x) is

Ai
m,j = Ai

m+j,0(A
i
j,0)

−1 = Ai
m+j,0(B

i
j,0)

∗.

Therefore, in view of (5.13), we obtain that if m > 0 then

‖Am
ifj(x)‖ ≤ D(x, ε)2e(χi+ε)(m+j)+(−χi+ε)j = D(x, ε)2e2εje(χi+ε)m,

‖Am
ifj(x)‖ ≥ D(x, ε)−2e(χi−ε)(m+j)+(−χi−ε)j = D(x, ε)−2e−2εje(χi−ε)m,

if m > 0 and j −m ≥ 0 then

‖A−m
ifj(x)‖ ≤ D(x, ε)2e(χi+ε)(j−m)+(−χi+ε)j = D(x, ε)2e2εje(−χi+ε)m,

‖A−m
ifj(x)‖ ≥ D(x, ε)−2e(χi−ε)(j−m)+(−χi−ε)j = D(x, ε)−2e−2εje(−χi−ε)m,

and if m > 0 and m− j ≥ 0 then

‖A−m
ifj(x)‖ ≤ D(x, ε)2e(χi+ε)(m−j)+(−χi+ε)j = D(x, ε)2e2εje(−χi+ε)m,

‖A−m
ifj(x)‖ ≥ D(x, ε)−2e(χi−ε)(m−j)+(−χi−ε)j = D(x, ε)−2e−2εje(−χi−ε)m,

Similar inequalities hold for the maps Bm
ifj(x). Comparing this with the inequalities

(5.13) applied to the point f j(x) and using (5.14) we conclude that if j ≥ 0, then

D(f j(x), ε) ≤ D(x, ε)2e2εj . (5.15)

Similar arguments show that if j ≤ 0, then

D(f−j(x), ε) ≤ D(x, ε)2e−2εj . (5.16)

It follows from (5.15) and (5.16) that if j ∈ Z, then

D(f j(x), ε) ≤ D(x, ε)2e2ε|j|.

thus establishing the subexponential behavior of the constant along the trajectory
necessary for nonuniform hyperbolicity.

Another important manifestation of the Oseledets–Pesin Reduction Theorem
is a crucial property of the Lyapunov inner norms. It states that the function
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x 7→ ‖v(x)‖′x/‖v(x)‖x is tempered on the set of regular points for every measurable
vector field X 3 x 7→ v(x) ∈ Rn\{0}. We recall that a positive function K : X → R
is called tempered on a set Z ⊂ X if for any x ∈ Z,

lim
m→±∞

1
m

logK(fm(x)) = 0. (5.17)

Theorem 5.12 (see [135]). For every measurable vector field X 3 x 7→ v(x) ∈
Rn \ {0}, the function x 7→ ‖v(x)‖′x/‖v(x)‖x is tempered on the set of regular
points.

The proof uses a technical but crucial statement known as the Tempering-Kernel
Lemma.

Lemma 5.13 ([135]). Let f : X → X be a measurable transformation. If K :
X → R is a positive measurable function tempered on some subset Z ⊂ X, then
for any ε > 0 there exists a positive measurable function Kε : Z → R such that
K(x) ≤ Kε(x) and if x ∈ Z then

e−ε ≤ Kε(f(x))
Kε(x)

≤ eε.

Note that if f preserves a Lebesgue measure ν on the space X, then any positive
function K : X → R with logK ∈ L1(X, ν) satisfies (5.17). The following is now
an immediate consequence of Theorem 5.12.

Theorem 5.14. Given ε > 0 there is a positive measurable function Kε : X → R
such that if x ∈ X is a regular point then:

1. Kε(x)e−ε|m| ≤ Kε(fm(x)) ≤ Kε(x)eε|m| for every m ∈ Z;
2. n−1/2‖v‖x ≤ ‖v‖′x ≤ Kε(x)‖v‖x for every v ∈ Rn.

5.6. The case of flows. We briefly discuss counterparts to the results in the above
sections for flows. Let (X, ν) be a Lebesgue space.

The measurable map ϕ : R×X → X is called a measurable flow on X if

ϕ0 = Id, and ϕt ◦ ϕs = ϕt+s for every t, s ∈ R. (5.18)

A measurable flow ϕ : R×X → X is called a measure preserving preserving flow if
ϕt

def= ϕ(t, ·) is ν-invariant for every t ∈ R.
We note that given a family {ϕt : t ∈ R} of measurable maps ϕt : X → X

satisfying (5.18) one can define a measurable flow ϕ : R×X → X by ϕ(t, x) = ϕt(x).
A measurable function A : X × R → GL(n,R) is called a linear multiplicative

cocycle over ϕ or simply a cocycle if for every x ∈ X the following properties hold:
1. A(x, 0) = Id;
2. if t, s ∈ R then

A(x, t+ s) = A(ϕt(x), s)A(x, t).

The cocycle A induces linear extensions Ft : X × Rn → X × Rn by the formula

Ft(x, v) = (ϕt(x),A(x, t)v).

Given (x, v) ∈ X × Rn, the forward Lyapunov exponent of (x, v) (with respect to
the cocycle A) given by

χ+(x, v) = χ+(x, v,A) = lim
t→+∞

1
t

log‖A(x, t)v‖.
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For every x ∈ X, there exist a positive integer p+(x) ≤ n, a collection of values

χ+
1 (x) < χ+

2 (x) < · · · < χ+
p+(x)(x),

and linear spaces

{0} = V +
0 (x) $ V +

1 (x) $ · · · $ V +
p+(x)(x) = Rn,

such that:

1. V +
i (x) = {v ∈ Rn : χ+(x, v) ≤ χ+

i (x)};
2. if v ∈ V +

i (x) \ V +
i−1(x), then χ+(x, v) = χ+

i (x).

The number
k+

i (x) = dimV +
i (x)− dimV +

i−1(x)

is the multiplicity of the value χ+
i (x). In a similar way the quantity

χ−(x, v) = χ−(x, v,A) = lim
t→−∞

1
|t|

log‖A(x, t)v‖

is the backward Lyapunov exponent of (x, v) (with respect to the cocycle A). There
exist a positive integer p−(x) ≤ n, a collection of values

χ−1 (x) > · · · > χ−p−(x)(x)

and the filtration V−x of Rn associated with χ− at x,

Rn = V −1 (x) % · · · % V −p−(x)(x) % V −p−(x)+1(x) = {0},

where V −i (x) = {v ∈ Rn : χ−(x, v) ≤ χ−i (x)}. The number

k−i (x) = dimV −i (x)− dimV −i+1(x)

is the multiplicity of the value χ−i (x).
Write V+ = {V+

x }x∈X and V−x = {V−x }x∈X . The filtrations V+ and V− comply
at the point x ∈ X if the following properties hold:

1. p+(x) = p−(x) def= p(x);
2. there exists a decomposition

Rn =
p(x)⊕
i=1

Ei(x)

into subspaces Ei(x) such that A(x, t)Ei(x) = Ei(ϕtx) for every t ∈ R and

Vi(x) =
i⊕

j=1

Ej(x) and V −i (x) =
p(x)⊕
j=i

Ej(x);

3. χ+
i (x) = −χ−i (x) def= χi(x);

4. if v ∈ Ei(x) \ {0} then

lim
t→±∞

1
t

log‖A(x, t)v‖ = χi(x),

with uniform convergence on {v ∈ Ei(x) : ‖v‖ = 1}.
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A point x is forward regular for A if the following limit exists

lim
t→+∞

1
t

log|detA(x, t)| =
p+(x)∑
i=1

χ+
i (x)k+

i (x).

and is backward regular for A if the following limit exists

lim
t→−∞

1
|t|

log|detA(x, t)| =
p−(x)∑
i=1

χ−i (x)k−i (x).

Finally, a point x is Lyapunov regular or simply regular for A if
1. x is simultaneously forward and backward regular for A;
2. the filtrations V+ and V− comply at x.

Theorem 5.15 (Multiplicative Ergodic Theorem for flows). Let ϕ be a measure
preserving flow of a Lebesgue space (X, ν) such that ϕt is invertible for every t ∈ R.
Let also A be a measurable cocycle over ϕ such that

sup
−1≤t≤1

log+‖A(·, t)‖ ∈ L1(X, ν). (5.19)

Then the set of regular points for A has full ν-measure.

Given ε > 0 and a regular point x ∈ X, we introduce a family of inner products
〈·, ·〉x on Rn by setting

〈u, v〉′x =
∫

R
〈A(x, t)u,A(x, t)v〉e−2χi(x)t−2ε|t| dt

if u, v ∈ Ei(x), and 〈u, v〉′x = 0 if u ∈ Ei(x) and v ∈ Ej(x) with i 6= j. We call
〈·, ·〉′x a Lyapunov inner product at x, and the corresponding norm ‖·‖′x a Lyapunov
norm at x. One can show that there exists a tempered function Kε : X → R such
that if x ∈ X is a regular point and v ∈ Rn then

n−1/2‖v‖x ≤ ‖v‖′x ≤ Kε(x)‖v‖x.

We recall that a positive function K : X → R is called tempered on a set Z ⊂ X if
for any x ∈ Z,

lim
t→±∞

1
m

logK(ϕtx) = 0.

Theorem 5.16 (Reduction Theorem for flows). Let ϕ be a measure preserving flow
of a Lebesgue space (X, ν) such that ϕt is invertible for every t ∈ R. Let also A

be a measurable cocycle over ϕ. Given ε > 0 and a regular point x, there exists a
Lyapunov change of coordinates Cε with the following properties:

1. the cocycle Aε(x, t) = Cε(ϕtx)−1A(x, t)Cε(x) has the block form

Aε(x, t) =

A1
ε(x, t)

. . .
A

p(x)
ε (x, t)

 ,

where each block Ai
ε(x, t) is a ki(x)× ki(x) matrix, and the entries are zero

above and below the matrices Ai
ε(x, t);

2. each block Ai
ε(x) satisfies

eχi(x)t−ε|t| ≤ ‖Ai
ε(x, t)

−1‖−1 ≤ ‖Ai
ε(x, t)‖ ≤ eχi(x)t+ε|t|;
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3. if the integrability condition (5.19) holds then the map Cε is tempered ν-
almost everywhere, and the spectra of A and Aε coincide ν-almost every-
where.

5.7. The case of noninvertible dynamical systems. Consider a measure pre-
serving transformation f : X → X of a Lebesgue space (X, ν) (the map f need
not be invertible). We assume that ν is a probability measure. Given a mea-
surable function A : X → GL(n,R) and x ∈ X, define the one-sided cocycle
A : X × N → GL(n,R) by

A(x,m) = A(fm−1(x)) · · ·A(f(x))A(x).

Note that the cocycle equation (4.1) holds for every m, k ∈ N. Given (x, v) ∈
X × Rn, define the forward Lyapunov exponent of (x, v) (with respect to A) by

χ+(x, v) = χ+(x, v,A) = lim
m→+∞

1
m

log‖A(x,m)v‖.

However, since the map f and the matrices A(x) may not be invertible, one may not
in general define a backward Lyapunov exponent. Therefore, we can only discuss
the forward regularity for A. One can establish a Multiplicative Ergodic Theorem
in this case.

Theorem 5.17. Let f be a measure preserving transformation of a Lebesgue space
(X, ν), and A a measurable cocycle over f such that log+‖A‖ ∈ L1(X, ν). Then
the set of forward regular points for A has full ν-measure and for ν-almost every
x ∈ X and every subspace F ⊂ E+

i (x) such that F ∩ E+
i−1(x) = {0} we have

lim
m→+∞

1
m

log inf
v
‖A(x,m)v‖ = lim

m→+∞

1
m

log sup
v
‖A(x,m)v‖ = χ+

i (x),

with the infimum and supremum taken over {v ∈ F : ‖v‖ = 1}.

When the matrix A(x) is invertible for every x ∈ X and log+‖A‖, log+‖A−1‖ ∈
L1(X, ν) for some f -invariant Lebesgue measure ν, one can show that for the cocycle
induced by A on the inverse limit of f the set of regular points has full ν-measure.

5.8. The case of nonpositively curved spaces. Karlsson and Margulis [128]
obtained an extension of the noninvertible case of the Multiplicative Ergodic The-
orem 5.5 to some nonpositively curved spaces.

Let (Y, ρ) be a complete metric space. Y is called:
1. convex if any two points x, y ∈ Y have a midpoint, i.e., a point z for which

ρ(z, x) = ρ(z, y) =
1
2
ρ(x, y);

2. uniformly convex if it is convex and there is a strictly decreasing continuous
function g on [0, 1] such that g(0) = 1 and for any x, y, w ∈ Y and midpoint
mxy of x and y,

ρ(mxy, w)
R

≤ g
(ρ(mxy, w)

R

)
,

where R = max{ρ(x,w), ρ(y, w)};
3. nonpositively curved (in the sense of Busemann) if it is convex and for any
x, y, z ∈ Y and any midpoints mxz of x and z and myz of y and z,

ρ(mxz,myz) ≤
1
2
ρ(x, y).
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If Y is uniformly convex then midpoints are unique.
Examples of nonpositively curved spaces include uniformly convex Banach spaces

(e.g., Hilbert spaces or Lp for 1 < p <∞), Cartan–Hadamard manifolds (e.g., Eu-
clidean spaces, hyperbolic spaces orGL(n,R)/O(n,R)), and more generally CAT(0)
spaces (e.g., Euclidean buildings or R-trees).

A continuous map γ : I → Y (I is an interval) is called a (unit speed minimizing)
geodesic if for any s, t ∈ I,

ρ(γ(s), γ(t)) = |s− t|.
If Y is convex then any two points can be joined by a geodesic and if Y is uniformly
convex then this geodesic is unique.

A geodesic γ : [0,∞) → Y is called a ray if the limit limt→∞ γ(t) does not exist.
The two rays γ1 and γ2 are called asymptotic if ρ(γ1(t), γ2(t)) ≤ const for t ≥ 0. We
denote by [γ] the set of all rays asymptotic to γ and by Y (∞) the ideal boundary
of Y , i.e., the set of all classes of asymptotic rays.

Let D ⊂ Y be a nonempty subset. A map ϕ : D → D is called a semicontrac-
tion (or nonexpanding) if ρ(ϕ(v), ϕ(z)) ≤ d(y, z) for all y, z ∈ D. Isometries are
semicontractions.

Let us fix a semigroup S of semicontractions and equip it with the Borel σ-
algebra associated with the compact-open topology on S. Fix y ∈ Y . Consider a
cocycle A with values in S over an ergodic transformation f of a measure space
(X,µ). Let A : X → X be the generator.

Theorem 5.18 (Karlsson and Margulis [128]). Assume that∫
X

ρ(y,A(x)y) dµ(x) <∞.

Then for almost every x ∈ X the following limit exists

lim
m→∞

1
m
d(y,A(x,m)y) = a (5.20)

and if a > 0 then for almost every x ∈ X there exists a unique geodesic ray γ(·, x)
in Y starting at y such that

lim
m→∞

1
m
d(γ(an, x),A(x,m)y) = 0

and hence, A(·,m)y converges to [γ] in Y ∪ Y (∞).

The existence of the limit in (5.20) is an easy corollary of Kingman’s Sub-additive
Ergodic Theorem.

Consider the symmetric space Y = GL(n,R)/O(n,R) and a cocycle A with
values in O(n,R) over an ergodic transformation f of a measure space (X,µ). Let
A : X → X be the generator. Fix a point y ∈ O(n,R). For g ∈ GL(n,R) let λi

be the eigenvalues of (gg∗)1/2 where g∗ is the transpose of g. The distance in Y
between y and gy is

ρ(y, gy) =
( n∑

i=1

(log λi)2
)1/2

.

A geodesic starting at y is of the form γ(t) = etHy where H is a symmetric matrix.
Then Λ = eH is a positive definite symmetric matrix. We have that

lim
n→∞

1
m
d(Λ−my,A(m,x)−1y) = 0
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for almost every x ∈ X. In view of (3.7) this means that x is forward regular.
Theorem 5.18 has interesting applications to random walks and Hilbert–Schmidt

operators (see [128]). It is shown in [128] with an explicit example that there is no
invertible version of Theorem 5.18, i.e., there is in general no two-sided geodesic
approximating both the forward and backward orbits m 7→ A(x,±m)y.

5.9. Notes. The term “Multiplicative Ergodic Theorem” was introduced by Os-
eledets in [191] where he presented the first proof of the theorem.

In [182], Millionshchikov announced a somewhat independent proof of the Mul-
tiplicative Ergodic Theorem which is based on some subtle properties of the action
of the differential with respect to the Lyapunov exponents.1 Mañé used similar
properties in his proof of the entropy formula (see Section 12.2).

Other proofs of the Multiplicative Ergodic Theorem were obtained by Ruelle
[215], by Mañé [174] (see also [172]),2 and by Goldsheid and Margulis [98]. A simpler
version of the Multiplicative Ergodic Theorem was considered by Johnson, Palmer
and Sell [126],3 and related topics were discussed by Sacker and Sell [221, 222, 226]
and by Johnson [125].

In [141], Kifer established a “random” version of the Multiplicative Ergodic The-
orem—for compositions of independent identically distributed transformations of a
measurable vector bundle. His proof is built on the work of Furstenberg and Kifer
[94] (see also Chapter III in [142]). Under more restrictive conditions a similar
result was obtained by Carverhill [59]. See the book by Arnold [12] for a detailed
description of various versions of the Multiplicative Ergodic Theorem and related
questions in the random dynamical systems setup.

There are also infinite-dimensional versions of the Multiplicative Ergodic Theo-
rem. Namely, it was extended by Ruelle [216] to Hilbert spaces (following closely
his finite-dimensional approach in [215]), and by Mañé in [172] to compact trans-
formations in Banach spaces (see also Thieullen [238] for the case of not necessarily
compact transformations). The proof due to Goldsheid and Margulis also extends
to the infinite-dimensional case (see [98]).

6. Cocycles over smooth dynamical systems

6.1. The derivative cocycle. Let f : M → M be a diffeomorphism of a smooth
n-dimensional Riemannian manifold. Given x ∈ M , set X = {fm(x)}m∈Z. Iden-
tifying the tangent spaces Tfm(x)M with Rn one can introduce the cocycle Ax =
{dfm(x)f}m∈Z over the transformation f : X → X. It is called the derivative cocy-
cle associated with the diffeomorphism f and the point x. The Lyapunov exponent
χ+ of x specified by the derivative cocycle is the Lyapunov exponent specified by
the diffeomorphism f at the point x.

The “individual” derivative cocycles Ax depend on the individual trajectories
{fm(x)}m∈Z. We now introduce the “global” cocycle associated with f . One can

1Millionshchikov’s proof was never published as a solid piece; instead, it is scattered through
a series of papers with cross-references and is difficult to comprehend.

2In both [215] and [174] a slightly weaker version of Lyapunov regularity, then the one we intro-
duced in Section 5.1, is considered but the proofs contain arguments which are indeed, sufficient

to establish a stronger version.
3They established some but not all properties of Lyapunov regularity referring the reader to

the original work of Oseledets.



SMOOTH ERGODIC THEORY AND NONUNIFORMLY HYPERBOLIC DYNAMICS 47

represent M as a finite union
⋃

i ∆i of differentiable copies ∆i of the n-simplex such
that:

1. in each ∆i one can introduce local coordinates in such a way that T∆i can
be identified with ∆i × Rn;

2. all the nonempty intersections ∆i ∩ ∆j , for i 6= j, are (n − 1)-dimensional
manifolds.

In each ∆i the derivative of f can be interpreted as a linear cocycle. This implies
that df : M → Rn can be interpreted as a measurable linear cocycle A with dxf to
be the matrix representation of dxf in local coordinates. We call A the derivative
cocycle specified by the diffeomorphism f . It does not depend on the choice of
the decomposition {∆i}. Indeed, if we choose another decomposition {∆′

i}, then
the coordinate change in ∆i ∩ ∆′

j sending one representation to the other one
is effected by maps which are uniformly bounded together with their derivatives,
their inverses, and the inverses of their derivatives. Hence, by Proposition 4.2,
the coordinate change is tempered and the two cocycles corresponding to the two
decompositions {∆i} and {∆′

i} are equivalent.
We remark that if ν is an f -invariant Borel probability measure on M then the

decomposition {∆i} can be chosen such that ν(∂∆i) = 0 for every i.

6.2. Nonuniformly hyperbolic diffeomorphisms. We say that a diffeomor-
phism f is nonuniformly partially hyperbolic in the broad sense if so is the derivative
cocycle generated by f . More precisely, this means4 that f possesses an invariant
Borel subset Λ ⊂M such that there exist: (a) numbers λ and µ, 0 < λ < µ, λ < 1;
(b) a sufficiently small number ε > 0 and Borel functions C, K : Λ → (0,∞); (c)
subspaces E1(x) and E2(x), x ∈ Λ, which satisfy the following conditions:

1. the subspaces E1(x) and E2(x) depend measurably on x and form an invari-
ant splitting of the tangent space, i.e.,

TxM = E1(x)⊕ E2(x),

dxfE1(x) = E1(f(x)), dxfE2(x) = E2(f(x));
(6.1)

2. for v ∈ E1(x) and n > 0,

‖dxf
nv‖ ≤ C(x)λneεn‖v‖; (6.2)

3. for v ∈ E2(x) and n < 0,

‖dxf
nv‖ ≤ C(x)µneε|n|‖v‖; (6.3)

4. the angle
∠(E1(x), E2(x)) ≥ K(x); (6.4)

5. for n ∈ Z,

C(fn(x)) ≤ C(x)eε|n|, K(fn(x)) ≥ K(x)e−ε|n|. (6.5)

Condition (6.5) means that estimates (6.2), (6.3) and (6.4) may deteriorate along
the trajectory with subexponential rate. We stress that the rates of contraction
along stable subspaces and expansion along unstable subspaces are exponential
and hence, prevail.

Furthermore, f is nonuniformly partially hyperbolic on an f -invariant Borel sub-
set Λ ⊂ M if there exist: (a) numbers λ, λ′, µ, and µ′ such that 0 < λ < 1 < µ

4For simplicity, we consider here only one of the nested subsets in the definition of nonuniformly

hyperbolic cocycles; see Section 4.4.
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and λ < λ′ ≤ µ′ < µ; (b) a sufficiently small number ε > 0 and Borel functions C,
K : Λ → (0,∞); (c) subspaces Es(x), Ec(x), and Eu(x), x ∈ Λ, which satisfy the
following conditions:

1’. the subspaces Es(x), Ec(x), and Eu(x) depend measurably on x and form
an invariant splitting of the tangent space, i.e.,

TxM = Es(x)⊕ Ec(x)⊕ Eu(x),

dxfE
s(x) = Es(f(x)), dxfE

c(x) = Ec(f(x)),

dxfE
u(x) = Eu(f(x));

2’. the subspaces Es(x) and Eu(x) satisfy (6.2) and (6.3); in addition, for v ∈
Ec(x) and n ∈ Z,

C(x)−1(λ′)ne−εn‖v‖ ≤ ‖dxf
nv‖ ≤ C(x)(µ′)neεn‖v‖;

3’. the subspaces Es(x) and Eu(x) satisfy (6.4); in addition, ∠(Es(x), Ec(x)) ≥
K(x) and ∠(Eu(x), Ec(x)) ≥ K(x);

4’. the functions C(x) and K(x) satisfy (6.5).

In the case Ec(x) = 0 we say that f is nonuniformly (completely) hyperbolic
on Λ.

Throughout this chapter we deal with three types of nonuniform hyperbolicity:
the partial hyperbolicity in the broad sense, its stronger version of partial hyper-
bolicity (sometimes called partial hyperbolicity in the narrow sense), and yet the
stronger complete hyperbolicity (sometimes simply called nonuniform hyperbolic-
ity). We shall refer to subspaces E1(x) and respectively, Es(x) as stable subspaces,
to Ec(x) as central subspaces and to Eu(x) as unstable subspaces. In the case of
general nonuniform partial hyperbolicity in the broad sense the subspaces E2(x)
may not be unstable as some vectors may contract under the action of df .

It should be stressed that principle results describing local behavior of the sys-
tem (such as Stable Manifold theorem 8.8 and Absolute Continuity theorems 10.1
and 11.1) as well as some results of a global nature (such as construction of global
invariant manifolds in Section 9 and of the pseudo-π-partition in Theorem 11.16
and the lower bound for the metric entropy in Theorem 12.11) need only nonuni-
form partial hyperbolicity in the broad sense. On the other hand, more advanced
results describing ergodic and topological properties of the system require stronger
nonuniform complete hyperbolicity, see Sections 11–16.

Consider a diffeomorphism f which is nonuniformly partially hyperbolic in the
broad sense on an invariant set Λ. Given ` > 0, we introduce the regular set (of
level `) by

Λ` =
{
x ∈ Λ : C(x) ≤ `, K(x) ≥ 1

`

}
.

Without loss of generality we may assume that the sets Λ` are closed (otherwise
they can be replaced by their closures Λ`).

We describe a special inner product in the tangent bundle TΛ which is known
as the Lyapunov inner product. It provides a convenient technical tool in studying
nonuniform hyperbolicity. Choose numbers 0 < λ′ < µ′ <∞ such that

λeε < λ′, µ′ < µe−ε.
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We define a new inner product 〈·, ·〉′x, as follows. Set

〈v, w〉′x =
∞∑

k=0

〈dfkv, dfkw〉fk(x)λ
′−2k

if v, w ∈ E1(x), and

〈v, w〉′x =
∞∑

k=0

〈df−kv, df−kw〉f−k(x)µ
′2k

if v, w ∈ E2(x).
Using (6.2) and (6.3) one can verify that each series converges. We extend 〈·, ·〉′x

to all vectors in TxM by declaring the subspaces E1(x) and E2(x) to be mutually
orthogonal with respect to 〈·, ·〉′x, i.e., we set

〈v, w〉′x = 〈v1, w1〉′x + 〈v2, w2〉′x,
where v = v1 + v2 and w = w1 + w2 with v1, w1 ∈ E1(x) and v2, w2 ∈ E2(x).

The norm induced by the Lyapunov inner product is called the Lyapunov norm
and is denoted by ‖·‖′. We emphasize that the Lyapunov inner product, and hence,
the norm ‖ · ‖′ depend on the choice of numbers λ′ and µ′.

The Lyapunov inner product has several important properties:
1. the angle between the subspaces E1(x) and E2(x) in the inner product 〈·, ·〉′x

is π/2 for each x ∈ Λ;
2. ‖Ax‖′ ≤ λ′ and ‖Bx

−1‖′ ≤ (µ′)−1;
3. the relation between the Lyapunov inner product and the Riemannian inner

product is given by
1√
2
‖w‖x ≤ ‖w‖′x ≤ D(x)‖w‖x,

where w ∈ TxM and

D(x) = C(x)K(x)−1[(1− λeε/λ′)−1 + (1− µ′/(µe−ε))−1]1/2

is a measurable function satisfying (in view of (6.5))

D(fm(x)) ≤ D(x)e2ε|m|, m ∈ Z. (6.6)

Properties (1) and (2) show that the action of the differential df is uniformly
partially hyperbolic in the broad sense with respect to the Lyapunov inner product.

For a partially hyperbolic in the broad sense C1+β diffeomorphism f the sub-
spaces E1(x) and E2(x) depend continuously on the point x in a regular set. Indeed,
one can prove a stronger statement.

Theorem 6.1. The distribution E1(x) depends Hölder continuously on x ∈ Λ`,
i.e.,

d(E1(x), E2(y)) ≤ Cρ(x, y)α,

where C > 0 and α ∈ (0, 1] are constants, and d is the distance in the Grassmannian
bundle of TM generated by the Riemannian metric.

This theorem is a particular case of a more general result which we now state.
A k-dimensional distribution E on a subset Λ of a differentiable manifold M is

a family of k-dimensional subspaces E(x) ⊂ TxM , x ∈ Λ. A Riemannian metric on
M naturally induces distances in TM and in the space of k-dimensional subspaces
in TM . The Hölder continuity of a distribution E can be defined using these
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distances. However, by the Whitney Embedding Theorem, every manifold M can
be embedded in RN with a sufficiently large N . If M is compact, the Riemannian
metric on M is equivalent to the distance ‖x − y‖ induced by the embedding.
The Hölder exponent does not change if the Riemannian metric is changed for an
equivalent smooth metric, while the Hölder constant may change. We assume in
Theorem 6.2, without loss of generality, that the manifold is embedded in RN .

For a subspace A ⊂ RN and a vector v ∈ RN , set

dist(v,A) = min
w∈A

‖v − w‖.

i.e., dist(v,A) is the length of the difference between v and its orthogonal projection
to A. For subspaces A, B in RN , define

dist(A,B) = max
{

max
v∈A,‖v‖=1

dist(v,B), max
w∈B,‖w‖=1

dist(w,A)
}
.

A k-dimensional distribution E defined on a set Λ ⊂ RN is called Hölder continuous
with Hölder exponent α ∈ (0, 1] and Hölder constant L > 0 if there exists ε0 > 0
such that

dist(E(x), E(y)) ≤ L‖x− y‖α

for every x, y ∈ Λ with ‖x− y‖ ≤ ε0.
The subspaces E1, E2 ⊂ RN are said to be κ-transverse if ‖v1 − v2‖ ≥ κ for all

unit vectors v1 ∈ E1 and v2 ∈ E2.

Theorem 6.2 (Brin [48]). Let M be a compact m-dimensional C2 submanifold
of RN for some m < N , and f : M →M a C1+β map for some β ∈ (0, 1). Assume
that there exist a set Λ ⊂ M and real numbers 0 < λ < µ, c > 0, and κ > 0 such
that for each x ∈ Λ there are κ-transverse subspaces E1(x), E2(x) ⊂ TxM with the
following properties:

1. TxM = E1(x)⊕ E2(x);
2. ‖dxf

nv1‖ ≤ cλn‖v1‖ and ‖dxf
nv2‖ ≥ c−1µn‖v2‖ for every v1 ∈ E1(x),

v2 ∈ E2(x), and every positive integer n.
Then for every a > maxz∈M ‖dzf‖1+β, the distribution E1 is Hölder continuous
with exponent

α =
logµ− log λ
log a− log λ

β.

6.3. Regularity of the derivative cocycle. We say that a point x ∈ M is
Lyapunov forward f-regular (or simply forward regular), Lyapunov backward f-
regular (or simply backward f-regular), or Lyapunov f-regular (or simply regular),
respectively, if it is forward regular, backward regular, or regular with respect to
the cocycle Ax.

We recall that for any regular point x ∈ M there exist an integer s(x) ≤ n,
numbers χ1(x) < · · · < χs(x)(x) and a decomposition

TxM =
s(x)⊕
i=1

Ei(x) (6.7)

into subspaces Ei(x) such that for v ∈ Ei(x) \ {0} and i = 1, . . ., s(x),

lim
m→±∞

1
m

log‖dxf
mv‖ = χi(x)
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with uniform convergence on {v ∈ Ei(x) : ‖v‖ = 1}. Write ki(x) = dimHi(x).
Assume that there exists C > 0 such that ‖dxf‖, ‖dxf

−1‖ ≤ C for every x ∈M .
Note that this property holds when M is compact. Then the derivative cocycle
satisfies the condition (5.3), and by the Multiplicative Ergodic Theorem 5.5 the
set of regular points (as well as the sets of forward and backward regular points)
is nonempty. Moreover, the following statement is an immediate consequence of
Theorem 5.5.

Theorem 6.3. Let f be a diffeomorphism of a smooth Riemannian manifold. Then
the set of regular points has full measure with respect to any f-invariant Borel
probability measure with compact support.

The set of points which are not regular is negligible from the measure-theoretical
point of view, since it has zero measure with respect to any Borel invariant measure.
However, this set may be large with respect to other characteristics. For example,
it may have positive Lebesgue measure, positive Hausdorff dimension, or positive
topological entropy.

Theorem 6.3 does not allow one to determine whether a given trajectory is
regular (or forward regular or backward regular). We now present some criteria
which guarantee forward and backward regularity of individual trajectories.

Let us first notice that if x is a fixed point or a periodic point for f then the
cocycle Ax is rigid with generator A = dxf (if x is a fixed point) or A = dxf

p (if x
is a periodic point of period p).

We now consider the case of an arbitrary point x.

Proposition 6.4. Let f be a diffeomorphism of a smooth Riemannian manifold M .
1. If x ∈M is such that

χ+(x, v1, . . ., vk) = lim
m→+∞

1
m

log V (dxf
mv1, . . ., dxf

mvk)

(that is, χ+(x, v1, . . ., vk) is exact), for any choice of linearly independent
vectors v1, . . ., vk ∈ TxM and k = 1, . . ., n, then x is forward regular.

2. If x ∈M is such that

χ−(x, v1, . . ., vk) = lim
m→−∞

1
|m|

log V (dxf
mv1, . . ., dxf

mvk)

(that is, χ−(x, v1, . . ., vk) is exact), for any choice of linearly independent
vectors v1, . . ., vk ∈ TxM and k = 1, . . ., n, then x is backward regular.

We also formulate a criterion for regularity.

Proposition 6.5. Let f be a diffeomorphism of a smooth Riemannian manifold M
and x ∈M . Assume that:

1. χ+(x, v1, . . ., vk) and χ−(x, v1, . . ., vk) are exact for any choice of linearly
independent vectors v1, . . ., vk ∈ TxM and k = 1, . . ., n;

2. s+(x) = s−(x) def= s(x) and χ+
i (x) = −χ−i (x) for i = 1, . . ., s(x);

3.
⊕s(x)

i=1 (V +
i (x)∩V −i (x)) = Rn where {V +

i } and {V −i } are filtrations associated
with the Lyapunov exponents χ+ and χ−.

Then x is regular.

The diffeomorphism f acts on the cotangent bundle T ∗M by its codifferential

d∗xf : T ∗f(x)M → T ∗xM
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defined by
d∗xfϕ(v) = ϕ(dxfv), v ∈ TxM, ϕ ∈ T ∗f(x)M.

We denote the inverse map by

d′xf = (d∗xf)−1 : T ∗xM → T ∗f(x)M.

Let ν be an ergodic f -invariant Borel measure. There exist numbers s = sν ,
χi = χν

i , and ki = kν
i for i = 1, . . ., s such that

s(x) = s, χi(x) = χi, ki(x) = ki (6.8)

for ν-almost every x. The collection of pairs

Spχ(ν) = {(χi, ki) : 1 ≤ i ≤ s}

is called the Lyapunov spectrum of the measure ν.
A diffeomorphism f is a dynamical system with nonzero Lyapunov exponents if

there exists an ergodic f -invariant Borel probability measure ν on M – a hyperbolic
measure – such that the set

Λ = {x ∈ L : there exists 1 ≤ k(x) < s(x)

with χk(x)(x) < 0 and χk(x)+1(x) > 0}

has full measure.
Consider the set Λ̃ = Λ̃ν of those points in Λ which are Lyapunov regular and

satisfy (6.8). By the Multiplicative Ergodic Theorem 5.5, we have ν(Λ̃) = 1. For
every x ∈ Λ̃, set

Es(x) =
k⊕

i=1

Ei(x) and Eu(x) =
s⊕

i=k+1

Ei(x).

Theorem 6.6. The subspaces Es(x) and Eu(x), x ∈ Λ̃, have the following prop-
erties:

1. they depend Borel measurably on x;
2. they form a splitting of the tangent space, i.e., TxM = Es(x)⊕ Eu(x);
3. they are invariant,

dxfE
s(x) = Es(f(x)) and dxfE

u(x) = Eu(f(x));

Furthermore, there exist ε0 > 0, Borel functions C(x, ε) > 0 and K(x, ε) > 0,
x ∈ Λ̃ and 0 < ε ≤ ε0 such that

4. the subspace Es(x) is stable: if v ∈ Es(x) and n > 0, then

‖dxf
nv‖ ≤ C(x, ε)e(χk+ε)n‖v‖;

5. the subspace Eu(x) is unstable: if v ∈ Eu(x) and n < 0, then

‖dxf
nv‖ ≤ C(x, ε)e(χk+1−ε)n‖v‖;

6.
∠(Es(x), Eu(x)) ≥ K(x, ε);

7. for every m ∈ Z,

C(fm(x), ε) ≤ C(x, ε)eε|m| and K(fm(x), ε) ≥ K(x, ε)e−ε|m|.
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We remark that Condition (7) is crucial and is a manifestation of the regularity
property.

It follows from Theorem 6.6 that f is nonuniformly completely hyperbolic on Λ̃.

6.4. Cocycles over smooth flows. Let ϕt be a smooth flow on a smooth n-
dimensional Riemannian manifold M . It is generated by the vector field X on M
given by

X(x) =
dϕt(x)
dt

|t=0.

For every x0 ∈ M the trajectory {x(x0, t) = ϕt(x0) : t ∈ R} represents a solution
of the nonlinear differential equation

v̇ = X(v)

on the manifold M . This solution is uniquely determined by the initial condition
x(x0, 0) = x0.

Given a point x ∈ M and the trajectory {ϕt(x) : t ∈ R} passing through x we
introduce the variational differential equation

ẇ(t) = A(x, t)w(t), (6.9)

where
A(x, t) = dX(ϕt(x)).

This is a linear differential equation along the trajectory {ϕt(x) : t ∈ R} known
also as the linear variational equation.

The Lyapunov exponent generated by the cocycle A is defined by

χ+(x, v) = lim
t→+∞

1
t

log ‖w(t)‖,

where w(t) is the solution of (6.9) with initial condition w(0) = v, and is called
the Lyapunov exponent of the flow ϕt. In particular, one can speak of trajectories
which are forward or backward regular, and (Lyapunov) regular.

Note that every periodic trajectory is regular. However, this is not true in general
for nonperiodic trajectories. For example, consider a flow on the unit sphere with
the North and the South poles to be, respectively, attracting and repelling points,
and without other fixed points. If the coefficients of contraction and expansion
are different then every trajectory of the flow (except for the North and the South
poles) is nonregular.

One can establish a criterion for regularity of individual trajectories (see [24]).
However, it is not a simple task to apply this criterion and check whether a given
trajectory is regular. On the other hand, let ν be a Borel measure which is invariant
under the flow ϕt. It is easy to see that the derivative cocycle A(x, t) satisfies

sup
−1≤t≤1

log+ ‖A(·, t)‖ ∈ L1(M,ν).

The Multiplicative Ergodic Theorem for flows (see Theorem 5.15) implies that
almost every trajectory with respect to ν is Lyapunov regular.

We say that a smooth flow ϕt is nonuniformly hyperbolic if it possesses an in-
variant Borel subset Λ ⊂ M such that there exist: (a) numbers 0 < λ < 1 < µ;
(b) a sufficiently small number ε > 0 and Borel functions C, K : Λ → (0,∞); (c)
subspaces Es(x) and Eu(x), x ∈ Λ, which satisfy Conditions (1’)–(4’) in the defi-
nition of nonuniform partial hyperbolicity with Ec(x) = X(x). Note that for every
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t the diffeomorphism ϕt is nonuniformly partially hyperbolic with one-dimensional
central subspace.

Assume that a smooth flow ϕt possesses an invariant Borel subset Λ and an
invariant Borel measure ν with ν(Λ) = 1 such that χ(x, v) 6= 0 for almost every
x ∈ Λ and every v ∈ TxM not colinear with X. Assume also that for these x there
are vectors v, w ∈ TxM such that χ(x, v) > 0 and χ(x,w) < 0. Then the flow ϕt is
nonuniformly hyperbolic on Λ.

7. Methods for estimating exponents

The absence of zero Lyapunov exponents implies nonuniform hyperbolicity. In
fact, this seems to be one of the most “practical” universal ways to establish weak
hyperbolic behavior. We discuss a powerful method which allows one to verify that
Lyapunov exponents do not vanish. It was suggested by Wojtkowski in [248] and
is a significant generalization of the initial approach by Alexeyev (see [3, 4, 5]) to
build an invariant family of unstable cones.

The cone of size γ > 0 centered around Rn−k in the product space Rn = Rk ×
Rn−k is

Cγ =
{
(v, w) ∈ Rk × Rn−k : ‖v‖ < γ‖w‖

}
∪ {(0, 0)}.

Note that {0} × Rn−k ⊂ Cγ for every γ.
Consider a cocycle A over an invertible measurable transformation f : X → X

preserving a Borel probability measure ν on X, and let A : Rn → GL(n,R) be its
generator. Assume that there exist γ > 0 and a > 1 such that for ν-almost every
x ∈ Rn:

1. A(x)Cγ ⊂ Cγ ;
2. ‖A(x)v‖ ≥ a‖v‖ for every v ∈ Cγ .

Then the largest Lyapunov exponent can be shown to be positive ν-almost ev-
erywhere. Indeed, n − k values of the Lyapunov exponent, counted with their
multiplicities, are positive.

Wojtkowski’s great insight is that Condition 1 alone is in fact sufficient to es-
tablish positivity of the values of the Lyapunov exponent. The importance of this
observation is that Condition 1 is of pure qualitative nature and thus, no estimates
on the growth of vectors inside the cone are required.

It turns out that Wojtkowski’s approach can be described in a more general
and more convenient framework elaborated by Burns and Katok in [132]. This
approach, in turn, is a further development of that by Lewowicz in [160, 161] and
Markarian in [178] and is based on the notion of infinitesimal Lyapunov function
(see Section 7.1 below; see also Section 7.2 for the version of this approach in the
case of cocycles with values in the symplectic group).

In the later work Wojtkowski himself strengthened his original approach and,
using results of Potapov on monotone operators of a linear space generated by a
quadratic form, obtained estimates of Lyapunov exponents for cocycles with values
in the semigroup of matrices preserving the form (see [249]). These results apply
to estimate Lyapunov exponents for Hamiltonian dynamical systems as well as to
the Boltzmann-Sinai gas of hard spheres and the system of falling balls in one
dimension (see [249] for more details and references therein).
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7.1. Cone and Lyapunov function techniques. Let Q : Rn → R be a contin-
uous function which is homogeneous of degree one (i.e., Q(αv) = αQ(v) for any
v ∈ Rn and α ∈ R) and takes on both positive and negative values. The subset

C+(Q) def= {0} ∪Q−1(0,+∞) ⊂ Rn (7.1)

is called the positive (generalized) cone associated with Q or simply the positive
cone of Q. Similarly,

C−(Q) def= {0} ∪Q−1(−∞, 0) ⊂ Rn (7.2)

is the negative (generalized) cone associated to Q or the negative cone of Q. The
maximal dimension of a linear subspace L ⊂ Rn such that L ⊂ C+(Q) (respectively,
L ⊂ C−(Q)) is called positive (respectively, negative) rank of Q and is denoted by
r+(Q) (respectively, r−(Q)). We clearly have r+(Q) + r−(Q) ≤ n, and since Q
takes on both positive and negative values, we have r+(Q) ≥ 1 and r−(Q) ≥ 1. We
call the function Q complete if

r+(Q) + r−(Q) = n. (7.3)

For example, consider the function

Q(v) = sign K(v, v) · |K(v, v)|1/2, (7.4)

whereK is a nondegenerate indefinite quadratic form. Q is complete and its positive
and negative ranks are equal to the number of positive and negative eigenvalues of
the quadratic form K, respectively.

More generally, let λ be a positive real number and Kλ a real function on Rn

which is homogeneous of degree λ (i.e., Kλ(αv) = αλKλ(v) for any v ∈ Rn and
α > 0) and takes on both positive and negative values. Define a homogeneous
function Q of degree one by

Q(v) = signKλ(v) · |Kλ(v)|1/λ.

We say that Kλ is complete if Q is complete, and we define the positive and negative
cones, and positive and negative ranks of Kλ as those of Q.

Let A : X × Z → GL(n,R) be a cocycle, and F : X × Rn → X × Rn its linear
extension defined by

F (x, v) = (f(x), A(x)v)

where A(x) = A(x, 1) is the generator of A.
A real-valued measurable function Q on X × Rn is called a Lyapunov function

for the extension F or for the cocycle A (with respect to a measure ν in X) if there
exist positive integers r+Q and r−Q such that for ν-almost every x ∈ X,

1. the function Qx given by Qx(v) = Q(x, v) is continuous, homogeneous of
degree one and takes on both positive and negative values;

2. Qx is complete and r+(Qx) = r+Q and r−(Qx) = r−Q;
3.

Qf(x)(A(x)v) ≥ Qx(v) for all v ∈ Rn. (7.5)

The numbers r+Q and r−Q are called the positive and negative ranks of Q.
When Q is a Lyapunov function, it follows from (7.5) that for ν-almost every

x ∈ X,

A(x)C+(Qx) ⊂ C+(Qf(x)), A(f−1(x))−1C−(Qx) ⊂ C−(Qf−1(x)). (7.6)
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A Lyapunov function Q on X ×Rn is called strict if the inequality in (7.5) is strict
for every v 6= 0 and eventually strict if for ν-almost every x ∈ X there exists a
positive integer m = m(x) such that for every v ∈ Rn \ {0},

Qfm(x)(A(x,m)v) > Qx(v) (7.7)

and
Qf−m(x)(A(x,−m)v) < Qx(v). (7.8)

If a Lyapunov function Q is eventually strict then by (7.5), for ν-almost every
x ∈ X the inequalities (7.7) and (7.8) hold for all m ≥ m(x).

When Q is a strict Lyapunov function, it follows from (7.5) that

A(x)C+(Qx) $ C+(Qf(x)), A(f−1(x))−1C−(Qx) $ C−(Qf−1(x)) (7.9)

for ν-almost every x ∈ X. Furthermore, if Q is an eventually strict Lyapunov
function it follows from (7.7) and (7.8) that

A(x,m)C+(Qx) $ C+(Qfm(x)), A(x,−m)−1C−(Qx) $ C−(Qf−m(x)) (7.10)

for ν-almost every x ∈ X and every m ≥ m(x).
The following result establishes a criterion for nonvanishing Lyapunov exponents.

Theorem 7.1 (Burns and Katok [132]). If A possesses an eventually strict Lya-
punov function Q then

1. A has ν-almost everywhere r+Q positive and r−Q negative values of the Lya-
punov exponent counted with their multiplicities;

2. for ν-almost every x ∈ X we have

E+(x) =
∞⋂

m=1

A(f−m(x),m)C+(Qf−m(x)) ⊂ C+(Qx)

and

E−(x) =
∞⋂

m=1

A(fm(x),−m)C−(Qfm(x)) ⊂ C−(Qx).

Lyapunov functions are intimately related to the invariant families of cones. Here
we give a detailed description of this relationship.

A (generalized) cone C in Rn is a homogeneous set (i.e., αv ∈ C whenever v ∈ C
and α ∈ R) such that C \{0} is open. In particular, C need not be convex and intC
need not be connected. The rank of C is the maximal dimension of a linear subspace
L ⊂ Rn which is contained in C. We denote it by r(C). The complimentary cone
Ĉ to C is defined by

Ĉ =
(
Rn \ C

)
∪ {0}.

Obviously the complementary cone to Ĉ is C. We have r(C) + r(Ĉ) ≤ n and this
inequality may be strict (this is the case for example, when C 6= Rn but C = Rn).
A pair of complementary cones C and Ĉ is called complete if r(C) + r(Ĉ) = n.

Let A : X×Z → GL(n,R) be a cocycle overX with generator A : X → GL(n,R).
Consider a measurable family of cones C = {Cx : x ∈ X} in Rn. Given a measure
ν in X, we say that

1. C is complete if the pair of complementary cones (Cx, Ĉx) is complete for
ν-almost every x ∈ X;
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2. C is A-invariant if for ν-almost every x ∈ X,

A(x)Cx ⊂ Cf(x), A(f−1(x))−1Ĉx ⊂ Ĉf−1(x).

Let C be an A-invariant measurable family of cones. We say that
1. C is strict if for ν-almost every x ∈ X,

A(x)Cx $ Cf(x), A(f−1(x))−1Ĉx $ Ĉf−1(x);

2. C is eventually strict if for ν-almost every x ∈ X there exists m = m(x) ∈ N
such that

A(x,m)Cx $ Cfm(x), A(x,−m)−1Ĉx $ Ĉf−m(x).

Let C be a complete A-invariant measurable family of cones in Rn. Any Lya-
punov function Q : X × Rn → R satisfying

Cx = C+(Qx), Ĉx = C−(Qx)for ν-almost every x ∈ X

is called a Lyapunov function associated with C. Any complete A-invariant mea-
surable family of cones has an associated Lyapunov function. It is given by

Q(x, v) =

{
d(v/‖v‖, ∂Cx)‖v‖ if v ∈ Cx

−d(v/‖v‖, ∂Cx)‖v‖ if v ∈ Ĉx

.

Furthermore, if a complete invariant family of cones is strict (respectively even-
tually strict) then any of its associated Lyapunov functions is strict (respectively
eventually strict).

The above discussion allows us to rephrase Theorem 7.1 in the following fashion.

Theorem 7.2. If (5.3) holds for some f-invariant measure ν, and there exists a
complete A-invariant measurable family of cones C = {Cx : x ∈ X}, then

1. A has ν-almost everywhere r+Q positive and r−Q negative values of the Lya-
punov exponent counted with their multiplicities;

2. for ν-almost every x ∈ X we have

E+(x) =
∞⋂

m=1

A(f−m(x),m)Cf−m(x) ⊂ Cx

and

E−(x) =
∞⋂

m=1

A(fm(x),−m)Ĉfm(x) ⊂ Ĉx.

Let Q be a Lyapunov function on X × Rn for a cocycle A. We consider the
family of cones C = {Cx : x ∈ X} in Rn given by

Cx = C+(Qx).

Conditions 2 and 3 in the definition of Lyapunov function imply that C is complete
and A-invariant. Note that the complementary cone Ĉx is not always equal to the
cone C−(Qx), and thus Q may not be a Lyapunov function associated with C.
However, we have Ĉx = C−(Qx) provided that for each v such that Qx(v) = 0 one
can find w arbitrarily close to v such that Qx(w) > 0. Furthermore, if Q is strict
(respectively eventually strict) then C is strict (respectively eventually strict).
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7.2. Cocycles with values in the symplectic group. Let A : X×Z → GL(n,R)
be a cocycle and Q a homogeneous function of degree one on X × Z. Consider the
corresponding families of cones C+(Qx) and C−(Qx) given by (7.1) and (7.2). If Q
is complete (see (7.3)) and (7.6) holds, then Q is a Lyapunov function. Moreover,
if (7.9) (respectively (7.10)) holds then Q is strict (respectively eventually strict).
On the other hand, if Condition (7.6) is satisfied only with respect to the family
of cones C+(Qx) then Q may not be a Lyapunov function. However, this does
occur for some interesting classes of cocycles and cones. The most important case
for applications involves cocycles with values in the symplectic group Sp(2m,R),
m ≥ 1 and the so-called symplectic cones which we define later.

We begin with the simple case of SL(2,R) cocycles.
We call a cone in Rn connected if its projection to the projective space RPn−1

is a connected set. A connected cone in R2 is simply the union of two opposite
sectors bounded by two different straight lines intersecting at the origin plus the
origin itself. By a linear coordinate change such a cone can always be reduced to
the following standard cone

S = {(v, w) ∈ R : vw > 0} ∪ {(0, 0)}.

Theorem 7.3. If a cocycle with values in SL(2,R) has an eventually strictly in-
variant family of connected cones C = {Cx : x ∈ X}, then it has an eventually
strict Lyapunov function Q such that for ν-almost every x ∈ X the function Qx

has the form (7.4) and its zero set coincides with the boundary of the cone Cx.

Let us now proceed with the general symplectic case. We denote by ω the
standard symplectic form in R2m,

ω(v, w) =
m∑

i=1

(viwm+i − wivm+i),

and by K the following nondegenerate quadratic form of signature zero:

K(v) =
m∑

i=1

vivm+i.

The cone
S = {v ∈ R2m : K(v) > 0} ∪ {0}

is called the standard symplectic cone. The image of this cone under an invertible
linear symplectic map (i.e., a map with values in Sp(2m,R)) is called a symplectic
cone.

Let L1 and L2 be two transverse Lagrangian subspaces in a 2m-dimensional
symplectic space (H,ω), i.e., complementary m-dimensional subspaces on which
the symplectic form ω vanishes identically. Then for any v ∈ H there is a unique
decomposition

v = v1 + v2 with vi ∈ Li for i = 1, 2.
Let

KL1,L2(v) = ω(v1, v2) and CL1,L2 = K−1
L1,L2

((0,∞)) ∪ {0}.
Then CL1,L2 is a symplectic cone and KL1,L2 is the corresponding quadratic form.

It is easy to see (for example, by a direct calculation for the case of standard
cones), that for a given symplectic cone C in a symplectic space there are exactly
two isolated Lagrangian subspaces L1 and L2 that belong to the boundary of C
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and that C = CL1,L2 or C = CL2,L1 . Thus, the cone C canonically determines the
form K

K(C) = KL1,L2 or K(C) = KL2,L1 ,
depending on whether the form KL1,L2 or the form KL2,L1 is positive on C.

For example, the standard cone S is CL1,L2 , where

L1 = {(x, 0) : x ∈ Rm} and L2 = {(0, x) : x ∈ Rm}.

Proposition 7.4. Let H and H ′ be two 2m-dimensional spaces, L1, L2 ⊂ H and
L′1, L

′
2 ⊂ H ′ pairs of transverse Lagrangian subspaces and T : H → H ′ a symplectic

linear transformation such that TCL1,L2 ⊂ CL1,L2 . Then for all v ∈ H \ {0} we
have

KL′
1,L′

2
(Tv) > KL1,L2(v).

Proposition 7.4 immediately implies the following relation between invariant cone
families and Lyapunov functions.

Theorem 7.5. Let A : X → Sp(2m,R) be a cocycle over a measurable transfor-
mation f : X → X which preserves a measure ν. If A has an eventually strictly
invariant family of symplectic cones C = {Cx : x ∈ X}, then it also has an eventu-
ally strict Lyapunov function Q such that for ν-almost every x ∈ X the function Qx

has the form (7.4) with a quadratic form K = Kx of signature zero. Furthermore,
the zero set of the function Qx coincides with the boundary of the cone Cx.

Combining Theorem 7.5 with Theorem 7.1 we immediately obtain the following.

Corollary 7.6. If a cocycle A : X → Sp(2m,R) satisfies (5.3) and has an eventu-
ally strictly invariant family of symplectic cones, then the linear extension F of f
has ν-almost everywhere m positive and m negative values of the Lyapunov expo-
nent.

7.3. Lyapunov exponents estimates for some particular cocycles. The cone
techniques provide some general methodology for establishing positivity of Lya-
punov exponents for cocycles and in particular, for dynamical systems. However,
in some particular cases one can use more effective tools and obtain sharper esti-
mates of Lyapunov exponents.

7.3.1. Herman’s method. We describe a method due to Herman [110] for obtaining
a lower bound for the maximal Lyapunov exponent of a holomorphic cocycle with
values in a Banach algebra, in particular, with values in Cp. This method is based
on some properties of pluri-subharmonic functions.

For r > 0, let

Bn(0, r) = {(z1, . . . , zn) ∈ Cn : |zi| ≤ r, 1 ≤ i ≤ n},
be the closed ball and

Tn
r = {(z1, . . . , zn) ∈ Cn : |zi| = r, 1 ≤ i ≤ n}.

the torus in Cn. Let also f : U → Cn be a holomorphic function in a neighborhood
U of Bn(0, r) satisfying f(0) = 0, f(Bn(0, r)) ⊂ Bn(0, r), and f(Tn

r ) ⊂ Tn
r . We

also consider a Banach algebra B over C and a cocycle A : Tn
r ×N → B over f with

values in B. We have

A(z,m) = A(fm−1(z)) · · ·A(f(z))A(z),
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where A : X → B is the generator of the cocycle. Denote by

ρ(B) = lim
m→∞

‖Bm‖1/m = inf
m≥1

‖Bm‖1/m

the spectral radius of the element B ∈ B (where ‖·‖ is the norm in C).

Theorem 7.7. If f preserves the Lebesgue measure µ in Tn
r , and A is a holomor-

phic map in a neighborhood of Bn(0, r) with values in a Banach algebra B, then the
cocycle A over f with generator A satisfies

lim
m→∞

1
m

∫
Tn

r

log‖A(z,m)‖ dµ(z) ≥ log ρ(A(0)).

To see this set
am =

∫
Tn

r

log‖A(z,m)‖ dµ(z).

Since the function z 7→ log‖A(z,m)‖ is pluri-subharmonic for each m (see [117]),

am ≥ log‖A(0, z)‖ = log‖A(0)m‖.
Therefore,

inf
m≥1

am

m
≥ log ρ(A(0)).

Since f preserves µ, the sequence am is subadditive and thus,

lim
m→∞

am

m
= lim

m→∞

am

m
= inf

m≥1

am

m

and the desired result follows.

7.3.2. Parameter-exclusion techniques. In [258], Young considered a C1 family of
cocycles over irrational rotations Rα(x) by 2πα with generators At : S1 → SL(2,R)
such that |At(x)| ≈ χ (uniformly in t and x) where χ > 0 is a number. The cocycles
are not uniformly hyperbolic. The statement is that for sufficiently large χ and for
a generic family the set of parameters (α, t), for which the Lyapunov exponents
of (Rα, At) are ≈ ±χ, has nearly full measure. The proof exploits a parameter-
exclusion procedure which goes back to the work of Jacobson [123] and of Benedicks
and Carleson [29]: inductively, one identifies certain regions of criticality, studies
orbit segments that begin and end near those regions and tries to concatenate long
blocks of matrices that have been shown to be hyperbolic; parameters are deleted
to ensure the hyperbolicity of the concatenated blocks, and the induction moves
forward.

The parameter-exclusion techniques is used to study hyperbolic and ergodic
properties of Hénon-like attractors, see Section 14.4.

7.3.3. Open set of nonuniformly hyperbolic cocycles with values in SL(2,R). In
[257], Young constructed an open set, in the C1 topology, of cocycles with values
in SL(2,R) over a hyperbolic automorphism T of the 2-torus T2 such that every
cocycle in this set has positive Lyapunov exponent but is not uniformly hyperbolic.

Choose λ >
√
µ + 1 where µ > 1 is the eigenvalue of the matrix T (the other

eigenvalue is µ−1). Given ε > 0, we define a cocycle over T with the generator
Aε : T2 → SL(2,R) as follows. Let 0 < β < 2π be a number, Jε ⊂ S1 an interval,
and ϕε : T2 → R/2πR a C1 function such that

1. ϕε ≡ 0 outside of Jε × S1;
2. on Jε×S1, ϕε increases monotonically from 0 to 2π along the leaves of Wu;
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3. on ϕ−1
ε [β, 2π − β], the directional derivatives of ϕε along the leaves of Wu

are ≥ 1
ε .

The cocycle Aε is defined to be

Aε(x) =
(
λ 0
0 1

λ

)
◦Rϕε(x),

where Rθ is the rotation by the angle θ. The statement is that one can choose
β and, for all sufficiently small ε, the interval Jε and a neighborhood Uε of Aε in
C1(T2, SL(2,R)) such that for any B ∈ Uε the cocycle over T with the generator
B is not uniformly hyperbolic and has a positive Lyapunov exponent with respect to
the Lebesgue measure.

7.3.4. Cocycles associated with the Jacobi–Perron (JP) algorithm. This algorithm
is a higher-dimensional generalization of the continued fraction algorithm and is
used to construct simultaneous rational approximations of real numbers (see [225],
[152]). The map f defining the JP algorithm acts on the d-dimensional cube Id by
the formula

f(x) =
(x2

x1
mod 1, . . . ,

xd

x1
mod 1,

1
x1

mod 1
)

provided x1 6= 0. The map f preserves a probability measure ν which is absolutely
continuous with respect to the Lebesgue measure in the cube and is ergodic with
respect to ν.

The JP algorithm associates to almost every point x ∈ Id a matrix A(x) such
that x can be expressed as x = a1 ◦ · · · ◦ an ◦ fn(x) where an are the projective
maps defined by the matrices An = A(fn−1(x)) in the space Rn ⊂ Pn. The d + 1
points

Jn = a1 ◦ · · · ◦ an(0), . . . , Jn+d = a1 ◦ · · · ◦ an+d(0)
form a simplex σn(xa) in Rd which contains x. Its asymptotic form turns out
to be determined by the Lyapunov exponents of the measure ν. The latter are
closely related to the Lyapunov exponents χi, i = 1, . . . , d + 1, of the cocycle over
f generated by the matrix function A = A(x).

In [49], Broise-Alamichel and Guivarc’h showed that for the JP algorithm:

1.
∑d+1

i=1 χi = 0 and χ1 > χ2 > · · · > χd+1;
2. χ1 + χd+1 > 0.

In the case d = 2 we have that χ2 < 0.

7.3.5. Partially hyperbolic cocycles over locally maximal hyperbolic sets. Let f be a
diffeomorphism of a compact smooth manifold possessing a locally maximal hyper-
bolic set Λ. Assume that f |Λ is topologically transitive. Let µ be an equilibrium
measure on Λ corresponding to a Hölder continuous potential ϕ.

Consider a cocycle A over f with values in SL(p,R) and let A be the generator of
the cocycle. We assume that A depends smoothly on x and that it is dominated by
the hyperbolicity of f , i.e., A(x) expands vectors less than the minimum expansion
induced by dxf on the unstable subbundle and A(x) contracts vectors less than the
minimum contraction induced by dxf on the stable subbundle. In other words, the
cocycle is partially hyperbolic on X × Rp.

In [39], Bonatti, Gómez-Mont and Viana showed that the maximal Lyapunov
exponent of µ, χµ, is zero only in the following very special situation: there exists
a continuous family of probability measures mx, x ∈ Λ, on the projective space
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CP p−1 which is simultaneously invariant under f , and under the holonomies along
the strongly stable and strongly unstable foliations. One can deduce from here that
the set of cocycles with a nonzero upper Lyapunov exponent with respect to all the
equilibrium measures is an open and dense set in the C1 topology. It is also shown
that for generic C1 families of cocycles with finitely many parameters, the set of
parameters for which the upper Lyapunov exponent is zero for some equilibrium
measure is discrete.

8. Local manifold theory

We consider the problem of local stability of trajectories for nonuniformly par-
tially and completely hyperbolic systems. This includes constructing local stable
and unstable manifolds and studying their properties. Let us emphasize that the
construction of stable (unstable) manifolds can be carried out if only one nonuni-
formly hyperbolic trajectory is present, i.e., the nonuniformly partially (or com-
pletely) hyperbolic set Λ consists of a single trajectory. In particular, the construc-
tion does not involve any invariant measure.

There are two well-known methods of building local stable manifolds originated
in works of Hadamard [103] and Perron [193, 194]. Hadamard’s approach is more
geometrical and can be effected for Lipschitz (not necessarily differentiable) maps
while Perron’s approach allows more flexibility.

These methods work well in the case of uniform hyperbolicity and extending them
to nonuniformly hyperbolic systems faces substantial problems. One of them is that
the size of local stable manifolds may deteriorate along the trajectory and indeed,
may become arbitrarily small. The crucial requirement (6.5) in the definition of
nonuniform hyperbolicity provides a control of the deterioration: it can occur with
at most subexponential rate.

Both Hadamard and Perron methods allow substantial generalizations to se-
quences of local diffeomorphisms (instead of iterations of a single diffeomorphism)
or maps of Banach spaces (instead of Euclidean spaces), etc.

8.1. Nonuniformly hyperbolic sequences of diffeomorphisms. Let fm : Um

→ Rn, m ∈ Z (Um ⊂ Rn is an open set) be a (two-sided) sequence of C1 local
diffeomorphisms, and {〈·, ·〉m}m∈Z a (two-sided) sequence of metrics. Write F =
{fm}m∈Z. We assume that fm(0) = 0,

We say that F is nonuniformly hyperbolic if so is the sequence of matrices
{Am}m∈Z = {d0fm}m∈Z.

Let Rn = E1
m ⊕ E2

m be the invariant splitting associated with nonuniform hy-
perbolic structure. For every m ∈ Z and (x, y) ∈ Um one can write fm in the
form

fm(x, y) = (Amx+ g1
m(x, y), Bmy + g2

m(x, y)),

where Am = d0fm|E1
m and Bm = d0fm|E2

m are linear invertible transformations
and gm = (g1

m, g
2
m) : Um → Rn are C1 maps satisfying gm(0) = 0, d0gm(0) = 0.

Set

σm = sup
{
‖d(x,y)gm‖ : (x, y) ∈ Um

}
, σ = sup{σm : m ∈ Z}.

Note that σ need not be finite in general.
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Let A = {Am}m∈Z and B = {Bm}m∈Z. Define new sequences of matrices
{Am}m∈Z and {Bm}m∈Z using

Am =


Am−1 · · ·A1A0 if m > 0
Id if m = 0
(Am)−1 · · · (A−2)

−1(A−1)
−1 if m < 0

.

We also set

Fm =


fm−1 ◦ · · · ◦ f1 ◦ f0 if m > 0
Id if m = 0
(fm)−1 ◦ · · · ◦ (f−2)

−1 ◦ (f−1)
−1 if m < 0

,

whenever it is defined. The map (Am,Bm) is a linear approximation of Fm in a
neighborhood of 0. We shall describe in the following sections how the stability of
the linear approximation effects the stability of the sequence of C1 local diffeomor-
phisms.

8.2. Admissible manifolds and the graph transform. Let γ > 0, k, n ∈ N,
k < n be given. A map ϕ : U → Rn−k with U ⊂ Rk is called γ-Lipschitz if for
every x, x′ ∈ U ,

‖ϕ(x)− ϕ(x′)‖ ≤ γ‖x− x′‖.
A set V ⊂ Rn is said to be

1. an admissible (s, γ)-set if there exists a γ-Lipschitz map ϕ : U ⊂ Rk → Rn−k

such that
V = Graph(ϕ) = {(x, ϕ(x)) : x ∈ U}.

If, in addition, ϕ is differentiable then V is called an admissible (s, γ)-
manifold.

2. an admissible (u, γ)-set if there exists a γ-Lipschitz map ϕ : U ⊂ Rn−k → Rk

such that
V = Graph(ϕ) = {(ϕ(x), x) : x ∈ U}.

If, in addition, ϕ is differentiable then V is called an admissible (u, γ)-
manifold.

Given γ > 0, let Γ(u, γ) be the space of sequences {Vm}m∈Z of admissible (u, γ)-
sets such that 0 ∈ Vm. We define a metric on Γ(u, γ) by

dΓ(u,γ)({V1m}m∈Z, {V2m}m∈Z) = sup{dm(ϕ1m, ϕ2m) : m ∈ Z},
where

dm(ϕ1m, ϕ2m) = sup
{
‖ϕ1m(x)− ϕ2m(x)‖

‖x‖
: x ∈ U \ {0}

}
and Vim = Graph(ϕim) for each m ∈ Z and i = 1, 2. Since ϕ1m(0) = ϕ2m(0) = 0,
and ϕ1m and ϕ2m are γ-Lipschitz we have dm(ϕ1m, ϕ2m) ≤ 2γ and the metric
dΓ(u,γ) is well-defined. One can verify that Γ(u, γ) is a complete metric space.

We define the graph transform G : Γ(u, γ) → Γ(u, γ) induced by F on Γ(u, γ) by
G({Vm}m∈Z) = {fm(Vm)}m∈Z.

Proposition 8.1. If Vm is an admissible (u, γ)-set such that

σm ≤ (µ′ − λ′)γ
(1 + γ)2

, (8.1)

then fmVm is an admissible (u, γ)-set.
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It follow that under assumption (8.1) the map G is well-defined.

Proposition 8.2. Assume that

σ <
µ′ − λ′

2(1 + γ)
.

Then the graph transform G is a contraction on Γ(u, γ).

As an immediate corollary we obtain existence of (u, γ)-sets.

Theorem 8.3. Assume that

σ ≤ (µ′ − λ′)γ
(1 + γ)2

and σ <
µ′ − λ′

2(1 + γ)
. (8.2)

Then there exists a unique family {V u
m}m∈Z of admissible (u, γ)-sets such that 0 ∈

V u
m and fm(V u

m) = V u
m+1.

Note that for γ < 1 the second inequality in (8.2) follows from the first one.
We now briefly describe how to obtain similar results for (s, γ)-manifolds. For

every m ∈ Z and (x, y) ∈ fm(Um) one can write fm
−1 in the form

fm
−1(x, y) = (Am

−1x+ h1
m(x, y), Bm

−1y + h2
m(x, y)),

where hm = (h1
m, h

2
m) : fm(Um) → Rn is a C1 map satisfying hm(0) = 0 and

d0hm = 0. Let

τm = sup
{
‖d(x,y)hm‖ : (x, y) ∈ fmUm

}
, τ = sup{τm : m ∈ Z}.

Theorem 8.4. Assume that

τ ≤ (µ′ − λ′)γ
λ′µ′(1 + γ)2

and τ <
µ′ − λ′

2λ′µ′(1 + γ)
.

Then there exists a unique family {V s
m}m∈Z of admissible (s, γ)-sets such that 0 ∈

V s
m and fm(V s

m) = V s
m+1.

The following theorem substantially strengthen the above result by claiming that
(s, γ) and (u, γ)-sets are indeed smooth manifolds.

Theorem 8.5 (see [135]). Let {fm}m∈Z be a nonuniformly hyperbolic sequence of
C1 local diffeomorphisms defined on the whole Rn. Given γ > 0 and a sufficiently
small σ > 0, there exist a unique family {V s

m}m∈Z of C1 admissible (s, γ)-manifolds
and a unique family {V u

m}m∈Z of C1 admissible (u, γ)-manifolds such that:

1. 0 ∈ V s
m ∩ V u

m;
2. fm(V s

m) = V s
m+1 and fm(V u

m) = V u
m+1;

3. T0V
s
m = Es

m and T0V
u
m = Eu

m;
4. if (x, y) ∈ V s

m then

‖fm(x, y)‖ ≤ (1 + γ)(λ+ σm)‖(x, y)‖

and if (x, y) ∈ V u
m then

‖fm(x, y)‖ ≥ (µ/(1 + γ)− σm)‖(x, y)‖,

where 0 < λ < 1 < µ;
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5. for every (1 + γ)(λ+ σ) < ν < µ/(1 + γ)− σ and (x, y) ∈ Rn, if there exists
C > 0 such that

‖Fm+k ◦ Fm
−1(x, y)‖ ≤ Cνk‖(x, y)‖

for every k ≥ 0 then (x, y) ∈ V s
m, and if there exists C > 0 such that

‖Fm+k ◦ Fm
−1(x, y)‖ ≤ Cνk‖(x, y)‖

for every k ≤ 0 then (x, y) ∈ V u
m.

Notice that an admissible (s, γ)-manifold (respectively, (u, γ)-manifold) is also an
admissible (s, γ′)-manifold (respectively, (u, γ′)-manifold) for every γ′ > γ. There-
fore, the uniqueness property in Theorem 8.5 implies that both families {V s

m}m∈Z
and {V u

m}m∈Z are independent of γ. These families are called, respectively, family
of invariant s-manifolds and family of invariant u-manifolds. They can be charac-
terized as follows.

Proposition 8.6. For each γ ∈ (0,
√
µ′/λ′ − 1) and each sufficiently small σ > 0:

1. if
ν ∈ ((1 + γ)(λ+ σ), µ/(1 + γ)− σ)

then

V s
m =

{
(x, y) ∈ Rn : lim

k→+∞

1
k

log‖Fm+k ◦ Fm
−1(x, y)‖ < log ν

}
and

V u
m =

{
(x, y) ∈ Rn : lim

k→−∞

1
|k|

log‖Fm+k ◦ Fm
−1(x, y)‖ < − log ν

}
;

2. if (1 + γ)(λ+ σ) < 1 < µ/(1 + γ)− σ then

V s
m =

{
(x, y) ∈ Rn : lim

k→+∞

1
k

log‖Fm+k ◦ Fm
−1(x, y)‖ < 0

}
=
{

(x, y) ∈ Rn : sup
k≥0

‖Fm+k ◦ Fm
−1(x, y)‖ <∞

}
=
{
(x, y) ∈ Rn : Fm+k ◦ Fm

−1(x, y) → 0 as k → +∞
}

and

V u
m =

{
(x, y) ∈ Rn : lim

k→−∞

1
|k|

log‖Fm+k ◦ Fm
−1(x, y)‖ < 0

}
=
{

(x, y) ∈ Rn : sup
k≤0

‖Fm+k ◦ Fm
−1(x, y)‖ <∞

}
=
{
(x, y) ∈ Rn : Fm+k ◦ Fm

−1(x, y) → 0 as k → −∞
}
.

The following result provides some additional information on higher differentia-
bility of (s, γ)- and (u, γ)-manifolds.

Theorem 8.7. Let F be a sequence of Cr local diffeomorphisms, for some r > 0.
Then the unique family {V u

m}m∈Z of admissible (u, γ)-sets given by Theorem 8.3 is
composed of Cr manifolds.
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8.3. Hadamard–Perron Theorem: Perron’s method. We describe a version
of Perron’s approach to the proof of the Stable Manifold Theorem which originated
in [196] and allows one to construct stable (and unstable) invariant manifolds along
a single nonuniformly partially hyperbolic trajectory in the broad sense.5

Let f be a C1+α diffeomorphism of a compact smooth Riemannian manifold M
and x ∈M . Assume that f is nonuniformly partially hyperbolic in the broad sense
on the set Λ = {fn(x)}n∈Z (see Section 6.2). We obtain the local stable manifold
in the form

V (x) = expx{(x, ψ(x)) : x ∈ B1(r)}, (8.3)

where ψ : B1(r) → E2(x) is a smooth map, satisfying ψ(0) = 0 and dψ(0) =
0, E1(x), E2(x) are invariant distributions in the tangent space (see (6.1)), and
B1(r) ∈ E1(x) is the ball of radius r centered at the origin. The number r = r(x)
is called the size of the local stable manifold.

We now describe how to construct the function ψ. Fix x ∈M and consider the
map

f̃x = exp−1
f(x) ◦f ◦ expx : B1(r)×B2(r) → Tf(x)M,

which is well-defined if r is sufficiently small. Here B2(r) is the ball of radius r in
E1(x) centered at the origin. The map f̃ can be written in the following form:

f̃x(v1, v2) = (Axv1 + g1x(v1, v2), Bxv2 + g2x(v1, v2)),

where v1 ∈ E1(x) and v2 ∈ E2(x). Furthermore,

Ax : E1(x) → E2(f(x)) and Bx : E2(x) → E2(f(x))

are linear maps. The map Ax is a contraction and the map Bx is an expansion.
Since f is of class C1+α we also have for g = (g1, g2),

‖gx(v)‖ ≤ C1‖v‖1+α (8.4)

and
‖dgx(v)− dgx(w)‖ ≤ C1‖v − w‖α, (8.5)

where C1 > 0 is constant (which may depend on x).
In other words the map f̃x can be viewed as a small perturbation of the linear

map (v1, v2) 7→ (Axv1, Bxv2) by the map gx(v1, v2) satisfying Conditions (8.4) and
(8.5) in a small neighborhood Ux of the point x.

Note that size of Ux depends on x and may decay along the trajectory of x
with subexponential rate (see (6.6)). This requires a substantial modification of
the classical Perron’s approach.

Proceeding further with Perron’s approach we identify each of the tangent spaces
Tfm(x)M with Rp = Rk × Rp−k (recall that p = dimM and 1 ≤ k < p) via an
isomorphism τm such that τm(E1(x)) = Rk and τm(E2(x)) = Rp−k. The map
F̃m = τm+1 ◦ Fm ◦ τm−1 is of the form

F̃m(v1, v2) = (Amv1 + g1m(v1, v2), Bmv2 + g2m(v1, v2)), (8.6)

5In [196], the system is assumed to preserve a hyperbolic smooth measure. However, the proof
does not use this assumption and readily extends to the case of a single nonuniformly partially

hyperbolic trajectory in the broad sense. This was observed in [215].
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where Am : Rk → Rk and Bm : Rp−k → Rp−k are linear maps, and g : Rn → Rk is
a nonlinear map defined for each v1 ∈ B1(r0) ⊂ Rk and v2 ∈ B2(r0) ⊂ Rp−k. With
respect to the Lyapunov inner product these maps satisfy:

‖Am‖′ ≤ λ′, (‖Bm
−1‖′)−1 ≥ µ′, where 0 < λ′ < min{1, µ′} (8.7)

and
gm(0) = 0, dgm(0) = 0,

‖dgm(v)− dgm(w)‖′ ≤ C2γ
−m‖v − w‖′α,

where
λ′

α
< γ < 1, 0 < α ≤ 1, C > 0

(see (8.5)). We now state a general version of the Stable Manifold Theorem.

Theorem 8.8 (Pesin [196]). Let κ be any number satisfying

λ′ < κ < min{µ′, γ 1
α }. (8.8)

There exist D > 0 and r0 > r > 0, and a map ψ : B1(r) → Rp−k such that:
1. ψ is of class C1+α and ψ(0) = 0, dψ(0) = 0;
2. ‖dψ(v)− dψ(w)‖′ ≤ D‖v − w‖′α for any v, w ∈ B1(r);
3. if m ≥ 0 and v ∈ B1(r) then(

m−1∏
i=0

F̃i

)
(v, ψ(v)) ∈ B1(r)×B2(r),

∥∥∥∥∥
(

m−1∏
i=0

F̃i

)
(v, ψ(v))

∥∥∥∥∥
′

≤ Dκm‖(v, ψ(v))‖′,

where
∏m−1

i=0 F̃i denotes the composition F̃m−1 ◦ · · · ◦ F̃0 (with the convention
that

∏−1
i=0 F̃i = Id;

4. given v ∈ B1(r) and w ∈ B2(r), if there is a number K > 0 such that(
m−1∏
i=0

F̃i

)
(v, w) ∈ B1(r)×B2(r),

∥∥∥∥∥
(

m−1∏
i=0

F̃i

)
(v, w)

∥∥∥∥∥
′

≤ Kκm

for every m ≥ 0, then w = ψ(v);
5. the numbers D and r depend only on the numbers λ′, µ′, γ, α, κ, and C.

We outline the proof of the theorem. Consider the linear space Γκ of sequences
of vectors z = {z(m) ∈ Rp}m∈N satisfying

‖z‖κ = sup
m≥0

(κ−m‖z(m)‖′) <∞.

Γκ is a Banach space with the norm ‖z‖κ. Given r > 0, set

W = {z ∈ Γκ : z(m) ∈ B1(r)×B2(r) for every m ∈ N}.

Since 0 < κ < 1 the set W is open. Consider the map Φκ : B1(r0)×W → Γκ given
by

Φκ(y, z)(0) =

y,− ∞∑
k=0

(
k∏

i=0

Bi

)−1

g2k(z(k))

 ,



68 LUIS BARREIRA AND YAKOV PESIN

and for m > 0,

Φκ(y, z)(m) = −z(m) +

((
m−1∏
i=0

Ai

)
y, 0

)

+

m−1∑
n=0

(
m−1∏

i=n+1

Ai

)
g1n(z(n)),−

∞∑
n=0

(
n∏

i=0

Bi+m

)−1

g2 n+m(z(n+m))

 .

Using Conditions (8.7)–(8.8) one can show that the map Φκ is well-defined, con-
tinuously differentiable over y and z and Φκ(0, 0) = (0, 0). Moreover, Φκ is of class
C1 with partial derivatives given by

∂yΦκ(y, z)(m) = Aκ(z)− Id,

where

(Aκ(z))t(m) =

m−1∑
n=0

(
m−1∏

i=n+1

Ai

)
dg1n(z(n))t(n),

−
∞∑

n=0

(
n∏

i=0

Bi+m

)−1

dg2 n+m(z(n+m))t(m+ n)

 .

Furthermore,
‖Aκ(z1)−Aκ(z2)‖ ≤ C‖z1 − z2‖κ

α
, (8.9)

where C > 0 is a constant. We have, in particular, that ∂zΦκ(y, 0) = −Id and the
map ∂zΦκ(y, z) is continuous. Therefore, the map Φκ satisfies the conditions of
the Implicit Function Theorem, and hence, there exist a number r ≤ r0 and a map
ϕ : B1(r) →W of class C1 with

ϕ(0) = 0 and Φκ(y, ϕ(y)) = 0. (8.10)

Note that the derivatives ∂yΦκ and ∂zΦκ are Hölder continuous. It is clear for the
former and follows for the latter in view of (8.9):

‖∂zΦκ(y1, z1)− ∂zΦκ(y2, z2)‖ ≤ ‖∂zΦκ(y1, z1)− ∂zΦκ(y1, z2)‖
+ ‖∂zΦκ(y1, z2)− ∂zΦκ(y2, z2)‖

= 2‖Aκ(z1)−Aκ(z2)‖ ≤ CM‖z1 − z2‖κ
α
.

There is a special version of the Implicit Function Theorem for maps with Hölder
continuous derivatives (see [24]) which enables one to obtain an explicit estimate
of the number r and to show that it depends only on λ′, µ′, γ, α, κ, and C.

We now describe some properties of the map ϕ. Differentiating the second equal-
ity in (8.10) with respect to y we obtain

dϕ(y) = −[∂zΦκ(y, ϕ(y))]−1∂yΦκ(y, ϕ(y)).

Setting y = 0 in this equality yields

dϕ(0)(m) =

(
m−1∏
i=0

Ai, 0

)
.

One can write the vector ϕ(y)(m) in the form

ϕ(y)(m) = (ϕ1(y)(m), ϕ2(y)(m)),
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where ϕ1(y)(m) ∈ Rk and ϕ2(y)(m) ∈ Rp−k. It follows from (8.10) that if m ≥ 0
then

ϕ1(y)(m) =

(
m−1∏
i=0

Ai

)
y +

m−1∑
n=0

(
m−1∏

i=n+1

Ai

)
g1n(ϕ(y)(n)), (8.11)

and

ϕ2(y)(m) = −
∞∑

n=0

(
n∏

i=0

Bi+m

)−1

g2 n+m(ϕ(y)(n+m)). (8.12)

These equalities imply that

ϕ1(y)(m+ 1) = Amϕ1(y)(m) + g1m(ϕ1(y)(m), ϕ2(y)(m)),

ϕ2(y)(m+ 1) = Bmϕ2(y)(m) + g2m(ϕ1(y)(m), ϕ2(y)(m)).

Indeed, iterating the first equality “forward” one easily obtains (8.11). Rewriting
the second equality in the form

ϕ2(y)(m) = B−1
m ϕ2(y)(m+ 1)−B−1

m g2m(ϕ1(y)(m), ϕ2(y)(m))

and iterating it “backward” yields (8.12).
Thus, we obtain that the function ϕ(y) is invariant under the family of maps

F̃m, i.e.,
F̃m(ϕ(y)(m)) = ϕ(y)(m+ 1).

The desired map ψs is now defined by ψ(v) = ϕ2(v)(0) for each v ∈ Bs(r).
Applying the above result to a diffeomorphism f which is nonuniformly partially

hyperbolic in the broad sense along the trajectory of a point x ∈M we obtain the
following version of the Stable Manifold Theorem.

Theorem 8.9. There exists a local stable manifold V (x) such that x ∈ V (x),
TxV (x) = E1(x), and for y ∈ V (x) and n ≥ 0,

ρ(fn(x), fn(y)) ≤ T (x)λneεnρ(x, y), (8.13)

where T : Λ → (0,∞) is a Borel function satisfying

T (fm(x)) ≤ T (x)e10ε|m|, m ∈ Z. (8.14)

In [207], Pugh constructed an explicit example of a nonuniformly completely
hyperbolic diffeomorphism of a 4-dimensional manifold of class C1 (and not of
class C1+α for any α > 0) for which the statement of Theorem 8.9 fails. More
precisely, there exists no manifold tangent to E1(x) such that (8.13) holds on some
open neighborhood of x. This example illustrates that the assumption α > 0 in
Theorem 8.9 is crucial. The situation is different for systems with continuous time:
Barreira and Valls [27] has shown that there is a class of C1 vector fields that are
not C1+α for any α > 0 whose nonuniformly hyperbolic trajectories possess stable
manifolds.

One can obtain a more refined information about smoothness of local stable
manifolds. More precisely, let f be a diffeomorphism of class Cp+α, with p ≥ 1
and 0 < α ≤ 1. Assume that f is nonuniformly partially hyperbolic in the broad
sense along a trajectory of a point x ∈ M . Then the local stable manifold V (x) is
of class Cp; in particular, if f is of class Cp for some p ≥ 2, then V (x) is of class
Cp−1 (and even of class Cp−1+α for any 0 < α < 1). These results are immediate
consequences of the following version of Theorem 8.8.
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Theorem 8.10. Assume that the conditions of Theorem 8.8 hold. In addition,
assume that:

1. gm are of class Cp for some p ≥ 2;
2. there exists K > 0 such that for ` = 1, . . ., p,

sup
z∈B

‖d`gm(z)‖′ ≤ Kγ−m, sup
z∈B

‖d`hm(z)‖′ ≤ Kγ−m,

where B = B1(r0)×B2(r0) (see (8.6));
3. for z1, z2 ∈ B and some α ∈ (0, 1),

‖dpgm(z1)− dpgm(z2)‖′ ≤ Kγ−m(‖z1 − z2‖′)α.

If ψ(u) is the map constructed in Theorem 8.8, then there exists a number N > 0,
which depends only on the numbers λ′, µ′, γ, α, κ, and K, such that:

1. ψ is of class Cp+α;
2. supu∈B1(r) ‖d

`ψ(u)‖′ ≤ N for ` = 1, . . ., p.

In [208], Pugh and Shub strengthened the above result and showed that in fact,
if f is of class Cp for some p ≥ 2, then V (x) is also of class Cp.

In the case of diffeomorphisms which are nonuniformly partially hyperbolic, in
particular, nonuniformly completely hyperbolic, there is a symmetry between the
objects marked by the index “s” and those marked by the index “u”. Namely, when
the time direction is reversed the statements concerning objects with index “s”
become the statements about the corresponding objects with index “u”. In these
cases we shall denote the local stable manifold at x by V s(x). We can also construct
the local unstable manifolds.

Theorem 8.11 (Unstable Manifold Theorem). Let f be a C1+α diffeomorphism
of a compact smooth Riemannian manifold M which is nonuniformly partially hy-
perbolic along the trajectory of a point x ∈ M . Then there exists a local unstable
manifold V u(x) such that x ∈ V u(x), TxV

u(x) = Eu(x), and if y ∈ V u(x) and
n ≤ 0 then

ρ(fn(x), fn(y)) ≤ T (x)µneε|n|ρ(x, y),

where T : Λ → (0,∞) is a Borel function satisfying (8.14).

Stable Manifold Theorem 8.9 was first established by Pesin in [196]. His proof is
built upon classical work of Perron. Katok and Strelcyn [138] extended Stable Man-
ifold Theorem to smooth maps with singularities (see Section 18). They essentially
followed Pesin’s approach. Ruelle [215] obtained another proof of Theorem 8.9,
based on his study of perturbations of the matrix products in the Multiplicative
Ergodic Theorem 5.5. Fathi, Herman, and Yoccoz [84] provided a detailed exposi-
tion of Theorem 8.9 which essentially follows the approaches of Pesin and Ruelle.
Pugh and Shub [208] proved Stable Manifold Theorem for nonuniformly partially
hyperbolic systems using graph transform techniques.

On another direction, Liu and Qian [164] established a version of Theorem 8.9
for random maps (see the article by Kifer and Liu [143] in this volume). One can
extend the Stable Manifold Theorem 8.9 to infinite-dimensional spaces. Ruelle [216]
proved this theorem for Hilbert spaces, closely following his approach in [215], and
Mañé [172] considered Banach spaces (under certain compactness assumptions on
the dynamics).
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8.4. Stable Manifold Theorem for flows. Let ϕt be a smooth flow on a compact
smooth Riemannian manifold M . The following is an analog of Theorem 8.9 for
flows.

Theorem 8.12. Assume that ϕt is nonuniformly hyperbolic along a trajectory
ϕt(x). Then there exists a local stable manifold V s(x) satisfying: (a) x ∈ V s(x),
(b) TxV

s(x) = Es(x), (c) if y ∈ V s(x) and t > 0 then

ρ(ϕt(x), ϕt(y)) ≤ T (x)λteεtρ(x, y),

where T : Λ → (0,∞) is a Borel function such that for s ∈ R,

T (ϕs(x)) ≤ T (x)e10ε|s|.

The proof of Theorem 8.12 can be obtained by applying Theorem 8.9 to the
diffeomorphism f = ϕ1 (that is nonuniformly partially hyperbolic). We call V s(x)
a local stable manifold at x.

By reversing the time one can construct a local unstable manifold V u(x) at x.
It has the properties similar to those of the stable manifold.

8.5. Continuity and sizes of local manifolds. Recall that the size of the local
stable manifold V (x) at a point x ∈ Λ (with Λ as in Section 8.3) is the number
r = r(x) that is determined by Theorem 8.8 and such that (8.3) holds. It follows
from Statement 5 of Theorem 8.8 that the sizes of the local stable manifold at a
point x and any point y = fm(x) along the trajectory of x are related by

r(fm(x)) ≥ Ke−ε|m|r(x), (8.15)

where K > 0 is a constant.
Assume now that f is nonuniformly partially hyperbolic in the broad sense on an

invariant set Λ, and let ν be an f -invariant ergodic Borel measure with ν(Λ) = 1.
For all sufficiently large ` the regular set Λ` has positive measure. Therefore, the
trajectory of almost every point visits Λ` infinitely many times. It follows that for
typical points x the function r(fm(x)) is an oscillating function of m which is of
the same order as r(x) for many values of m. Nevertheless, for some integers m the
value r(fm(x)) may become as small as it is allowed by (8.15). Let us emphasize
that the rate with which the sizes of the local stable manifolds V (fm(x)) decreases
as m → +∞ is smaller than the rate with which the trajectories {fm(x)} and
{fm(y)}, y ∈ V (x) approach each other.

It follows from Statement 5 of Theorem 8.8 that the sizes of local manifolds are
bounded from below on any regular set Λ`, i.e., there exists a number r` > 0 that
depends only on ` such that

r(x) ≥ r` for x ∈ Λ`. (8.16)

Local stable manifolds depend uniformly continuously on x ∈ Λ` in the C1 topology,
i.e., if xn ∈ Λ` is a sequence of points converging to x then dC1(V (xn), V (x)) → 0
as n → ∞. Furthermore, by the Hölder continuity of stable distributions, local
stable manifolds depend Hölder continuously on x ∈ Λ`. More precisely, for every
` ≥ 1, x ∈ Λ`, and points z1, z2 ∈ V (x),

d(Tz1V (x), Tz2V (x)) ≤ Cρ(z1, z2)α,

where C > 0 is a constant depending only on `.
In the case when f is nonuniformly partially hyperbolic on an invariant subset

Λ we have, for almost every x ∈ Λ, the local stable and unstable manifolds. Their
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sizes vary along the trajectory according to (8.15) and are bounded below by (8.16)
on any regular set Λ`.

Finally, if f is nonuniformly completely hyperbolic on an invariant subset Λ then
continuity of local stable and unstable manifolds on a regular set Λ` implies that
there exists a number δ` > 0 such that for every x ∈ Λ` and y ∈ Λ` ∩ B(x, δ`)
the intersection V s(x) ∩ V u(y) is nonempty and consists of a single point which
depends continuously (and in fact, Hölder continuously) on x and y.

8.6. Graph transform property. There is a version of the Stable Manifold Theo-
rem known as Graph Transform Property (usually referred to as Inclination Lemma
or λ-Lemma).

Consider a C1+α diffeomorphism f which is nonuniformly partially hyperbolic
in the broad sense along the trajectory of a point x ∈ M . Choose numbers r0, b0,
and c0 and for every m ≥ 0, set

rm = r0e
−εm, bm = b0µ

−meεm, cm = c0e
−εm.

Consider the class Ψ of C1+α functions on {(m, v) : m ≥ 0, v ∈ B1(rm)} with values
ψ(m, v) ∈ E2(f−m(x)) (where B1(rm) is the ball in E1(f−m(x)) centered at 0 of
radius rm) satisfying the following conditions:

‖ψ(m, 0)‖ ≤ bm, max
v∈B1(rm)

‖dψ(m, v)‖ ≤ cm.

Theorem 8.13. There are positive constants r0, b0, and c0 such that for every
ψ ∈ Ψ one can find a function ψ̃ ∈ Ψ for which

F−1
m ({(v, ψ(m, v)) : v ∈ B1(rm)}) ⊃ {(v, ψ̃(m+ 1, v)) : v ∈ B1(rm+1)}

for all m ≥ 0.

8.7. Regular neighborhoods. Let f : M → M be a C1+α diffeomorphism of
a compact smooth n-dimensional Riemannian manifold M which is nonuniformly
completely hyperbolic on an invariant set Λ. Viewing df as a linear cocycle over f
we shall use the theory of linear extensions of cocycles (see Section 4) to construct
a special coordinate system for every regular point x ∈ Λ. Applying the Reduc-
tion Theorem 5.10, given ε > 0 and a regular point x ∈ M , there exists a linear
transformation Cε(x) : Rn → TxM such that:

1. the matrix
Aε(x) = Cε(fx)−1 ◦ dxf ◦ Cε(x).

has the Lyapunov block form (5.12) (see Theorem 5.10);
2. {Cε(fm(x))}m∈Z is a tempered sequence of linear transformations.

For every regular point x ∈ M there is a neighborhood N(x) of x such that f
acts in N(x) very much like the linear map Aε(x) in a neighborhood of the origin.

Denote by Λ the set of regular points for f and by B(0, r) the standard Euclidean
r-ball in Rn centered at the origin.

Theorem 8.14 (see [135]). For every ε > 0 the following properties hold:
1. there exists a tempered function q : Λ → (0, 1] and a collection of embed-

dings Ψx : B(0, q(x)) → M for each x ∈ Λ such that Ψx(0) = x and
e−ε < q(fx)/q(x) < eε; these embeddings satisfy Ψx = expx ◦Cε(x), where
Cε(x) is the Lyapunov change of coordinates;
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2. if fx
def= Ψ−1

fx ◦ f ◦ Ψx : B(0, q(x)) → Rn, then d0fx has the Lyapunov block
form (5.12);

3. the C1 distance dC1(fx, d0fx) < ε in B(0, q(x));
4. there exist a constant K > 0 and a measurable function A : Λ → R such that

for every y, z ∈ B(0, q(x)),

K−1ρ(Ψxy,Ψxz) ≤ ‖y − z‖ ≤ A(x)ρ(Ψxy,Ψxz)

with e−ε < A(fx)/A(x) < eε.

We note that for each x ∈ Λ there exists a constant B(x) ≥ 1 such that for every
y, z ∈ B(0, q(x)),

B(x)−1ρ(Ψxy,Ψxz) ≤ ρ′x(expx y, expx z) ≤ B(x)ρ(Ψxy,Ψxz),

where ρ′x(·, ·) is the distance on expxB(0, q(x)) with respect to the Lyapunov metric
‖·‖′x. By Lusin’s Theorem, given δ > 0 there exists a set of measure at least 1− δ
where x 7→ B(x) as well as x 7→ A(x) in Theorem 8.14 are bounded.

For each regular point x ∈ Λ the set

R(x) def= Ψx(B(0, q(x)))

is called a regular neighborhood of x or a Lyapunov chart at x.
We stress that the existence of regular neighborhoods uses the fact that f is of

class C1+α in an essential way.

9. Global manifold theory

Let f : M → M be a C1+α diffeomorphism of a smooth compact Riemannian
manifold M which is nonuniformly partially hyperbolic in the broad sense on an
invariant set Λ ⊂M . Starting with local stable manifolds we will construct global
stable manifolds for f .

In the case of uniformly partially hyperbolic systems (in the broad sense) global
manifolds are integral manifolds of the stable distribution E1. The latter is, in
general, continuous but not smooth and hence, the classical Frobenius method
fails. Instead, one can glue local manifolds to obtain leaves of the foliation.

In the case of nonuniformly hyperbolic systems (in the broad sense) the sta-
ble distribution E1 may not even be continuous but measurable. The resulting
“foliation” is measurable in a sense but has smooth leaves.

9.1. Global stable and unstable manifolds. Given a point x ∈ Λ, the global
stable manifold is given by

W (x) =
∞⋃

n=0

f−n(V (fn(x))). (9.1)

This is a finite-dimensional immersed smooth submanifold of class Cr+α if f is of
class Cr+α. It has the following properties which are immediate consequences of
the Stable Manifold Theorem 8.8.

Theorem 9.1. If x, y ∈ Λ, then:
1. W (x) ∩W (y) = ∅ if y /∈W (x);
2. W (x) = W (y) if y ∈W (x);
3. f(W (x)) = W (f(x));
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4. W (x) is characterized as follows

W (x) = {y ∈M : lim
n→∞

1
n

log ρ(fn(x), fn(y)) < log λ}

(see section 6.2 for the definition of λ).

Note that local stable manifolds are not uniquely defined. Indeed, one can choose
a “smaller” submanifold containing x and lying inside V (x), and view it as a “new”
local manifold at x. However, such variations in the choice of local manifolds do
not effect the global stable manifolds in the following sense. Fix x ∈ Λ. Consider
its trajectory fn(x). For each n ≥ 0, choose a ball Bn ⊂ V (fn(x)) centered at
fn(x) of radius rn > 0.

Theorem 9.2. Assume that rn+1 > rne
−εn. Then

W (x) =
∞⋃

n=0

f−n(Bn).

We give another useful characterization of global stable manifolds in the case
when the diffeomorphism f possesses an invariant measure µ. Given ` > 1, consider
the regular set Λ`. For x ∈ Λ`, denote by ni(x) > 0 the successive moments of
time for which fni(x)(x) ∈ Λ`. For almost every x ∈ Λ` the sequence {ni(x)} is
unbounded.

Theorem 9.3 (Pesin [197]). For almost every x ∈ Λ`,

W (x) =
∞⋃

n=0

f−ni(x)(V (fni(x)(x))).

We recall that a partition W of M is called a foliation of M with smooth leaves
if there exist δ > 0, q > 0, and k ∈ N such that for each x ∈M ,

1. the element W (x) of the partition W containing x is a smooth k-dimensional
immersed submanifold; it is called the (global) leaf of the foliation at x; the
connected component of the intersection W (x) ∩ B(x, δ) that contains x is
called the local leaf at x and is denoted by V (x);

2. there exists a continuous map ϕx : B(x, q) → C1(D,M) (where D ⊂ Rk is
the unit ball) such that for every y ∈ B(x, q) the manifold V (y) is the image
of the map ϕx(y) : D →M .

The function Φx(y, z) = ϕx(y)(z) is called the foliation coordinate chart. This
function is continuous and has continuous derivative ∂Φx

∂z .
In this section we deal only with foliations with smooth leaves and simply call

them foliations. One can extend the notion of foliation to compact subsets of M
(see [113] for more details).

In view of Theorem 9.1 global stable manifolds form a partition of Λ. When
f is uniformly (partially) hyperbolic on Λ (which is compact), this partition is a
foliation. When f is nonuniformly (partially) hyperbolic this partition is a “mea-
surable” foliation in a certain sense (note that the partition by global manifolds may
not be a measurable partition). We shall not discuss measurable foliations in this
section (see Section 11.3 where we consider a very special class of such partitions).

Assume now that f is nonuniformly hyperbolic in the narrow sense on a set Λ.
For every x ∈ Λ we define the global stable manifold W s(x) as well as global unstable
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manifold by

Wu(x) =
∞⋃

n=0

fn(V u(f−n(x))).

This is a finite-dimensional immersed smooth submanifold (of class Cr+α if f is of
class Cr+α) invariant under f .

Theorem 9.4 (Pesin [197]). If x, y ∈ Λ, then:

1. Wu(x) ∩Wu(y) = ∅ if y /∈Wu(x);
2. Wu(x) = Wu(y) if y ∈Wu(x);
3. Wu(x) is characterized as follows

Wu(x) = {y ∈M : lim
n→∞

1
n

log ρ(f−n(x), f−n(y)) < − logµ}

(see Section 6.2 for the definition of µ).

We describe global manifolds for nonuniformly hyperbolic flows. Let ϕt be a
smooth flow on M which is nonuniformly partially hyperbolic on an invariant set Λ.
For every x ∈ Λ we define the global stable manifold at x by

W s(x) =
⋃
t>0

ϕ−t(V s(ϕt(x))). (9.2)

This is a finite-dimensional immersed smooth submanifold of class Cr+α if ϕt is of
class Cr+α. It satisfies Statements 1, 2, and 3 of Theorem 9.1. Furthermore, for
every y ∈W s(x) we have ρ(ϕt(x), ϕt(y)) → 0 as t→ +∞ with an exponential rate.

We also define the global weakly stable manifold at x by

W sc(x) =
⋃
t∈R

W s(ϕt(x)).

It follows from (9.2) that

W sc(x) =
⋃
t∈R

ϕt(W s(x)).

Furthermore, for every x ∈ Λ define the global unstable manifold at x by

Wu(x) =
⋃
t>0

ϕt(V u(ϕ−t(x))).

These are finite-dimensional immersed smooth submanifolds of class Cr+α if ϕt is
of class Cr+α. They satisfy Statements 1, 2, and 3 of Theorem 9.1.

We also define the global weakly unstable manifold at x by

Wuc(x) =
⋃
t∈R

Wu(ϕt(x)).

It follows from (9.2) that

W sc(x) =
⋃
t∈R

ϕt(W s(x)), Wuc(x) =
⋃
t∈R

ϕt(Wu(x)).

Global (weakly) stable and unstable manifolds form partitions of the set Λ.
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9.2. Filtrations of stable manifolds. Given a point x ∈ Λ, consider the Os-
eledets decomposition at x,

TxM =
p(x)⊕
j=1

Ej(x).

Set s(x) = max{j : χj(x) < 0} and for i = 1, . . ., s(x),

Fi(x) =
i⊕

j=1

Ej(x).

The Stable Manifold Theorem 8.9 applies to the distribution Fi(x) and provides
a C1+α local stable manifold Vi(x). It is characterized as follows: there exists
r(x) > 0 such that

Vi(x) =
{
y ∈ B(x, r(x)) : lim

n→+∞

1
n

log d(fn(x), fn(y)) < χi(x)
}
.

Local stable manifolds form the filtration of local stable manifolds at x:

x ∈ V1(x) ⊂ V2(x) ⊂ · · · ⊂ Vs(x)(x). (9.3)

We define the i-th global stable manifold at x by

Wi(x) =
∞⋃

n=0

f−n(Vi(fn(x))).

It is a finite-dimensional immersed smooth submanifold of class Cr+α if f is of
class Cr+α. It does not depend on the particular choice of local stable manifolds
in the sense of Theorem 9.2 and has the following properties which are immediate
corollaries of the Stable Manifold Theorem 8.8.

Theorem 9.5. If x, y ∈ Λ, then:
1. Wi(x) ∩Wi(y) = ∅ if y /∈Wi(x);
2. Wi(x) = Wi(y) if y ∈Wi(x);
3. f(Wi(x)) = Wi(f(x));
4. Wi(x) is characterized by

Wi(x) =
{
y ∈M : lim

n→+∞

1
n

log d(fn(x), fn(y)) < χi(x)
}
,

For each x ∈ Λ we have the filtration of global stable manifolds

x ∈W1(x) ⊂W2(x) ⊂ · · · ⊂Ws(x)(x),

Consider the case when f is a nonuniformly partially hyperbolic diffeomorphism
on an f -invariant set Λ. In a similar way, let u(x) = min{j : χj(x) > 0} and for
i = u(x), . . ., p(x),

Gi(x) =
p(x)⊕
j=i

Ej(x).

The Unstable Manifold Theorem 8.11 applies to the distribution Gi(x) and provides
a C1+α local manifold Vi(x). It is characterized as follows: there exists r(x) > 0
such that

Vi(x) =
{
y ∈ B(x, r(x)) : lim

n→−∞

1
|n|

log d(fn(x), fn(y)) < −χi(x)
}
.
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We obtain the filtration of local unstable manifolds at x:

x ∈ Vu(x)(x) ⊂ Vu(x)+1(x) ⊂ · · · ⊂ Vp(x)(x).

Finally, we have V s(x) = Vs(x)(x) and V u(x) = Vu(x)(x).6

We define the i-th global unstable manifold at x by

Wi(x) =
∞⋃

n=0

fn(Vi(f−n(x))).

It is a finite-dimensional immersed smooth submanifold of class Cr+α if f is of class
Cr+α. It does not depend on the particular choice of local unstable manifolds in
the sense of Theorem 9.2 and is characterized as follows

Wi(x) =
{
y ∈M : lim

n→−∞

1
|n|

log d(fn(x), fn(y)) < −χi(x)
}
.

For each x ∈ Λ we have the filtration of global unstable manifolds

x ∈Wu(x)(x) ⊂Wu(x)+1(x) ⊂ · · · ⊂Wp(x)(x).

Finally, consider a diffeomorphism f which is a nonuniformly completely hyperbolic
on an f -invariant set Λ.

Given r ∈ (0, r(x)) we denote by Bi(x, r) ⊂ Vi(x) the ball centered at x of radius
r with respect to the induced metric on Vi(x).

By Theorem 8.14 there exists a special Lyapunov chart at x associated with the
Oseledets decomposition at x.

1. there exists a local diffeomorphism ϕx : Ux → Rn with the property that the
spaces Ei = ϕx(expxEi(x)) form an orthogonal decomposition of Rn;

2. the subspaces Fk = ϕx(expx Fk(x)) and Gk = ϕx(expxGk(x)) are indepen-
dent of x;

3. if i = 1, . . ., p(x) and v ∈ Ei(x) then

eλi(x)−τ‖ϕx(expx v)‖ ≤ ‖ϕf(x)(expf(x) dxfv)‖

≤ eλi(x)+τ‖ϕx(expx v)‖;

4. there is a constant K and a tempered function A : Λ → R such that if y,
z ∈ Ux then

K‖ϕxy − ϕxz‖ ≤ d(y, z) ≤ A(x)‖ϕxy − ϕxz‖;

5. there exists r̃(x) ∈ (0, r(x)) such that Bi(x, r̃(x)) ⊂ Vi(x) ∩ Ux for every
x ∈ Λ and i = 1, . . ., k(x) with λi(x) 6= 0. Moreover, for 1 ≤ i ≤ s(x), the
manifolds ϕx(Vi(x)) are graphs of smooth functions ψi : Fi → Fi+1 and for
u(x) ≤ i ≤ p(x), of smooth functions ψi : Gi → Gi−1; the first derivatives of
ψi are bounded by 1/3.

It follows that for 1 ≤ i ≤ s(x),

f(Vi(x) ∩ Ux) ⊂ Vi(f(x)) ∩ Uf(x)

6This notation is a bit awkward as the supscripts s and u stand for the words “stable” and

“unstable”, while s(x) and u(x) are numbers. It may get even more confusing since the functions

s(x) and u(x), being measurable and invariant, are constant almost everywhere with respect to
any invariant measure and the constant value is often denoted by s and u. We hope the reader

will excuse us for such an abuse of notation.
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and for u(x) ≤ i ≤ p(x),

f−1(Vi(x) ∩ Ux) ⊂ Vi(f−1(x)) ∩ Uf−1(x).

9.3. Lipschitz property of intermediate stable manifolds. Local manifold
Vk(y) in (9.3) depends Lipschitz continuously on y ∈ Vk+1(x)∩Λ` for every k < s(x).
In order to state this result explicitly we shall first introduce the holonomy maps
associated with families of local stable manifolds. Fix ` ≥ 1 and x ∈ Λ`. Given
transversals T 1, T 2 ⊂ Vk+1(x) to the family of local stable manifolds

Lk(x) = {Vk(w) : w ∈ Λ` ∩B(x, r)},
we define the holonomy map

πk : Q`(x) ∩ T 1 → Q`(x) ∩ T 2

using the relation

πk(y) = T 2 ∩ Vk(w), where y = T 1 ∩ Vk(w) and w ∈ Q`(x) ∩B(x, r).

Theorem 9.6 (Barreira, Pesin and Schmeling [25]). Given ` ≥ 1, x ∈ Λ`, and
transversals T 1, T 2 ⊂ Vk+1(x) to the family Lk(x), the holonomy map πk is Lips-
chitz continuous with Lipschitz constant depending only on `.

The set Λ can be decomposed into sets Λβ in which the numbers k(x), dimEi(x),
and λi(x) are constant for each i. For every ergodic measure µ invariant under f
there exists a unique β for which the set Λβ has full µ-measure. From now on we
restrict our consideration to a subset Λβ ⊂ Λ and set k(x) = k, s(x) = s, u(x) = u,
and λi(x) = λi for each i and x ∈ Λβ .

Given ` > 0, consider the set Λ′β` defined byx ∈ Λβ : ρ(x) > 1/`, A(x) < `, ∠(Ei(x),
⊕
j 6=i

Ej(x)) >
1
`
, i = 1 . . . , k

 .

Let Λβ` be the closure of Λ′β`. For each x ∈ Λ′β` there exists an invariant de-

composition TxM =
⊕p(x)

i=1 Ei(x), filtration of local stable manifolds Vi(x) and
Lyapunov chart (Ux, ϕx) at x (see the previous section). In particular, the func-
tions ρ(x) and A(x) can be extended to Λ′β` such that ρ(x) > 1/`, A(x) < `,
and ∠(Ei(x),

⊕
j 6=iEj(x)) > 1/` for i = 1 . . . , k. The set Λβ` is compact and

Λβ` ⊂ Λβ(`+1), Λβ =
⋃

`>0 Λβ` (mod 0).
Let us fix c > 0, ` > 0, x ∈ Λβ`, and y′ ∈ Λβ` ∩ Bi+1(x, c/`). For each i < s,

consider two local smooth manifolds Tx and Ty′ in Vi+1(x), containing x and y′,
respectively and transverse to Vi(z) for all z ∈ Λβ` ∩ Bi+1(x, c/`). The holonomy
map

πi = πi(Tx, Ty′) : Tx ∩ Λβ` ∩Bi+1(x, c/`) → Ty′

is given by
πi(x′) = Vi(x′) ∩ Ty′

with x′ ∈ Tx. This map is well-defined if c is sufficiently small (c may depend on `
but does not depend on x and y).

Theorem 9.7. Let f be a C1+α diffeomorphism. For each ` > 0, i < s, x ∈ Λβ`,
and y′ ∈ Λβ`∩Bi(x, c/`) the holonomy map πi(Tx, Ty′) is Lipschitz continuous with
the Lipschitz constant depending only on β and `.
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10. Absolute continuity

Let f be a C1+α diffeomorphism of a compact smooth Riemannian manifold M .
We describe one of the most crucial properties of local stable and unstable manifolds
which is known as absolute continuity.

Consider a foliation with smooth leaves W of M (see Section 9.2). Fix x ∈ M
and let ξ be the partition of the ball B(x, q) by local manifolds V (y), y ∈ B(x, q).

The absolute continuity property addresses the following question:
If E ⊂ B(x, q) is a Borel set of positive volume, can the intersection E∩V (y)
have zero Lebesgue measure (with respect to the Riemannian volume on V (y))
for almost every y ∈ E?

If the foliation W is indeed, smooth then due to the Fubini theorem, the intersec-
tion E∩V (y) has positive measure for almost all y ∈ B(x, q). If the foliation is only
continuous the absolute continuity property may not hold. A simple example which
illustrates this paradoxical phenomenon was constructed by Katok (see below). A
continuous but not absolutely continuous foliation does not satisfy the conditions
of the Fubini theorem—a set of full Lebesgue measure may meet almost every leaf
of the foliation at a single point—the phenomenon known as “Fubini’s nightmare”.
Such pathological foliations appears generically in the stable ergodicity theory (see
Section 13.8).

A celebrated result by Anosov claims that the stable and unstable invariant
foliations for Anosov diffeomorphisms are absolutely continuous. We stress that
generically these foliations are not smooth and therefore, the absolute continuity
property is not at all trivial and requires a deep study of the structure of these
foliations.

In [10], Anosov and Sinai suggested an approach to absolute continuity which is
based on the study of the holonomy maps associated with the foliation. To explain
this, consider a foliation W . Given x, choose two transversals T 1 and T 2 to the
family of local manifolds V (y), y ∈ B(x, q). The holonomy map associates to a
point z ∈ T 1 the point w = V (z) ∩ T 2. This map is a homeomorphism. If it is
absolutely continuous (see the definition below) for all points x and transversals T 1

and T 2 then the absolute continuity property follows.
For nonuniformly hyperbolic diffeomorphisms the study of absolute continuity

is technically much more complicated due to the fact that the global stable and
unstable manifolds may not form foliations (they may not even exist for some
points in M) and the sizes of local manifolds may vary wildly from point to point.
In order to overcome this difficulty one should define and study the holonomy maps
associated with local stable (or unstable) manifolds on regular sets.

10.1. Absolute continuity of stable manifolds. Let Λ be the set of nonuni-
formly partially hyperbolic points in the broad sense for f so that Conditions (6.2)–
(6.5) hold. Let also {Λ` : ` ≥ 1} be the associated collection of regular sets. We
assume that Λ is nonempty. Without loss of generality we may assume that each set
Λ` is compact. We have Λ` ⊂ Λ`+1 for every `. Furthermore, the stable subspaces
E1(x) depend continuously on x ∈ Λ` and their sizes are bounded away from zero
by a number r` (see (8.16)).

Fix x ∈ Λ`, a number r, 0 < r ≤ r` and set

Q`(x) =
⋃

w∈Λ`∩B(x,r)

V (w), (10.1)



80 LUIS BARREIRA AND YAKOV PESIN

where B(x, r) is the ball at x of radius r. Consider the family of local stable
manifolds

L(x) = {V (w) : w ∈ Λ` ∩B(x, r)}
and a local open submanifold T which is uniformly transverse to it. For sufficiently
small r we can chose T such that the set exp−1

x T is the graph of a smooth map
ψ : B2(q) ⊂ E2(x) → E1(x) (for some q > 0) with sufficiently small C1 norm. In
this case T intersects each local stable manifold V (w) ∈ L(x) and this intersection
is transverse. We will consider local open submanifolds constructed only in this
way and call them transversals to the family L(x). We also say that the map ψ
represents T .

Let T 1 and T 2 be two transversals to the family L(x). We define the holonomy
map

π : Q`(x) ∩ T 1 → Q`(x) ∩ T 2

by setting

π(y) = T 2 ∩ V (w), if y = T 1 ∩ V (w) and w ∈ Q`(x) ∩B(x, r).

The holonomy map π is a homeomorphism onto its image. It depends on x, `, T 1,
and T 2. Set

∆(T 1, T 2) = ‖ψ1 − ψ2‖C1 , (10.2)
where the maps ψ1 and ψ2 represent T 1 and T 2 respectively.

Given a smooth submanifold W in M , we denote by νW the Riemannian volume
on W induced by the restriction of the Riemannian metric to W . We denote by
Jac (π)(y) the Jacobian of the holonomy map π at the point y ∈ Q`(x)∩T 1 specified
by the measures νT 1 and νT 2 .

Theorem 10.1 (Absolute Continuity). Given ` ≥ 1, x ∈ Λ`, and transversals
T 1 and T 2 to the family L(x), the holonomy map π is absolutely continuous (with
respect to the measures νT 1 and νT 2) and the Jacobian Jac (π) is bounded from
above and bounded away from zero.

Remark 10.2. (1) One can obtain an explicit formula for the Jacobian. Namely,
for every y ∈ Q`(x) ∩ T 1,

Jac (π)(y) =
∞∏

k=0

Jac (dfk(π(y))f
−1|Tfk(π(y))f

k(T 2))
Jac (dfk(y)f−1|Tfk(y)fk(T 1))

(in particular, the infinite product on the right hand-side converges).
(2) In the case when f is nonuniformly hyperbolic on Λ, one can show that the

Jacobian Jac (π) satisfies

|Jac (π)− 1| ≤ C∆(T 1, T 2), (10.3)

where C > 0 is a constant and ∆(T 1, T 2) is given by (10.2).
(3) If the holonomy map π is absolutely continuous then the foliation W has the

absolute continuity property (see Theorem 11.1). However, the absolute continuity
property of the foliation W does not necessarily imply that the the holonomy map
π is absolutely continuous.

The first basic proof of the Absolute Continuity theorem for nonuniformly par-
tially hyperbolic diffeomorphisms (in the broad sense) was obtained by Pesin in
[196]. A more conceptual and lucid proof (but for a less general case of nonuniform



SMOOTH ERGODIC THEORY AND NONUNIFORMLY HYPERBOLIC DYNAMICS 81

complete hyperbolicity) can be found in [24]. A somewhat different approach to
absolute continuity was suggested by Pugh and Shub (see [208]).

Let us outline the main idea of the proof following the line of Pesin’s argument.
To estimate the Jacobian Jac (π) choose a small open set A ⊂ T 1 and let B =
π(A) ⊂ T 2. We need to compare the measures νT 1(A ∩ Λ`) and νT 2(B ∩ Λ`).
Consider the images fm(A) and fm(B), m > 0 which are smooth submanifolds
of M . When m increases the sets A ∩ Λ` and B ∩ Λ` may get stretched and/or
shrunk in the “unstable” direction E2. This may occur with at most an exponential
uniform rate γ with some λ < γ < min{1, µ}. On the other hand, the distance
between the sets fm(A ∩ Λ`) and fm(B ∩ Λ`) gets exponentially small with a
uniform rate λ′ where λ < λ′ < γ.

We then cover the set fm(A∩Λ`) and fm(B ∩Λ`) by specially chosen open sets
whose sizes are of order γm such that the multiplicity of these covers is finite and
depends only on the dimension of T 1. More precisely, given a point w ∈ Λ`∩B(x, r),
let yi = V (w) ∩ T i, i = 1, 2. Fix a number q > 0. In view of Theorem 8.13 there
exists an open neighborhood T i

m(w, q) ⊂ T i
m of the point fm(yi) such that

T i
m(w, q) = expwm

{(ψi
m(v), v) : v ∈ B2(qm)},

where the map ψi
m : B2(qm) → E1(fm(w)) represents T i

m(w, q) and B2(qm) ⊂
E1(fm(w)) is the ball centered at zero of radius qm = qγm. If q = q(m) is suffi-
ciently small then for any w ∈ Λ` ∩B(x, r) and k = 0, . . ., m we have that

f−1(T i
k(w, q)) ⊂ T i

k−1(w, q), i = 1, 2.

We now compare the measures νT 1
m
|T 1

m(w, q) and νT 2
m
|T 2

m(w, q) for sufficiently large
m.

Lemma 10.3. There exists C1 > 0 such that the following holds: for any m > 0
there exists q0 = q0(m) > 0 such that for any 0 < q ≤ q0 we have

C−1
1 ≤

νT 1
m

(T 1
m(w, q))

νT 2
m

(T 2
m(w, 2q))

≤ C1.

Lemma 10.4. For any sufficiently large m > 0 there are points wj ∈ Λ` ∩B(x, r),
j = 1, . . ., p = p(m) and a number q = q(m) > 0 such that the sets W 1

m(wj , q) form
an open cover of the set fm(Q`(x) ∩ T 1) (see (10.1)) of finite multiplicity which
depends only on the dimension of T 1.

For sufficiently large m the sets T 2
m(w, 2q) cover the set fm(B ∩ Λ`). It follows

from Lemmas 10.3 and 10.4 that the ratio of the measures of the sets fm(A ∩ Λ`)
and fm(B ∩ Λ`) is bounded.

To return back to the measure νT 1(A ∩ Λ`) we use the well-known relation

νT 1(A ∩ Λ`) =
∫

fm(A∩Λ`)

Jac (df−m|Tyf
m(T 1))dνfm(T 1)(y).

Similar relation holds for the measures νT 2(B ∩ Λ`) and νfm(T 2)(fm(B ∩ Λ`)). It
remains to estimate the ratio of the Jacobians of the pullbacks df−m|Tyf

m(T 1) and
df−m|Tπ(y)f

m(T 2) for y ∈ fm(A∩Λ`). To do this choose a point z ∈ f−m(T i
m(w, q))

and set zm = fm(z) and

Di(z,m) = Jac (dzmf
−m|TzmT

i
m(w, q)).
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Lemma 10.5. There exist C2 > 0 and m1(`) > 0 such that for every w ∈ Λ` ∩
B(x, r) and m ≥ m1(`) one can find q = q(m) such that

C−1
2 ≤

∣∣∣∣D2(y2
m,m)

D1(y1
m,m)

∣∣∣∣ ≤ C2,

and for z ∈ f−m(T 1
m(w, q)),

C−1
2 ≤

∣∣∣∣D1(zm,m)
D1(y1

m,m)

∣∣∣∣ ≤ C2.

This result allows one to compare the measures of the preimages under f−m of
T 1

m(w, q) and T 2
m(w, q). More precisely, the following statement holds.

Lemma 10.6. There exist C3 > 0 and m2(`) > 0 such that if w ∈ Λ`∩B(x, r) and
m ≥ m2(`), then one can find q = q(m) such that

C−1
3 ≤ νT 1(f−m(T 1

m(w, q)))
νT 2(f−m(T 2

m(w, q)))
≤ C3.

10.2. Non-absolutely continuous foliation. We describe an example due to
Katok of a nonabsolutely continuous foliation (another version of this example
can be found in [183]; see also Section 6.2 of the Chapter “Partially hyperbolic
dynamical systems” by B. Hasselblatt and Ya. Pesin in this volume [106]). Consider
a hyperbolic automorphism A of the torus T2 and let {ft : t ∈ S1} be a family of
diffeomorphisms preserving the area m and satisfying the following conditions:

1. ft is a small perturbation of A for every t ∈ S1;
2. ft depends smoothly on t;
3. the function h(t) = hm(ft) is strictly monotone in a small neighborhood of
t = 0 (here hm(ft) is the metric entropy of the diffeomorphism ft).

Note that for any family ft the entropy is given by

h(t) =
∫

T2
log ‖dxft|Eu

t (x)‖ dm(x),

where Eu
t (x) denotes the unstable subspace of ft at the point x (see Section 14).

Hence, one can modify A in a small neighborhood such that h(t) is strictly mono-
tone.

We introduce the diffeomorphism F : T2 × S1 → T2 × S1 by F (x, t) = (ft(x), t).
Since ft is sufficiently close to A, they are conjugate via a Hölder homeomorphism
gt, i.e., ft = gt ◦A ◦ g−1

t . Given x ∈ T2, consider the set

H(x) = {(gt(x), t) : t ∈ S1}.
It is diffeomorphic to the circle S1 and the collection of these sets forms an F -
invariant foliation H of T2 × S1 = T3 with F (H(x)) = H(A(x)). Note that H(x)
depends Hölder continuously on x. However, the holonomy maps associated with
the foliation H are not absolutely continuous. To see this consider the holonomy
map

πt1,t2 : T2 × {t1} → T2 × {t2}.
We have that

π0,t(x, 0) = (gt(x), t) and F (π0,t(x, 0)) = π0,t(A(x), 0).

If the map π0,t (with t being fixed) were absolutely continuous the measure (π0,t)∗m
would be absolutely continuous with respect to m. Note that each map ft is ergodic
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(it is conjugate to the ergodic mapA) and hence, m is the only absolutely continuous
ft-invariant probability measure. Thus, (π0,t)∗m = m. In particular, h(t) = h(0).
Since the entropy function h(t) is strictly monotone in a small neighborhood of
t = 0, the map gt is not absolutely continuous for small t and so is the map π0,t.

This example is a particular case of a more general situation of partially hyper-
bolic systems with nonintegrable central foliations, see [112].

11. Smooth invariant measures

In this section we deal with dynamical systems on compact manifolds which
preserve smooth measures and are nonuniformly hyperbolic on some invariant sub-
sets of positive measure (in particularly, on the whole manifold). We will present
a sufficiently complete description of ergodic properties of the system. Note that
most complete results (for example, on ergodicity, K-property and Bernoulli prop-
erty) can be obtained when the system is completely hyperbolic. However, some
results (for example, on Pinsker partition) hold true if only partial hyperbolicity
in the broad sense is assumed. One of the main technical tools to in the study is
the absolute continuity property of local stable and unstable invariant manifolds
established in the previous section.

11.1. Absolute continuity and smooth measures. We begin with a more de-
tailed description of absolute continuity of local stable and unstable manifolds for
diffeomorphisms with respect to smooth measures.

Let f be a C1+α diffeomorphism of a smooth compact Riemannian manifold M
without boundary and let ν be a smooth measure, i.e., a probability measure which
is equivalent to the Riemannian volume m. Let also Λ be the set of nonuniformly
partially hyperbolic points in the broad sense for f . We assume that ν(Λ) = 1.

Consider a regular set Λ` of positive measure. For every x ∈ Λ` we have the
filtration of stable subspaces at x:

0 ∈ F1(x) ⊂ F2(x) ⊂ · · · ⊂ Fs(x)(x)

and the corresponding filtration of local stable manifolds at x:

x ∈ V1(x) ⊂ V2(x) ⊂ · · · ⊂ Vs(x)(x)

(see Section 9.2). Since Vk(x) depends continuously on x ∈ Λ`, without loss of
generality we may assume that s(x) = s, dimVk(x) = dk for every x ∈ Λ` and
1 ≤ s ≤ p. Fix x ∈ Λ` and consider the family of local stable manifolds

L`
k(x) = {Vk(y) : y ∈ B(x, r) ∩ Λ`}.

For y ∈ B(x, r) ∩ Λ`, denote by mk(y) the Riemannian volume on Vk(w) induced
by the Riemannian metric on M . Consider the set

P `
k(x, r) =

⋃
y∈B(x,r)∩Λ`

Vk(w)

and its partition ξk by local manifolds Vk(y). Denote by νk(y) the conditional
measure on Vk(y) generated by the partition ξk and the measure ν. The factor
space P `(x, r)/ξk can be identified with the subset

Ak(x) = {w ∈ T : there is y ∈ Λ` ∩B(x, r) such that w = T ∩ Vk(y)},

where T is a transverse to the family L`
k.
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Theorem 11.1. The following statements hold:
1. for ν-almost every y ∈ Λ` ∩ B(x, r), the measures νk(y) and mk(y) are

equivalent, i.e.,

dνk(y)(z) = κk(y, z)dmk(y)(z),

where κk(y, z), z ∈ Vk(y) is the density function;
2.

κk(y, z) =
∞∏

i=0

Jac (df |Fk(f i(z)))
Jac (df |Fk(f i(y)))

;

3. the function κk(y, z) is Hölder continuous;
4. there is C = C(`) > 0 such that

C−1dmk(y)(z) ≤ dνk(y)(z) ≤ Cdmk(y)(z);

5. mk(x)(V k(x) \ Λ) = 0 for ν-almost every x ∈ Λ.

We now consider the case when Λ is a nonuniformly completely hyperbolic set
for f . The above results apply to the families of local stable and unstable manifolds.
For y ∈ B(x, r)∩Λ` let ms(y) and mu(y) be the Riemannian volumes on V s(y) and
V u(y) respectively. Let also ξs and ξu be the partitions of B(x, r) by local stable
and unstable manifolds, and νs(y) (respectively νu(y)) the conditional measures on
V s(y) (respectively V u(y)) generated by ν and the partitions ξs (respectively ξu).
Finally, let ν̂s (respectively ν̂u) be the factor measures.

Theorem 11.2. The following statements hold:
1. for ν-almost every y ∈ Λ` ∩B(x, r) the measures νs(y) and ms(y) are equiv-

alent; moreover, dνs(y)(z) = κ(y, z)dms(y)(z) where

κ(y, z) =
∞∏

i=0

Jac (df |Es(f i(z))
Jac (df |Es(f i(y))

;

2. the factor measures ν̂s is equivalent to the measure mu(x)|Ak(x);
3. ms(x)(V s(x) \ Λ) = 0 for ν-almost every x ∈ Λ;
4. similar statements hold for the family of local unstable manifolds.

11.2. Ergodic components. The following statement is one of the main results
of smooth ergodic theory. It describes the decomposition of a hyperbolic smooth
invariant measure into its ergodic components.

Theorem 11.3 (Pesin [197]). Let f be a C1+α diffeomorphism of a smooth com-
pact Riemannian manifold M and ν an f-invariant smooth (completely) hyperbolic
measure on M . There exist invariant sets Λ0, Λ1, . . . such that:

1.
⋃

i≥0 Λi = Λ, and Λi ∩ Λj = ∅ whenever i 6= j;
2. ν(Λ0) = 0, and ν(Λi) > 0 for each i ≥ 1;
3. f |Λi is ergodic for each i ≥ 1.

The proof of this theorem exploits a simple yet deep argument due to Hopf [116].
Consider the regular sets Λ` of positive measure and let x ∈ Λ` be a Lebesgue point.
For each r > 0 set

P `(x, r) =
⋃

y∈Λ`∩B(x,r)

V s(y).
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Clearly, P `(x, r) has positive measure. It turns out that for a sufficiently small
r = r(`) the set

Q(x) =
⋃
n∈Z

fn(P `(x, r))

is an ergodic component, i.e., the map f |Q(x) is ergodic. Indeed, given an f -
invariant continuous function ϕ, consider the functions

ϕ(x) = lim
n→∞

1
2n+ 1

n∑
k=−n

ϕ(fk(x)),

ϕ+(x) = lim
n→∞

1
n

n∑
k=1

ϕ(fk(x)), and ϕ−(x) = lim
n→∞

1
n

n∑
k=1

ϕ(f−k(x))

which are well-defined for ν-almost every point x. We also have that ϕ(x) =
ϕ+(x) = ϕ−(x) outside a subset N ⊂M of zero measure.

Since ρ(fn(z), fn(w)) → 0 as n→∞ and ϕ is continuous, we obtain

ϕ(z) = ϕ+(z) = ϕ+(w) = ϕ(w).

Notice that the continuous functions are dense in L1(M,ν) and hence, the functions
of the form ϕ are dense in the set of f -invariant Borel functions.

It remains to show that the function ϕ(z) is constant almost everywhere. By
Theorem 11.2 there exists a point y ∈ (Λ` ∩B(x, r)) \N such that mu(y)(V u(y) ∩
N) = 0 (recall that νs(y) and νu(y) are, respectively, the measures induced on
V s(y) and V u(y) by the Riemannian volume). Let

P s =
⋃
V s(w),

where the union is taken over all points w ∈ Λ` ∩ B(x, r`) for which, respectively,
V s(w) ∩ V u(y) ∈ N . By absolute continuity property, we have ν(P s) = 0.

Let z1, z2 ∈ P `(x, r) \ (P s ∪ N). There are points wi ∈ Λ` ∩ B(x, r) such that
zi ∈ V s(wi) for i = 1, 2. Note that the intersection V s(wi) ∩ V u(y) is nonempty
and consists of a single point yi, i = 1, 2. We have that

ϕ(z)(z1) = ϕ(z)(y1) = ϕ(z)(y2) = ϕ(z)(z2)

and the ergodicity of f |Q(x) follows.
Since almost every point x ∈ Λ is a Lebesgue point of Λ` for some `, the invariant

sets Q(x) cover the set Λ (mod 0) and there is at most countable many such sets.
We denote them by Q1, Q2, . . .. We have ν(Qi) > 0 for each i ≥ 1, and the
set Λ0 = Λ \

⋃
i≥1Qi has zero measure. Since f |Qi is ergodic Qi ∩ Qj = ∅

(mod 0) whenever i 6= j. If we set Λn = Qn \
⋃n−1

i=1 Qi then Λi ∩ Λj = ∅ and
ν(Qi) = ν(Λi) > 0.

We describe an example of a diffeomorphism with nonzero Lyapunov exponents
that has more than one ergodic component. Consider the diffeomorphism GT2 of
the torus T2 constructed in Section 2.2. This map is ergodic. The punched torus
T2 \ {0} is C∞-diffeomorphic to the manifold T2 \U , where U is a small open disk
around 0 and U denotes its closure. Therefore, we obtain a C∞ diffeomorphism
FT2 of the manifold T2 \U with FT2 |∂U = Id. We have that FT2 preserves a smooth
measure, has nonzero Lyapunov exponents, and is ergodic.

Let (M̃, F̃T2) be a copy of (M,FT2). By gluing the manifolds M and M̃ along ∂U
we obtain a smooth compact manifold M without boundary and a diffeomorphism
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F of M which preserves a smooth measure and has nonzero Lyapunov exponents
almost everywhere. However, the map F is not ergodic and has two ergodic com-
ponents of positive measure (M and M̃).

Similarly, one can obtain a diffeomorphism with nonzero Lyapunov exponents
with n ergodic components of positive measure for an arbitrary n. However, it does
not seem feasible to push this construction further and obtain a diffeomorphism with
nonzero Lyapunov exponents with countably many ergodic components of positive
measure. Such an example was constructed by Dolgopyat, Hu and Pesin in [77]
using a different approach. It illustrates that Theorem 11.3 cannot be improved.

Example 11.4. There exists a volume-preserving C∞ diffeomorphism f of the
three-dimensional torus T3 with nonzero Lyapunov exponents almost everywhere
and countably many ergodic components which are open (mod 0).

The construction starts with a linear hyperbolic automorphism A : T2 → T2

which has at least two fixed points p and p′. The desired map f is obtained as a
perturbation of the map F = A× Id of the three-dimensional torus T3 = T2 × S1.
More precisely, consider a countable collection of intervals {In}∞n=1 on the circle S1,
where

I2n = [(n+ 2)−1, (n+ 1)−1], I2n−1 = [1− (n+ 1)−1, 1− (n+ 2)−1].

Clearly,
⋃∞

n=1 In = (0, 1) and int In are pairwise disjoint.
The main result in [77] states that for any k ≥ 2 and δ > 0, there exists a map

g of the three-dimensional manifold M = T2 × I such that:
1. g is a C∞ volume-preserving diffeomorphism of M ;
2. ‖F − g‖Ck ≤ δ;
3. for all 0 ≤ m <∞, Dmg|T2 × {z} = DmF |T2 × {z} for z = 0 and 1;
4. g is ergodic with respect to the Riemannian volume and has nonzero Lya-

punov exponents almost everywhere.
Applying this result, for each n, one can construct a C∞ volume-preserving

ergodic diffeomorphism fn : T2 × [0, 1] → T2 × [0, 1] satisfying

1. ‖F − fn‖Cn ≤ e−n2
;

2. Dmfn|T2 × {z} = DmF |T2 × {z} for z = 0 or 1 and all 0 ≤ m <∞;
3. fn has nonzero Lyapunov exponents µ-almost everywhere.

Let Ln : In → [0, 1] be the affine map and πn = (Id, Ln) : T2 × In → T2 × [0, 1].
The desired map f is given by f |T2 × In = π−1

n ◦fn ◦πn for all n and f |T2 × {0} =
F |T2 × {0}. Note that for every n > 0 and 0 ≤ m ≤ n,

‖DmF |T2 × In − π−1
n ◦Dmfn ◦ πn‖Cn ≤ ‖π−1

n ◦ (DmF −Dmfn) ◦ πn‖Cn

≤ e−n2
· (n+ 1)n → 0

as n→∞. It follows that f is C∞ on M and it has the required properties.
In the following section we describe a result (see Theorem 11.9) which provides

some additional conditions guaranteeing that the number of ergodic component in
Theorem 11.3 is finite. Roughly speaking one should require that: 1) the global
stable (or unstable) foliation extends to a continuous foliation of the manifold and
that 2) the Lyapunov exponents χi(x) are away from zero uniformly over x.

We now consider the case of a smooth flow ϕt on a compact manifold M pre-
serving a smooth hyperbolic measure ν. We also assume that ν vanishes on the set
of fixed points of ϕt.
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Since the time-one map of the flow is nonuniformly partially hyperbolic we con-
clude that the families of local stable and unstable manifolds possess the absolute
continuity property. This is a key fact which allows one to study the ergodic prop-
erties of nonuniformly hyperbolic flows.

Theorem 11.5 (Pesin [197]). There exist invariant sets Λ0, Λ1, . . . such that
1.
⋃

i≥0 Λi = Λ, and Λi ∩ Λj = ∅ whenever i 6= j;
2. ν(Λ0) = 0, and ν(Λi) > 0 for each i ≥ 1;
3. ϕt|Λi is ergodic for each i ≥ 1.

Using the flow described in Section 2.6 one can construct an example of a flow
with nonzero Lyapunov exponents which has an arbitrary finite number of ergodic
components.

11.3. Local ergodicity. Consider a C1+α diffeomorphism of a compact manifold
M preserving a smooth hyperbolic measure. In this section we discuss the local
ergodicity problem. – under what conditions ergodic components are open (up to a
set of measure zero).

In this connection the following two problems are of interest:

Problem 11.6. Is there a volume-preserving diffeomorphism which has nonzero
Lyapunov exponents almost everywhere such that some (or even all) of its ergodic
components with positive measure are not open (mod 0)?

Problem 11.7. Is there a volume-preserving diffeomorphism which has nonzero
Lyapunov exponents on an open (mod 0) and dense set U such that U has positive
but not full measure? Is there a volume preserving diffeomorphism with the above
property such that f |U is ergodic?

The main obstacles for local ergodicity are the following:
1. the stable and unstable distributions are measurable but not necessarily

continuous;
2. the global stable (or unstable) leaves may not form a foliation;
3. the unstable leaves may not expand under the action of fn (note that they

are defined as being exponentially contracting under f−n, so that they are
determined by the negative semi-trajectory); the same is true for stable leaves
with respect to the action of f−n.

There are three different ways to obtain sufficient conditions for local ergodicity.
Each of them is based on requirements which eliminate one or more of the above
mentioned obstacles.

1. The first one is due to Pesin [197]. It requires a special structure of the
global stable or unstable manifolds and is used to establish local ergodicity
of geodesic flows (see Section 17).

2. The second one is due to Katok and Burns [132]. Its main advantage is that
it relies on requirements on the local behavior of the system.

3. The third one is due to Liverani and Wojtkovski [167]. It deals with sym-
plectic dynamical systems and is an adaptation of the Sinai method (that
was developed for billiard dynamical systems; see [233]) to nonuniformly hy-
perbolic dynamical systems (both smooth and smooth with singularities; see
Section 18).
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1. We first describe the approach in [197]. Roughly speaking it requires that the
stable (or unstable) leaves form a foliation of a measurable subset of full measure
in M . First, we extend the notion of foliation of M with smooth leaves, introduced
in Section 9.2, to foliation of a measurable subset.

Given a subset X ⊂ M , we call a partition ξ of X a (δ, q)-foliation of X with
smooth leaves or simply a (δ, q)-foliation of X if there exist continuous functions
δ : X → (0,∞) and q : X → (0,∞) and an integer k > 0 such that for each x ∈ X:

1. there exists a smooth immersed k-dimensional submanifold W (x) containing
x for which ξ(x) = W (x) ∩ X where ξ(x) is the element of the partition
ξ containing x; the manifold W (x) is called the (global) leaf of the (δ, q)-
foliation at x; the connected component of the intersection W (x)∩B(x, δ(x))
that contains x is called the local leaf at x and is denoted by V (x);

2. there exists a continuous map ϕx : B(x, q(x)) → C1(D,M) (D ⊂ Rk is the
open unit ball) such that for every y ∈ X ∩B(x, q(x)) the manifold V (y) is
the image of the map ϕx(y) : D →M .

For every x ∈ X and y ∈ B(x, q(x)) we set U(y) = ϕ(y)(D) and we call it the
local leaf of the (δ, q)-foliation at y. Note that U(y) = V (y) for y ∈ X.

The following result establishes the local ergodicity property in the case when
the stable (or unstable) foliation for f extends to a continuous foliation of M with
smooth leaves.

Theorem 11.8 (Pesin [197]). Let f be a C1+α diffeomorphism of a compact smooth
Riemannian manifold M preserving a smooth measure ν and nonuniformly hyper-
bolic on an invariant set Λ. Assume that ν(Λ) > 0 and that there exists a (δ, q)-
foliation W of Λ such that W (x) = W s(x) for every x ∈ Λ (where W s(x) is the
global stable manifold at x; see Section 8). Then every ergodic component of f of
positive measure is open (mod 0) in Λ (with respect to the induced topology).

This theorem provides a way to establish the ergodicity of the map f |Λ. Namely,
under the conditions of Theorem 11.8 every ergodic component of f of positive
measure that lies in Λ is open (mod 0), hence, the set Λ is open (mod 0) and, if
f |Λ is topologically transitive, then f |Λ is ergodic.

In general, a diffeomorphism f preserving a smooth hyperbolic measure may have
countably many ergodic components which are open (mod 0) (see Example 11.4).
We describe a criterion which guarantees that the number of open (mod 0) ergodic
components is finite.

Theorem 11.9. Let f be a C1+α diffeomorphism of a compact smooth Riemannian
manifold M preserving a smooth measure ν and nonuniformly hyperbolic on an
invariant set Λ. Assume that ν(Λ) > 0 and that there exists a continuous foliation
W of M with smooth leaves such that W (x) = W s(x) for every x ∈ Λ. Assume, in
addition, that there exists a number a > 0 such that for almost every x ∈M ,

|χi(x)| > a. (11.1)

Then f |Λ has at most finitely many ergodic components of positive measure.

To see this observe that Assumption (11.1) allows one to apply Proposition 13.16
and find a number r > 0 with the following property: for almost every x ∈ Λ there
is n = n(x) such that the size of a local unstable manifold V u(fn(x)) is at least r.
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Let x be a density point of Λ. Consider the set

P (x, r) =
⋃

y∈V u(fn(x))

Bs(y, r),

where Bs(y, r) is the ball in W s(y) centered at y of radius r. This set is contained
in an ergodic component. It is also open and contains a ball of radius ε > 0 which
does not depend on x. Thus, every ergodic component contains a ball of radius ε.

For a general diffeomorphism preserving a smooth hyperbolic measure, one
should not expect the unstable (and stable) leaves to form a (δ, q)-foliation for
some functions δ(x) and q(x). In order to explain why this can happen consider a
local unstable manifold V u(x) passing through a point x ∈ Λ. For a typical x and
sufficiently large `, the set V u(x)∩Λ` has positive Riemannian volume (as a subset
of the smooth manifold V u(x)) but is, in general, a Cantor-like set. When the local
manifold is moved forward a given time n one should expect a sufficiently small
neighborhood of the set V u(x) ∩ Λ` to expand. Other pieces of the local manifold
(corresponding to bigger values of `) will also expand but with smaller rates. As
a result the global leaf Wu(x) (defined by (9.1)) may bend “uncontrollably”—the
phenomenon that is yet to be observed but is thought to be “real” and even “typi-
cal” in some sense. As a result the map x 7→ ϕx in the definition of a (δ, q)-foliation
may not be, indeed, continuous.

Furthermore, the global manifold Wu(x) may be “bounded”, i.e., it may not
admit an embedding of an arbitrarily large ball in Rk (where k = dimWu(x)).
This phenomenon is yet to be observed too.

The local continuity of the global unstable leaves often comes up in the follow-
ing setting. Using some additional information on the system one can build an
invariant foliation whose leaves contain local unstable leaves. This alone may not
yet guarantee that global unstable leaves form a foliation. However, one often may
find that the local unstable leaves expand in a “controllable” and somewhat uni-
form way when they are moved forward. We will see below that this guarantees
the desired properties of unstable leaves. Such a situation occurs, for example,
for geodesic flows on compact Riemannian manifolds of nonpositive curvature (see
Section 17.1).

We now state a formal criterion for local ergodicity.

Theorem 11.10 (Pesin [197]). Let f be a C1+α diffeomorphism of a compact
smooth Riemannian manifold, preserving a smooth hyperbolic measure ν, and non-
uniformly hyperbolic on an invariant set Λ of full measure. Let also W be a (δ, q)-
foliation of Λ with the following properties:

1. W (x) ⊃ V s(x) for every x ∈ Λ;
2. there exists a number δ0 > 0 and a measurable function n(x) on Λ such that

for almost every x ∈ Λ and any n ≥ n(x),

f−n(V s(x)) ⊃ BW (f−n(x), δ0).

Then every ergodic component of f of positive measure is open (mod 0).

In the case of one-dimensional (δ, q)-foliations the second condition of Theo-
rem 11.10 holds automatically and hence, can be omitted.

Theorem 11.11 (Pesin [197]). Let W be a one-dimensional (δ, q)-foliation of Λ,
satisfying the following property: W (x) ⊃ V s(x) for every x ∈ Λ. Then every
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ergodic component of f of positive measure is open (mod 0). Moreover, W s(x) =
W (x) for almost every x ∈ Λ.

One can readily extend Theorems 11.10 and 11.11 to the case when the set Λ is
open (mod 0) and has positive (not necessarily full) measure as well as to dynamical
systems with continuous time.

Theorem 11.12. Let f be a C1+α diffeomorphism of a compact smooth Riemann-
ian manifold preserving a smooth measure ν and nonuniformly hyperbolic on an
invariant set Λ. Assume that Λ is open (mod 0) and has positive measure. Let also
W be a (δ, q)-foliation of Λ which satisfies properties 1 and 2 in Theorem 11.10.
Then every ergodic component of f |Λ of positive measure is open (mod 0).

Theorem 11.13. Let ϕt be a smooth flow of a compact smooth Riemannian man-
ifold preserving a smooth measure ν and nonuniformly hyperbolic on an invariant
set Λ. Assume that Λ is open (mod 0) and has positive measure. Let also W be a
(δ, q)-foliation of Λ with the following properties:

1. W (x) ⊃ V s(x) for every x ∈ Λ;
2. there exists a number δ0 > 0 and a measurable function t(x) on Λ such that

for almost every x ∈ Λ and any t ≥ t(x),

ϕ−t(V s(x)) ⊃ BW (ϕ−t(x), δ0).

Then every ergodic component of the flow ϕt|Λ of positive measure is open (mod 0).

2. We now describe the approach in [132] to study the local ergodicity. A con-
tinuous function Q : TM → R is called an infinitesimal eventually strict Lyapunov
function for f over a set U ⊂M if:

1. for each x ∈ U the function Qx = Q|TxM is homogeneous of degree one,
and takes on both positive and negative values;

2. there exist continuous distributions Ds
x ⊂ Cs(x) and Du

x ⊂ Cu(x) such that
TxM = Ds

x ⊕Du
x for all x ∈ U , where

Cs(x) = Q−1((−∞, 0)) ∪ {0} and Cu(x) = Q−1((0,∞)) ∪ {0};
3. for every x ∈ U , n ∈ N, fn(x) ∈ U , and v ∈ TxM ,

Qfn(x)(dxf
nv) ≥ Qx(v);

4. for ν-almost every x ∈ U there exist k = k(x), ` = `(x) ∈ N such that
fk(x) ∈ U , f−`(x) ∈ U , and for v ∈ TxM \ {0},

Qfk(x)(dxf
kv) > Qx(v) and Qf−`(x)(dxf

−`v) < Qx(v).

A function Q is called an infinitesimal eventually uniform Lyapunov function for f
over a set U ⊂ M if it satisfies Conditions 1–3 and the following condition: there
exists ε > 0 such that for ν-almost every x ∈M one can find k = k(x), ` = `(x) ∈ N
for which fk(x) ∈ U , f−`(x) ∈ U , and if v ∈ TxM \ {0} then

Qfk(x)(dxf
kv) > Qx(v) + ε‖v‖

and
Qf−`(x)(dxf

−`v) < Qx(v)− ε‖v‖.
The following result gives a criterion for local ergodicity in terms of infinitesimal
Lyapunov functions.

Theorem 11.14 (Katok and Burns [132]). The following properties hold:
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1. If f possesses an infinitesimal eventually strict Lyapunov function Q over
an open set U ⊂ M , then almost every ergodic component of f on the set⋃

n∈Z f
n(U) is open (mod 0).

2. If f possesses an infinitesimal eventually uniform Lyapunov function Q over
an open set U ⊂M , then every connected component of the set

⋃
n∈Z f

n(U)
belongs to one ergodic component of f . Moreover, if U is connected then f |U
is a Bernoulli transformation.

This theorem was first proved by Burns and Gerber [54] for flows in dimension 3.
We sketch the proof of this theorem. When Q is an infinitesimal eventually

strict Lyapunov function, given a compact set K ⊂ U , one can use the uniform
continuity of x 7→ Qx on the setK, and Requirement 3 in the definition of Lyapunov
function to show that the size of the stable and unstable manifolds onK is uniformly
bounded away from zero. Furthermore, using Requirement 4 one can show that for
ν-almost every point z ∈ M there exist θ = θ(z) > 0 and a neighborhood N of z
such that for ν-almost every x ∈ N and y ∈ V u(x)∩N the tangent space TyV

u(x)
is in the θ-interior of Cu(y). A similar statement holds for stable manifolds.

Together with Requirement 2 this implies that the stable and unstable manifolds
have almost everywhere a “uniform” product structure; namely, for almost every
x ∈ U there exist a neighborhood N(x) of x and δ > 0 such that:

1. V s(y) and V u(y) have size at least δ for almost every y ∈ N(x);
2. V s(y) ∩ V u(z) 6= ∅ for ν × ν-almost every (y, z) ∈ N(x)×N(x).

The proof of Statement 1 follows now by applying the Hopf argument.
When Q is an infinitesimal eventually uniform Lyapunov function, the function

θ(z) is uniformly bounded away from zero. This can be used to establish that for
every x (and not only almost every x) there exists a neighborhood N(x) of x and
δ > 0 with the above properties. A similar argument now yields the first claim in
Statement 2. The last claim is an immediate consequence of Theorem 11.19.

3. Finally we outline the approach in [167] to study the local ergodicity in the
symplectic case. This approach is built upon a method which was developed by
Sinai [233] in his pioneering work on billiard systems. It has been later improved
by Sinai and Chernov [234] and by Krámli, Simányi and Szász [150] who considered
semidispersing billiards.

Let M be a smooth compact symplectic manifold of dimension 2d with the sym-
plectic form ω. Let also f : M →M be a symplectomorphism (i.e., a diffeomorphism
of M which preserves the symplectic structure).

Fix x ∈ M . A subspace V ⊂ TxM is called Lagrangian if V is a maximal sub-
space on which ω vanishes (it has dimension d). Given two transverse Lagrangian
subspaces V1 and V2 define the sector between them by

C = C(V1, V2) = {v ∈ TxM : ω(v1, v2) ≥ 0 for v = v1 + v2, vi ∈ Vi, i = 1, 2}.

Define the quadratic form associated with an ordered pair of transverse Lagrangian
subspaces V1 and V2 by

Q(v) = Q(V1, V2, v) = ω(v1, v2) for v = v1 + v2, vi ∈ Vi, i = 1, 2.

Using this quadratic form we can write the cone C(V1, V2) in the form

C(V1, V2) = {v ∈ TxM : Q(v) ≥ 0}.
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We define the interior of the cone by

intC(V1, V2) = {v ∈ TxM : Q(v) > 0}.

We assume that two continuous subbundles of transverse Lagrangian subspaces are
chosen in an open (not necessarily dense) subset U ⊂ M . We denote them by
{V1(x)}x∈U and {V2(x)}x∈U respectively. For x ∈ U let C(x) = C(V1(x), V2(x))
and C ′(x) = C(V2(x), V1(x)).

If x ∈ U and fn(x) ∈ U let us define

σ(dxf
n) = inf

v∈int C(x)

√
Q(V1(x), V2(x), dxfnv)
Q(V1(x), V2(x), v)

.

Theorem 11.15. Assume that the following conditions hold:
1. Monotonicity condition: if x ∈ U and fk(x) ∈ U for k ≥ 0 then

dxf
kC(x) ⊂ C(fk(x));

2. Strict monotonicity condition: for almost every point x ∈ U there exist n > 0
and m < 0 such that fn(x), fm(x) ∈ U and

dxf
nC(x) ⊂ intC(fn(x)) ∪ {0}, dxf

mC ′(x) ⊂ intC ′(fm(x)) ∪ {0}. (11.2)

Then for any n ≥ 1 and any point x ∈ U such that fn(x) ∈ U and σ(dxf
n) > 1

there is a neighborhood of x which is contained in one ergodic component of f .

It follows from this theorem that if U is connected and every point in it is strictly
monotone (i.e., (11.2) holds) then

⋃
k∈Z f

k(U) belongs to one ergodic component
of f . This is a symplectic version of Theorem 11.14. We observe that Theorem 11.15
is a particular case of a more general result by Liverani and Wojtkowski for smooth
dynamical systems with singularities (see Section 18).

11.4. Pinsker partition, K-property and Bernoulli property. In the ergodic
theory there is a hierarchy of ergodic properties of which ergodicity (or the de-
scription of ergodic components) is the first and weakest one. Among the stronger
properties are (weak and strong) mixing, K-property (including the description of
the Pinsker or π-partition) and the strongest among them – the Bernoulli property
(or the description of Bernoulli components). The latter means essentially that
the system is isomorphic in the measure-theoretical sense to the classical Bernoulli
scheme.

We shall see that dynamical systems with nonzero Lyapunov exponents (nonuni-
formly hyperbolic systems) have all of these properties with respect to smooth
invariant measures.

Let f : M → M be a C1+α diffeomorphism of a smooth compact Riemannian
manifold M preserving a smooth measure ν. Assume that f is nonuniformly par-
tially hyperbolic in the broad sense on an invariant set Λ of positive measure. For
every x ∈ Λ we have that

χ1(x) < · · · < χs(x)(x) < 0 ≤ χs(x)+1(x) < · · · < χp(x)(x),

where χi(x), i = 1, . . . , p(x) are the distinct values of the Lyapunov exponent at x
each with multiplicity ki(x). We also have the filtration of local (stable) manifolds
at x

x ∈ V1(x) ⊂ V2(x) ⊂ · · · ⊂ Vs(x)(x) (11.3)
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as well as the filtration of global (stable) manifolds at x

x ∈W1(x) ⊂W2(x) ⊂ · · · ⊂Ws(x)(x) (11.4)

(see Section 9.2). Fix j > 0 and m > 0 and consider the sets

Λj,m = {x ∈ Λ : dimWj(x) = m}, Λ̂j,m =
⋃

x∈Λj,m

Wj(x). (11.5)

For some j and m we have that ν(Λj,m) > 0. Note that Wj(x) ⊂ Λj,m (mod 0) for
almost every x ∈ Λj,m. Hence, Λ̂j,m = Λj,m (mod 0).

Consider the partition Wj of Λ̂j,m by global manifolds Wj(x). In general, this
partition is not measurable. However, one can construct a special sub-partition of
Wj which we call pseudo π-partition for f |Λj,m—when f is nonuniformly completely
hyperbolic on the set Λ this partition is the π-partition for f |Λj,m, i.e., the maximal
partition with zero entropy.

We denote the measurable hull of a partition ξ by H(ξ) and we use the notation
ε for the partition by points.

Theorem 11.16. There exists a measurable partition η = ηj,m of Λ̂j,m with the
following properties:

1. for almost every x ∈ Λj,m the set Cη(x) is an open (mod 0) subset of Wj(x);
2. fη ≥ η;
3. η+ =

∨∞
i=0 f

iη = ε;
4.
∧0

i>−∞ f iη = H(Wj);
5. if f is nonuniformly completely hyperbolic on Λ then H(Wj) = π(f |Λj,m).

Sinai [232, Theorem 5.2] proved this theorem for a class of dynamical systems
with transverse foliation. Pesin [197] adapted this approach for nonuniformly hy-
perbolic dynamical systems.

We stress that the measurable hull H(Wj) does not depend on j (see Statement 1
of Theorem 11.17); this is a manifestation of the Lipschitz property of intermediate
stable manifolds (see Theorem 9.6). One can estimate the entropy of f with respect
to η from below (see Theorem 12.11).

In order to construct the partition η, given ` > 1, consider the regular set Λ`.
For a sufficiently small r = r(`) > 0 and x ∈ Λ`, set

P `
j (x) =

⋃
y∈Λ`∩B(x,r)

Vj(y), Q(x) =
∞⋃

n=−∞
fn(P `

j (x)). (11.6)

It suffices to construct the partition η on the set Q(x). Consider the partition ξ̃ of
P `

j (x) by local manifolds Vj(y), y ∈ Λ` ∩B(x, r). Adding the element Q(x) \P `
j (x)

we obtain a partition of Q(x) which we denote by ξ. The partition

η = ξ− =
∨
i≤0

f iξ

has the desired properties.
In [158], Ledrappier and Young constructed a special countable partition of M

of finite entropy which is a refinement of the partition η. We describe this partition
in Section 16.3.

An important manifestation of Theorem 11.16 is the establishment of the K-
property of a C1+α diffeomorphism f which preserves a smooth measure ν and is
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nonuniformly completely hyperbolic on an invariant set Λ of positive measure. By
Theorem 11.3 the set Λ can be decomposed into ergodic components Λi, i = 1, 2, . . .
of positive measure. Fix i and denote by ηj the measurable partition of Λi associated
with the foliation Wj , see Theorem 11.16.

Theorem 11.17 (Pesin [197]). The following properties hold:

1. H(Wj1 |Λ̂i) = H(Wj2 |Λ̂i) = π(f |Λi) for any 1 ≤ j1 < j2 ≤ s or s+ 1 ≤ j1 <
j2 ≤ p;

2. the π-partition of f |Λi is finite and consists of ni elements Λk
i , k = 1, . . . , ni

such that f(Λk
i ) = Λk+1

i , k = 1, . . . , ni − 1 and f(Λn
i ) = Λ1

i ;
3. fni |Λk

i is a K-automorphism.

We now discuss the Bernoulli property. There are examples in general ergodic
theory of systems which have K-property but fail to be Bernoulli. This cannot
happen for smooth systems with nonzero exponents: Bernoulli property holds au-
tomatically as long as the system has the K-property (indeed, the mixing property
is already sufficient).

Theorem 11.18. Let f be a C1+α diffeomorphism of a smooth compact Riemann-
ian manifold M preserving a smooth hyperbolic measure ν. Assume that f is weakly
mixing with respect to ν. Then f is a Bernoulli automorphism.

Ornstein and Weiss [190] established the Bernoulli property for geodesic flows
on compact manifolds of negative curvature. Pesin [197] used a substantially more
general version of their approach to prove Theorem 11.18. The proof exploits the
characterization of a Bernoulli map in terms of very weakly Bernoulli partitions
(see [190]). More precisely, there is a finite measurable partition α of the manifoldM
whose elements have piecewise smooth boundaries and arbitrarily small diameter.
Indeed, one can construct a sequence of such partitions α1 ≤ α2 ≤ · · · such that
αn → ε. The proof goes to show that each partition αn is very weakly Bernoulli and
the result follows. An important technical tool of the proof is the refined estimate
(10.3) of the Jacobian of the holonomy map.

Combining Theorems 11.17 and 11.18 we obtain the following Spectral Decom-
position Theorem for systems with nonzero Lyapunov exponents preserving smooth
measures.

Theorem 11.19. For each i ≥ 1 the following properties hold:
1. Λi is a disjoint union of sets Λj

i , for j = 1, . . ., ni, which are cyclically
permuted by f , i.e., f(Λj

i ) = Λj+1
i for j = 1, . . ., ni − 1, and f(Λni

i ) = Λ1
i ;

2. fni |Λj
i is a Bernoulli automorphism for each j.

We consider the case of dynamical systems with continuous time. Let ϕt be a C2

flow on a smooth compact Riemannian manifold M preserving a smooth measure ν
and nonuniformly hyperbolic on M . By Theorem 11.5, M can be decomposed into
ergodic components Λi, i = 1, 2, . . . of positive measure. Applying Theorem 11.16
to the nonuniformly partially hyperbolic diffeomorphism ϕ1|Λi we obtain the fol-
lowing result.

Theorem 11.20 (Pesin [197]). There exists a partition η = ηi of Λi for which:
1. for almost every x ∈ Λi the element Cη(x) is an open (mod 0) subset of
W s(x);
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2. ϕ1η ≥ η;
3.
∨∞

i=0 ϕiη = ε;
4.
∧0

i>−∞ ϕiη = H(W s) = π(ϕi|Λi).

The following result establishes the K-property of the flow ϕt on the set Λi. For
simplicity we will drop the index i. We remind the reader that a flow ϕt is a K-flow
if and only if the diffeomorphism ϕt is a K-automorphism for every t ∈ R.

Theorem 11.21 (Pesin [197]). Assume that the flow ϕt|Λ has continuous spectrum.
Then it is a Bernoulli flow and in particular, a K-flow.

The following result is an immediate consequence of this theorem.

Corollary 11.22. Let ϕt be a smooth flow on a compact smooth Riemannian man-
ifold M preserving a smooth measure ν. Assume that ν is hyperbolic and that ϕt is
mixing with respect to ν. Then ϕt is a Bernoulli flow.

12. Metric entropy

A crucial idea in Smooth Ergodic Theory is that sufficient instability of tra-
jectories yields rich ergodic properties of the system. The entropy formula is in
a sense a “quantitative manifestation” of this idea and is yet another pearl of
Smooth Ergodic Theory. It expresses the Kolmogorov–Sinai entropy hν(f) of a
diffeomorphism, preserving a smooth hyperbolic measure, in terms of the values of
the Lyapunov exponent.

12.1. Margulis–Ruelle inequality. Let f be a C1 diffeomorphism of a compact
smooth manifold M . The following very general result provides an upper bound
for the entropy of f with respect to any Borel invariant probability measure ν.

Theorem 12.1 (Margulis–Ruelle Inequality). The following estimate holds

hν(f) ≤
∫

M

Σ+ dν(x), (12.1)

where
Σ+ =

∑
i:χi(x)>0

ki(x)χi(x).

In the case of volume-preserving diffeomorphisms this estimate was obtained
by Margulis (unpublished). The inequality in the general case was established by
Ruelle in [212] (see also [24] and [174]).

We sketch the proof of the theorem. By decomposing ν into its ergodic compo-
nents we may assume without loss of generality that ν is ergodic. Then s(x) = s
and ki(x) = ki, χi(x) = χi are constant ν-almost everywhere for each 1 ≤ i ≤ s.
Fix m > 0. Since M is compact, there exists tm > 0 such that for every 0 < t ≤ tm,
y ∈M , and x ∈ B(y, t) we have

1
2
dxf

m
(
exp−1

x B(y, t)
)
⊂ exp−1

fmx f
m(B(y, t) ⊂ 2dxf

m
(
exp−1

x B(y, t)
)
,

where for a set A ⊂ TzM and z ∈M , we write αA = {αv : v ∈ A}.
There is a special partition of the manifold M which is described in the following

statement.

Lemma 12.2. Given ε > 0, there is a partition ξ of M such that:
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1. diam ξ ≤ tm/10 and hν(fm, ξ) ≥ hν(fm)− ε;
2. for every element C ∈ ξ there exist balls B(x, r) and B(x, r′), such that
r < 2r′ ≤ tm/20 and B(x, r′) ⊂ C ⊂ B(x, r);

3. there exists 0 < r < tm/20 such that if C ∈ ξ then C ⊂ B(y, r) for some
y ∈M , and if x ∈ C then

1
2
dxf

m
(
exp−1

x B(y, r)
)
⊂ exp−1

fmx f
mC ⊂ 2dxf

m
(
exp−1

x B(y, r)
)
.

To construct such a partition, given α > 0, consider a maximal α-separated set
Γ, i.e., a finite set of points for which d(x, y) > α whenever x, y ∈ Γ. For x ∈ Γ set

DΓ(x) = {y ∈M : d(y, x) ≤ d(y, z) for all z ∈ Γ \ {x}}.

Obviously, B(x, α/2) ⊂ DΓ(x) ⊂ B(x, α). Note that the sets DΓ(x) corresponding
to different points x ∈ Γ intersect only along their boundaries, i.e., at a finite number
of submanifolds of codimension greater than zero. Since ν is a Borel measure, if
necessary, we can move the boundaries slightly so that they have zero measure.
Thus, we obtain a partition ξ with diam ξ ≤ α which can be chosen to satisfy

hν(fm, ξ) > hν(fm)− ε and diam ξ < tm/10.

This guarantees the properties in the lemma.
Continuing with the proof of the theorem observe that

hν(fm, ξ) = lim
k→∞

Hν(ξ|fmξ ∨ · · · ∨ fkmξ)

≤ Hν(ξ|fmξ) =
∑

D∈fmξ

ν(D)H(ξ|D)

≤
∑

D∈fmξ

ν(D) log card{C ∈ ξ : C ∩D 6= ∅},

(12.2)

where H(ξ|D) is the entropy of ξ with respect to the conditional measure on D
induced by ν. The following is a uniform exponential estimate for the number of
elements C ∈ ξ which have nonempty intersection with a given element D ∈ fmξ.

Lemma 12.3. There exists a constant K1 > 0 such that for D ∈ fmξ,

card{C ∈ ξ : D ∩ C = ∅} ≤ K1 sup{‖dxf‖mn : x ∈M},

where n = dimM .

This can be shown by estimating the volume of each element C and using Prop-
erty 2 of the partition ξ.

We also have an exponential bound for the number of those sets D ∈ fmξ which
contain regular points. Namely, given ε > 0, let Rm = Rm(ε) be the set of forward
regular points x ∈M which satisfy the following condition: for k > m and v ∈ TxM ,

ek(χ(x,v)−ε)‖v‖ ≤ ‖dxf
kv‖ ≤ ek(χ(x,v)+ε)‖v‖.

Lemma 12.4. If D ∈ fmξ has nonempty intersection with Rm then there exists a
constant K2 > 0 such that

card{C ∈ ξ : D ∩ C 6= ∅} ≤ K2e
εm

∏
i:χi>0

em(χi+ε)ki .
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To establish the inequality note that

card{C ∈ ξ : D ∩ C 6= ∅} ≤ vol(B)(diam ξ)−n,

where vol(B) denotes the volume of

B = {y ∈M : d(y, expfm(x)(dxf
m(exp−1

x B′))) < diam ξ}

and B′ = B(x, 2 diamC ′) for some C ′ ∈ ξ such that C ′∩Rm 6= ∅ and fm(C ′) = D,
and some x ∈ C ′ ∩ f−m(Rm). Up to a bounded factor, vol(B) is bounded by
the product of the lengths of the axes of the ellipsoid dxf

m(exp−1
x B′). Those of

them that correspond to nonpositive exponents are at most subexponentially large.
The remaining ones are of size at most em(χi+ε), up to a bounded factor, for all
sufficiently large m. Thus,

vol(B1) ≤ Kemε(diamB)n
∏

i:χi>0

em(χi+ε)ki

≤ Kemε(2 diam ξ)n
∏

i:χi>0

em(χi+ε)ki ,

for some constant K > 0. The lemma follows.
By Lemmas 12.3 and 12.4 and (12.2), we obtain

mhν(f)− ε = hν(fm)− ε ≤ hν(fm, ξ)

≤
∑

D∩Rm 6=∅
ν(D)

logK2 + εm+m
∑

i:χi>0

(χi + ε)ki


+

∑
D∩Rm=∅

ν(D)(logK1 + nm log sup{‖dxf‖ : x ∈M})

≤ logK2 + εm+m
∑

i:χi>0

(χi + ε)ki

+ (logK1 + nm log sup{‖dxf‖ : x ∈M})ν(M \Rm).

By the Multiplicative Ergodic Theorem 5.5, we have
⋃

m≥0Rm(ε) = M (mod 0)
for every sufficiently small ε. It follows that

hν(f) ≤ ε+
∑

i:χi>0

(χi + ε)ki.

Letting ε→ 0 we obtain the desired upper bound.
As an immediate consequence of Theorem 12.1 we obtain an upper bound for

the topological entropy h(f) of a diffeomorphism f . Namely,

h(f) = sup
ν
hν(f) ≤ sup

ν

∫
M

Σ+ dν, (12.3)

where the suprema are taken over all f -invariant Borel probability measures on M .
In general Inequalities (12.1) and (12.3) can be strict. In fact, as the following

example shows, there are C∞ diffeomorphisms for which h(f) < infν

∫
M

Σ+ dν, and
hence, hν(f) <

∫
M

Σ+ dν for any invariant measure ν.

Example 12.5 (Figure-Eight; Bowen and Katok (see [131])). Let f be a diffeo-
morphism of the two-dimensional sphere S2 with three repelling fixed points p1, p2,
p3 and one saddle fixed point q. Suppose that the stable and unstable manifolds of
the point q form two loops γ1, γ2 that divide S2 into three regions A1, A2, and A3.
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For i = 1, 2, 3, we have pi ∈ Ai and any point in Ai \ {pi} tends, respectively, to
γ1, γ2, and γ1 ∪ γ2. Thus, any f-invariant finite measure ν is supported on the
finite set {p1, p2, p3, q}. Therefore, hν(f) = 0 while

∫
M

Σ+ dν > c > 0 for some c
independent of ν. In addition, we have

h(f) = sup
ν
hν(f) < inf

ν

∫
M

Σ+ dν

where the supremum and infimum are taken over all f-invariant Borel probability
measures on S2.

Example 12.6 (Two-dimensional Horseshoes). Let Λ be a basic set (i.e., a locally
maximal hyperbolic set), of a topologically transitive Axiom A surface diffeomor-
phism of class C1. McCluskey and Manning [181] showed that for every x ∈ Λ the
Hausdorff dimension of the set Wu(x)∩Λ is the unique root s of Bowen’s equation

P
(
−s log‖df |Eu‖

)
= 0,

where P is the topological pressure on f |Λ. In particular, s is independent of x.
Assume that s < 1. Since s 7→ P

(
−s log‖df |Eu‖

)
is decreasing, we obtain

P
(
− log‖df |Eu‖

)
< 0.

By the Variational Principle for the topological pressure, for every f-invariant mea-
sure ν,

hν(f) <
∫

Λ

log‖dxf |Eu(x)‖ dν(x) =
∫

Λ

Σ+ dν

(we use here Birkhoff’s Ergodic Theorem and the fact that dimEu = 1).

Note that hν(f−1) = hν(f) and the Lyapunov exponents of f−1 are those of f
taken with opposite sign. Therefore, it follows from Theorem 12.1 that

hν(f) ≤ −
∫

M

∑
i:χi(x)<0

χi(x)ki(x) dν(x).

Set

a =
∫

M

∑
i:χi(x)>0

χi(x)ki(x) dν(x)

and

b = −
∫

M

∑
i:χi(x)<0

χi(x)ki(x) dν(x).

In Example 12.5 one can choose the eigenvalues of df at the critical points, and the
measure ν to guarantee any of the relations: a < b or a = b or a > b. One can also
show that if ν is the Riemannian volume on M , then a = b.

An important manifestation of Margulis–Ruelle’s inequality is that positivity of
topological entropy implies the existence of at least one nonzero Lyapunov expo-
nent.

Corollary 12.7. If the topological entropy of a C1 diffeomorphism f of a compact
manifold is positive, then there exists an ergodic f-invariant measure with at least
one positive and one negative Lyapunov exponent.
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For surface diffeomorphisms, Corollary 12.7 means that any diffeomorphism with
positive topological entropy possesses an ergodic invariant measure whose Lyapunov
exponents are all nonzero.

Let us point out that the positivity of topological entropy can sometimes be
determined using pure topological information. For example, theorems of Manning
[176], Misiurewicz and Przytycki [186, 185], and Yomdin [253, 254] relate the topo-
logical entropy to the action of the diffeomorphism on the homology groups (see
also [129]); see Section 15.5.

Other immediate consequences of Theorem 12.1 are as follows.

Corollary 12.8. Let ν be a measure which is invariant under a C1 diffeomorphism
f of a compact manifold. If hν(f) > 0 then ν has at least one positive and one
negative Lyapunov exponent.

For surface diffeomorphisms, Corollary 12.8 implies that if hν(f) > 0 then the
Lyapunov exponents of ν are all nonzero, i.e., ν is hyperbolic (see Sections 10.1
and 15).

Corollary 12.9. We have

h(f) ≤ dimM × inf
m≥1

1
m

log+ sup
x∈M

‖dxf
m‖

= dimM × lim
m→∞

1
m

log+ sup
x∈M

‖dxf
m‖.

12.2. The entropy formula. Let f : M → M be a C1+α diffeomorphism, α > 0
and ν an f -invariant measure which is absolutely continuous with respect to the
Riemannian volume. The main result of this section is the Pesin entropy formula
which expresses the entropy of f with respect to ν via its Lyapunov exponents. It
was first proved by Pesin in [197]. The proof relies on properties of the unstable
foliation and in particular, absolute continuity. Another proof of the entropy for-
mula was obtained by Mañé in [171] (see also [174]). It does not involve directly the
existence of stable and unstable foliations but instead uses some subtle properties
of the action of the differential df with respect to the Lyapunov exponents in the
presence of a smooth invariant measure.

Theorem 12.10 (Pesin [197]). The following formula holds true:

hν(f) =
∫

M

Σ+ dν. (12.4)

In view of the Margulis–Ruelle inequality we only need to establish the lower
bound

hν(f) ≥
∫

M

∑
i:χi(x)>0

ki(x)χi(x) dν(x),

or equivalently (by replacing f by f−1 and using Theorem 5.5)

hν(f) ≥ −
∫

M

∑
i:χi(x)<0

ki(x)χi(x) dν(x).

This inequality is a corollary of a more general result which we now state.
Let f : M → M be a C1+α diffeomorphism of a smooth compact Riemannian

manifold M preserving a smooth measure ν and nonuniformly partially hyperbolic
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in the broad sense on an invariant set Λ of positive measure. For every x ∈ Λ we
have that

χ1(x) < · · · < χs(x)(x) < 0 ≤ χs(x)+1(x) < · · · < χp(x)(x),

where χi(x), i = 1, . . . , p(x) are the distinct values of the Lyapunov exponent at x
each with multiplicity ki(x). We also have the filtration of local (stable) manifolds
(11.3) as well as the filtration of global (stable) manifolds (11.4) at x. Given j > 0
and m > 0, consider the sets (11.5). Note that ν(Λj,m) > 0 for some j and m and
Wj(x) ⊂ Λj,m (mod 0) for almost every x ∈ Λj,m. Hence, Λ̂j,m = Λj,m (mod 0).

Consider the partition η = ηj,m of Λ̂j,m constructed in Theorem 11.16.

Theorem 12.11 (Pesin [198]). The entropy of f with respect to η admits the
following estimate from below

hν(f, η) ≥ −
∫

Λj,m

j∑
i=1

ki(z)χi(z) dν(z).

We shall sketch the proof of the theorem. Given ` > 0 consider the regular
set Λ`. For sufficiently small r = r(`) and x ∈ Λ` consider also the sets P `,j(x) and
Q(x) defined by (11.6). Let ν̃ be the measure on Q(x) given for any measurable
subset A ⊂ Q(x) by ν̃(A) = ν(A)(ν(Q(x))−1. It suffices to show that

h(f |Q(x), η) ≥ −
∫

Q(x)

j∑
i=1

ki(z)χi(z) dν̃(z). (12.5)

Consider the function

g(z) =
j∏

i=1

exp(χi(z))ki(z).

Given ε > 0, let Qp = {z ∈ Q(x) : pε < g(z) ≤ (p + 1)ε}. It suffices to show
the inequality (12.5) for the restriction f̄ = f |Qp and the measure ν̄ defined by
ν̄(A) = ν(A)(ν(Qp))−1 for any measurable subset A ⊂ Qp.

Set Jn(z) = Jac (dfn|TzW
j(z)). It follows from the Multiplicative Ergodic The-

orem 5.5 that there exists a positive Borel function T (z, ε), z ∈ Qp and ε > 0 such
that for n > 0,

Jn(z) ≤ T (z, ε)g(z) exp(εn).
Set for t ≥ 0,

Qt
p = {z ∈ Qp : T (z, ε) ≤ t}.

We have that for any α > 0 and all sufficiently large t,

ν̄(Qt
p) ≥ 1− α. (12.6)

It follows from Theorem 10.1 that there exists C1 = C1(t) > 0 such that for any
z ∈ Qt

p and n > 0,
νj(z)(fn(Cη(z))) ≤ C1J

n(z). (12.7)
Denote by Bη(z, r) the ball in Cη(z) centered at z of radius r.

Lemma 12.12. For any β > 0 there exists q = q(t) and a subset At ⊂ Qt
p such

that:
1. ν̄(Qt

p \At) ≤ β;
2. for any z ∈ At the element Cη(z) contains the ball Bη(z, q).
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Denote by νη(z) the conditional measure on the element Cη(z) of the partition
η generated by the measure ν. For every z ∈ At,

C−1
4 ≤ dνη(z)

dmj(z)
≤ C4, (12.8)

where C4 = C4(t) > 0 is a constant independent of z. For any n > 0,

hν̄(f) =
1
n
hν̄(fn) ≥ 1

n
H(fnη|η).

We use here the fact that
η = η− =

∨
i≤0

f iη

(see Theorem 11.16). It follows from (12.6), (12.7), and (12.8) that for every x ∈ At

and n > 0,

H(f̄nη|Cη(z)) = −
∫

Cη(x)

νη(Cη(x) ∩ Cfnη(z))
νη(Cη(y))

dνη(y)

≥ − log[C4
2C1t((p+ 1)ε)neεnV (Bη(z, q(t)))−1] = In,

(12.9)

where V (Bη(z, q(t))) is the Riemannian volume of the ball Bη(z, q(t)). We have
that V (Bη(z, q(t))) ≥ C5q

m(t) where C5 > 0 is a constant. It follows that

In ≥ − log(C4
2C1t)(C5q

m(t))−1 − n (log((p+ 1)ε) + ε)

≥ C6 − n (log g(z) + ε).
(12.10)

By (12.6) and Statement 1 of Lemma 12.12, we obtain that ν̄(Qp \ At) ≤ α + β.
Therefore, integrating inequality (12.9) over the elements Cη(x) and taking (12.10)
into account we conclude that

1
n
H(f̄nη|η) ≥ 1

n
Inν̄(At) ≥ 1

n

∫
Qp

In dν̄(1− αβ)

≥
∫

Qp

j∑
i=1

ki(z)χi(z) dν̄(z)− γ,

where γ can be made arbitrary small if ε, α, and β are chosen sufficiently small and
n sufficiently large. The desired result follows.

In the two-dimensional case the assumption that f ∈ C1+α can be relaxed for a
residual set of diffeomorphisms.

Theorem 12.13 (Tahzibi [237]). Let M be a compact smooth surface. There exists
a residual subset G in the space Diff1(M,m) of C1 volume preserving diffeomor-
phisms of M such that every f ∈ G satisfies the entropy formula (12.4). Moreover,
G contains all volume-preserving diffeomorphisms of class C1+α.

The main idea of the proof is the following. In the two dimensional case a
volume-preserving diffeomorphism f has at most one positive Lyapunov exponents
χ+(x) almost everywhere. For f ∈ Diff1(M,m) set L(f) =

∫
M
χ+(x) dµ. One can

show that the set of continuity points of the functions L(f) and hm(f) is residual
in the C1 topology. Let f be a continuity point. One obtains the entropy formula
for f by approximating f by a sequence fn of C1+α diffeomorphisms for which the
entropy formula (12.4) holds.

Ledrappier and Strelcyn [138] extended the entropy formula to SRB-measures
invariant under C1+α diffeomorphisms (see Section 14) and Ledrappier and Young
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[158] obtained a general version of the entropy formula for arbitrary C2 diffeomor-
phisms (see Section 16.1).

13. Genericity of systems with nonzero exponents

13.1. Existence of diffeomorphisms with nonzero exponents. Presence of an
Anosov diffeomorphism f on a compact Riemannian manifold M imposes strong
conditions on the topology of the manifold. For example, M should admit two
foliations with smooth leaves (invariant under f). Anosov diffeomorphisms are only
known to exist on multi-dimensional tori or more generally on factors of nilpotent
Lie groups. On the contrary nonuniform hyperbolicity imposes no restrictions on
the topology of M .

Theorem 13.1 (Dolgopyat and Pesin [78]). Given a compact smooth Riemannian
manifold M 6= S1 there exists a C∞ volume-preserving Bernoulli diffeomorphism
f of M with nonzero Lyapunov exponents almost everywhere.

Let us comment on the proof of this theorem.
1. Katok [130] proved this theorem in the two dimensional case. His argument

goes as follows. Consider the diffeomorphism GS2 of the sphere, constructed in
Section 2.3. It has four singularity points pi = ζ(xi). Let ξ be a C∞ map which
blows up the point p4. Consider the map GD2 = ξ ◦ GS2 ◦ ξ−1 of the closed unit
disk D2. It is a C∞ diffeomorphism which preserves the area, has the Bernoulli
property and nonzero Lyapunov exponents almost everywhere.

The disk D2 can be embedded into any surface. This is a corollary of a more
general statement (see [130]).

Proposition 13.2. Given a p-dimensional compact C∞ manifold M and a smooth
measure µ on M , there exists a continuous map h : Dp → M (Dp is the unit ball
in Rp) such that

1. the restriction h|int Dp is a diffeomorphic embedding;
2. h(Dp) = M ;
3. µ(M \ h(Dp)) = 0;
4. h∗m = µ where m is the volume in Rp.

Note that GD2 is identity on the boundary ∂D2. Moreover, one can choose the
function ψ in the construction of maps GT2 and GS2 such that the map GD2 is
“sufficiently flat” near the boundary of the disk.

More precisely, let ρ = {ρn} be a sequence of nonnegative real-valued continuous
functions on Dp which are strictly positive inside the disc. Let C∞ρ (Dp) be the set
of all C∞ functions on Dp satisfying the following condition: for any n ≥ 0 there
exists a sequence of numbers εn > 0 such that for all (x1, . . . , xp) ∈ Dp for which
x2

1 + · · ·+ x2
p ≥ (1− εn)2 we have∣∣∣∣∂nh(x1, . . . , xp)

∂i1x1 . . . ∂ipxp

∣∣∣∣ < ρn(x1, . . . , xp),

where i1, . . . ip are nonnegative integers and i1 + . . . ip = n.
Any diffeomorphism G of the disc Dp can be written in the form G(x1, . . . , xp) =

(G1(x1, . . . , xp), . . . Gp(x1, . . . , xp)). Set

Diff∞ρ (Dp) = {g ∈ Diff∞(Dp) : Gi(x1, . . . , xp)− xi ∈ C∞ρ (Dp), i = 1, . . . , p}.
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Proposition 13.3 (Katok [130]). Given a compact C∞ Riemannian manifold M
there exists a sequence of functions ρ such that for any G ∈ Diff∞ρ (Dp) the map
g defined as g(x) = h(G(h−1(x))) for x ∈ h(int Dp) and g(x) = x otherwise, is a
C∞ diffeomorphism of M (the map h is from Proposition 13.2).

The function ψ can be chosen so that GD2 ∈ Diff∞ρ (D2) and hence, the map f ,
defined as f(x) = h(GD2(h−1(x))) for x ∈ h(int Dp) and f(x) = x otherwise, has
all the desired properties: it preserves area, has nonzero Lyapunov exponents and
is a Bernoulli map.

2. For any smooth compact Riemannian manifold M of dimension p = dimM ≥
5, Brin [47] constructed a C∞ volume-preserving Bernoulli diffeomorphism which
has all but one nonzero Lyapunov exponents. His construction goes as follows.

Let A be a volume-preserving hyperbolic automorphism of the torus Tp−3 and
ϕt the suspension flow over A with the roof function

H(x) = H0 + εH̃(x),

where H0 is a constant and the function H̃(x) is such that |H̃(x)| ≤ 1. The flow ϕt

is an Anosov flow on the phase space Y p−2 which is diffeomorphic to the product
Tp−3× [0, 1], where the tori Tp−3×{0} and Tp−3×{1} are identified by the action
of A. Consider the skew product map R of the manifold N = D2 × Y n−2 given by

R(z) = R(x, y) = (GD2(x), ϕα(x)(y)), z = (x, y), (13.1)

where α : D2 → R is a nonnegative C∞ function which is equal to zero in a small
neighborhood U of the singularity set {q1, q2, q3} ∩ ∂D2 and is strictly positive
otherwise. The map R is of class C∞ and preserves volume. One can choose the
function H̃(x) such that R is a Bernoulli diffeomorphism which has all but one
nonzero Lyapunov exponents (the zero exponent corresponds to the direction of
the flow ϕt).

Brin proved that there exists a smooth embedding of the manifold Y p−2 into
Rp. It follows that there is a smooth embedding χ1 : D2 × Y p−2 → Dp which is a
diffeomorphism except for the boundary ∂D2 × Y p−2. Using Proposition 13.2 one
can find a smooth embedding χ : Dp → M which is a diffeomorphism except for
the boundary ∂Dp. Since the map R is identity on the boundary ∂D2 × Y p−2 the
map h = (χ1 ◦ χ) ◦R ◦ (χ1 ◦ χ)−1 has all the desired properties.

3. Dolgopyat and Pesin [78] constructed the required map P as a small pertur-
bation of the map R (defined by (13.1)). The diffeomorphism P can be found in
the form P = ϕ ◦ R where ϕ(x, y) = (x, ϕx(y)) and ϕx : Y p−2 → Y p−2, x ∈ N is
a family of volume preserving C∞ diffeomorphisms satisfying dC1(ϕx, Id) ≤ ε. To
construct such a family fix a sufficiently small number γ > 0, any point y0 ∈ Y p−2,
and a point x0 ∈ D2 such that

Gj
D2(B(x0, γ)) ∩B(x0, γ) = ∅, −N < j < N, j 6= 0,

Gj
D2(B(x0, γ)) ∩ ∂D2 = ∅, −N < j < N.

Set ∆ = B(x0, γ) × B(q0, γ) and choose a coordinate system {ξ1, ξ2, η1, . . . , ηp−2}
in ∆ such that x = (ξ1, ξ2), y = (η1, . . . , ηp−2), dm = dxdy (recall that m is the
volume) and

Ec
ϕt

(y0) =
∂

∂η1
, Es

ϕt
(y0) =

(
∂

∂η2
, . . . ,

∂

∂ηk

)
, Eu

ϕt
(y0) =

(
∂

∂ηk+1
, . . . ,

∂

∂ηp−2

)
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for some k, 2 ≤ k < p− 2. Let ψ(t) be a C∞ function with compact support. Set

τ =
1
γ2

(‖ξ1‖2 + ‖ξ2‖2 + ‖η1‖2 + · · ·+ ‖ηp−2‖2)

and define
ϕ−1

x (y) =(ξ1, ξ2, η1 cos(εψ(τ)) + η2 sin(εψ(τ)),

− η1 sin(εψ(τ)) + η2 cos(εψ(τ)), η3, . . . , ηp−2).

The family ϕx determines the map ϕ so that the map P = ϕ ◦ R is a volume-
preserving Bernoulli diffeomorphism with nonzero Lyapunov exponents.

4. We discuss the case dimM = 3. Consider the manifold N = D2 × S1 and
the skew product map R

R(z) = R(x, y) = (GD2(x), Rα(x)(y)), z = (x, y), (13.2)

where Rα(x) is the rotation by the angle α(x) and α : D2 → R is a nonnegative
C∞ function which is equal to zero in a small neighborhood of the singularity set
{q1, q2, q3} ∩ ∂D2 and is strictly positive otherwise.

We define a perturbation P of R in the form P = ϕ ◦R. Consider a coordinate
system ξ = {ξ1, ξ2, ξ3} in a small neighborhood of a point z0 ∈ N such that dm = dξ
and

Ec
R(z0) =

∂

∂ξ1
, Es

R(z0) =
∂

∂ξ2
, Eu

R(z0) =
∂

∂ξ3
.

Let ψ(t) be a C∞ function with compact support. Set τ = ‖ξ‖2/γ2 and define

ϕ−1(ξ) = (ξ1 cos(εψ(τ))+ ξ2 sin(εψ(τ)),−ξ1 sin(εψ(τ))+ ξ2 cos(εψ(τ)), ξ3). (13.3)

One can choose the function α(x) and the point z0 such that the map P has all the
desired properties.

5. We now proceed with the case dimM = 4. Consider the manifold N = D2 ×
T2 and the skew product map R defined by (13.2) where Rα(x) is the translation by
the vector α(x) and the function α(x) is chosen as above. Consider a perturbation
P of R in the form P = ϕ ◦R and choose the map ϕ as above to ensure that∫

N

[χc
1(z, P ) + χc

2(z, P )] dz < 0,

where χc
1(z, P ) ≥ χc

2(z, P ) are the Lyapunov exponents of P along the central
subspace Ec

P (z). One can further perturb the map P in the C1 topology to a map
P̄ to guarantee that∫

N

[
χc

1(z, P̄ ) + χc
2(z, P̄ )

]
dz < 0,

∫
N

[
χc

1(z, P̄ )− χc
2(z, P̄ )

]
dz ≤ ε,

where χc
1(z, P̄ ) ≥ χc

2(z, P̄ ) are the Lyapunov exponents of P̄ along the central
subspace Ec

P̄
(z) and ε > 0 is sufficiently small. This can be done using the approach

described in the proof of Theorem 13.8 (this is one of the reasons why P̄ is close to
P in the C1 topology only). The map P̄ has all the desired properties.

13.2. Existence of flows with nonzero exponents. In [121], Hu, Pesin and
Talitskaya established a continuous time version of Theorem 13.1.

Theorem 13.4. Given a compact smooth Riemannian manifold M of dimM ≥ 3,
there exists a C∞ volume-preserving Bernoulli flow ϕt such that at m-almost every
point x ∈ M it has nonzero Lyapunov exponent except for the exponent in the
direction of the flow.
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We sketch the proof of this theorem. Assume first that dimM ≥ 5. Consider
the map

R = GD2 ×A : D2 × Tp−3 → D2 × Tp−3,

where p = dimM , GD2 is the above constructed diffeomorphism of the two-
dimensional disk with nonzero Lyapunov exponents and A is a linear automorphism
of the torus Tp−3.

Consider further the suspension flow gt over R with the roof function H = 1 and
the suspension manifold K = D2 × Tp−3 × [0, 1]/ ∼, where ∼ is the identification
(x, y, 1) = (GD2(x), A(y), 0). Denote by Z the vector field of the suspension flow.

Finally, consider the suspension flow ht over A with the roof function H = 1
and the suspension manifold L = Tp−3 × [0, 1]/ ∼, where ∼ is the identification
(y, 1) = (Ay, 0). Let N = D2 × Tp−3 × [0, 1]/ ∼, where ∼ is the identification
(x, y, 1) = (x,Ay, 0) for any x ∈ D2, y ∈ Tp−3.

The proof goes by showing that there exists a volume-preserving C∞ diffeomor-
phism F : K → N so that the vector field Y = dFZ is divergence free and

Y (x, y, t) = (Y1(x, y, t), 0, 1).

Choose a C∞ function a : D2 → [0, 1] which vanishes on the boundary ∂D2 with all
its partial derivatives of any order, strictly positive otherwise and a(x) = 1 outside
small neighborhood of the boundary. Define the vector field V on N by

V (x, y, t) = (Y1(x, y, t), 0, a(x)).

The flow on K corresponding to the vector field dF−1V F is volume-preserving, has
nonzero Lyapunov exponents (except for the exponent in the flow direction) and is
Bernoulli. The manifold K can be embedded into M and this embedding carries
over the flow into a flow on M with all the desired properties.

13.3. Genericity conjecture. Little is known about genericity of systems with
nonzero Lyapunov exponents. On any manifold M of dimension dimM ≥ 2 and for
sufficiently large r there are open sets of volume-preserving Cr diffeomorphisms of
M which possess positive measure sets with all of the exponents to be zero: these
sets consist of codimension one invariant tori on which the system is conjugate to
a diophantine translation (see [60, 111, 251, 252]).

In this regard the following conjecture is of a great interest in the field.

Conjecture 13.5. Let f be a C1+α diffeomorphism of a compact smooth Rie-
mannian manifold M preserving a smooth measure µ. Assume that f has nonzero
Lyapunov exponents almost everywhere. Then there exists a neighborhood U of f
in Diff1+α(M,µ) and a Gδ-set A ⊂ U such that any diffeomorphism g ∈ A has
nonzero Lyapunov exponents on a set Ag of positive measure.

13.4. C1-genericity for maps. We stress that the assumption on the regularity
of f (i.e., f is of class C1+α) is crucial: in the C1 topology one should expect quite
a different behavior. Let us describe some relevant results. We first consider the
case of a compact surface M .

Theorem 13.6 (Bochi [35]). There exists a residual subset U in the space of area
preserving C1 diffeomorphisms such that any f ∈ U is either Anosov or has zero
Lyapunov exponents almost everywhere.
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This theorem was first announced by Mañé around 1983. Although the proof
was never published a sketch of it appeared in [173] (see also [175] for a symplectic
version of this result). A version of Theorem 13.6 for manifolds of higher dimension
was obtained by Bochi and Viana in [37].

Let f be a volume-preserving ergodic C1 diffeomorphism of a compact smooth
Riemannian manifold M and x a Lyapunov regular point for f . Consider the
Oseledets decomposition (6.7) along the orbit of x and two subspaces Ei(x) and
Ej(x) corresponding to two distinct values of the Lyapunov exponent, χi > χj

(since f is ergodic these values do not depend on x). Given a point y in the orbit
of x there is m = m(y, i, j) ≥ 1 such that

‖dfm|Ei(y)‖ · ‖dfm|Ej(y)‖ ≤
1
2
.

Let m(y) = maxi,j m(y, i, j). We say that the Oseledets decomposition has the
dominated property if m(y) does not depend on y. In other words, the fact that dfn

eventually expends Ei(y) more than Ej(y) can be observed in finite time uniformly
over the orbit of f . The dominated property implies that the angles between the
Oseledets subspaces are bounded away from zero along the orbit.

Theorem 13.7 ([37, 36, 38]). Let M be a compact smooth Riemannian manifold.
There exists a residual subset U in the space of volume-preserving C1 diffeomor-
phisms such that for any f ∈ U and almost every x ∈M the Oseledets decomposition
is either dominated along the orbit of x or is trivial, i.e., all Lyapunov exponents
at x are zero.

This theorem is a corollary of the following result that provides necessary con-
ditions for continuity of Lyapunov exponents χi(f, x) over f . For j = 1, . . . , p − 1
define

LEj(f) =
∫

M

[χ1(f, x) + · · ·+ χj(f, x)] dm(x).

It is well-known that the function

f ∈ Diff1(M,m) → LEj(f)

is upper semi-continuous.

Theorem 13.8 (Bochi and Viana [37]). Let f0 ∈ Diff1(M,m) be such that the map

f ∈ Diff1(M,m) → (LE1(f), . . . ,LEp−1(f)) ∈ Rp−1

is continuous at f = f0. Then for almost every x ∈M the Oseledets decomposition
is either dominated along the orbit of x or is trivial.

The main idea of the proof can be described as follows (we borrow this description
from [37]). If the Oseledets decomposition is neither dominated nor trivial over a
set of orbits of positive volume then for some i and arbitrary large m there exist
infinitely many iterates yj = fnj (x) for which

‖dfm|E−i (y)‖‖(dfm|E+
j (y))−1‖ > 1

2
, (13.4)

where
E+

i (y) = E1(y)⊕ · · · ⊕ Ei(y)
and

E−i (y) = Ei+1(y)⊕ · · · ⊕ Ep(y)(y).
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Applying a small perturbation one can move a vector originally in E+
i (y) to E−i (y)

thus “blending” different expansion rates.
More precisely, fix ε > 0, sufficiently large m and a point x ∈ M . For n much

bigger than m choose an iterate y = f `(x) with ` ≈ n
2 as in (13.4). By composing

df with small rotations near the first m iterates of y one can cause the orbit of
some df `

xv ∈ E+
i (y) to move to E−i (z). This creates a perturbation g = f ◦ h which

preserves the orbit segment {x, . . . , fn(x)} and is such that dgs
xv ∈ E+

i during the
first ` iterates and dgs

xv ∈ E−i during the last n− `−m ≈ n
2 iterates. We wish to

conclude that dgn
x lost some expansion if compared to dfn

x . To this end we compare
the kth exterior products of these linear maps with k = dimE+

i . We have

‖ ∧p (dgn
x )‖ ≤ exp(n(χ1 + · · ·+ χk−1 +

1
2
(χk + χk+1)),

where the Lyapunov exponents are computed at (f, x). Notice that χk+1 = λ̂i+1 is
strictly smaller than χk = λ̂i. This local procedure is then repeated for a positive
volume set of points x ∈M . Using the fact that

LEk(g) = inf
n

1
n

∫
M

log ‖ ∧p (dgn
x )‖ dm

one can show that LEk(g) drops under such arbitrary small perturbations contra-
dicting continuity.

For the above construction to work one should arrange various intermediate
perturbations around each fs(y) not to interfere with each other nor with other
iterates of x in the time interval {0, . . . , n}. One can achieve this by rescaling the
perturbation g = f ◦ h near each fs(y) if necessary to ensure that its support is
contained in a sufficiently small neighborhood of the point. In a local coordinate
w around fs(y) rescaling corresponds to replacing h(w) by rh(w/r) for some small
r > 0. This does not affect the value of the derivative at fs(y) nor the C1 norm of
the perturbation and thus it can be made close to f in the C1 topology. It is not
clear whether the argument can be modified to work in Cq with q > 1.

One can establish a version of Theorem 13.7 in the symplectic case.

Theorem 13.9 (Bochi and Viana [37]). Let M be a compact smooth Riemannian
manifold. There exists a residual subset U in the space of C1 symplectic diffeomor-
phisms such that every f ∈ U is either Anosov or has at least two zero Lyapunov
exponents at almost every x ∈M .

13.5. C0-genericity for cocycles. We now describe a version of Theorem 13.7
for linear cocycles.

Let S ⊂ GL(n,R) be an embedded submanifold (with or without boundary).
We say that S is accessible if it acts transitively on the projective space RPn−1.
More precisely, for any C > 0, ε > 0 there are m > 0 and α > 0 with the following
property: given ξ, η ∈ RPn−1 with ∠(ξ, η) ≤ α and any A0, . . . , Am−1 ∈ S with
‖A±1

i ‖ ≤ C one can find Ã0, . . . , Ãm−1 ∈ S such that ‖Ai − Ãi‖ ≤ ε and

Ã0, . . . , Ãm−1(ξ) = A0, . . . , Am−1(η).

Let X be a compact Hausdorff space and f : X → X a homeomorphism preserving
a Borel probability measure µ. Let also A : X × Z → GL(n,R) be the cocycle over
f generated by a function A : X → GL(n,R).
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Theorem 13.10 (Bochi and Viana [37]). For any accessible set S ⊂ GL(n,R)
there exists a residual set R ⊂ C(X,S) such that for every A ∈ R and almost every
x ∈ X either all Lyapunov exponents of the cocycle A, generated by A, are equal to
each other or the Oseledets decomposition for A (see (5.1)) is dominated.

This result applies to cocycles associated with Schrödinger operators. In this
case X = S1, f : S1 → S1 is an irrational rotation, f(x) = x+α, and the generator
A : S1 → SL(2,R) is given by

A(θ) =
(
E − V (θ) −1

1 0

)
,

where E ∈ R is the total energy and V : S1 → R is the potential energy. The
cocycle generated by A is a point of discontinuity for the Lyapunov exponents, as
functions of V ∈ C0(S1,R), if and only if the exponents are nonzero and E lies in the
spectrum of the associated Schrödinger operator (E lies in the complement of the
spectrum if and only if the cocycle is uniformly hyperbolic which for cocycles with
values in SL(2,R) is equivalent to domination; see also Ruelle [214], Bourgain [44]
and Bourgain and Jitomirskaya [45]).

For V ∈ Cr(S1,R) with r = ω,∞, Avila and Krikorian [14] proved the follow-
ing result on nonuniform hyperbolicity for Schrödinger cocycles: if α satisfies the
recurrent Diophantine condition (i.e, there are infinitely many n > 0 for which the
nth image of α under the Gauss map satisfies the Diophantine condition with fixed
constant and power) then for almost every E the Schrödinger cocycle either has
nonzero Lyapunov exponents or is Cr-equivalent to a constant cocycle.

For some C1-genericity results on positivity of the maximal Lyapunov exponents
see Sections 7.3.3 and 7.3.5.

13.6. Lp-genericity for cocycles. Let (X,µ) be a probability space and f : X →
X a measure preserving automorphism. Consider the cocycle A : X×Z → GL(n,R)
over f generated by a measurable function A : X → GL(n,R). We endow the space
G of these functions with a special Lp-like topology. Set for 1 ≤ p <∞,

‖A‖p =
(∫

X

‖A(x)‖p dµ(x)
) 1

p

and
‖A‖∞ = ess supx∈X ‖A‖.

We have 0 ≤ ‖A‖p ≤ ∞. For A,B ∈ G let

τp(A,B) = ‖A−B‖p + ‖A−1 −B−1‖p

and

ρp(A,B) =
τp(A,B)

1 + τp(A,B)
.

Here we agree that ‖A−B‖p = ∞ or ‖A−1−B−1‖p = ∞ if and only if ρp(A,B) = 1.
One can check that ρp is a metric on G and that the space (G, ρp) is complete.

Assume that f is ergodic. Following Arbieto and Bochi [11] we denote by GIC ⊂ G

the subset of all maps A satisfying the integrability condition (5.3) and by GOPS

the subset of all those A ∈ GIC which have one-point spectrum, i.e., for which the
Lyapunov spectrum of the cocycle A consists of a single point. It turns out that the
“one-point spectrum property” is typical in the following sense (see Arbieto and
Bochi [11]; an earlier but weaker result is obtained by Arnold and Cong in [13]).
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Theorem 13.11. Assume that f is ergodic. Then GOPS is a residual subset of
GIC in the Lp topology for any 1 ≤ p ≤ ∞.

The proof of this result is based upon the study of the functions Λk : GIC → R,
k = 1, . . . , n given by

Λk(A) =
∫

X

(χ1(A, x) + · · ·+ χk(A, x)) dµ(x)

Theorem 13.12. The following statements hold:

1. the function Λk is upper semi-continuous (i.e., for any A ∈ GIC and ε > 0
there exists δ > 0 such that Λk(B) < Λk(A) + ε for any B ∈ GIC with
ρp(A,B) < δ);

2. the function Λn is continuous;
3. if f is ergodic then Λk is continuous at A ∈ GIC if and only if A ∈ GOPS.

For some other results on genericity of cocycles with low differentiability see [42].

13.7. Mixed hyperbolicity. We consider the situation of mixed hyperbolicity,
i.e., hyperbolicity is uniform throughout the manifold in some but not all directions.
More precisely, we assume that f is partially hyperbolic, i.e., the tangent bundle
TM is split into three df -invariant continuous subbundles

TM = Es ⊕ Ec ⊕ Eu. (13.5)

The differential df contracts uniformly over x ∈ M along the strongly stable sub-
space Es(x), it expands uniformly along the strongly unstable subspace Eu(x), and
it can act either as nonuniform contraction or expansion with weaker rates along
the central direction Ec(x). More precisely, there exist numbers

0 < λs < λ′c ≤ 1 ≤ λ′′c < λu

such that for every x ∈M ,

‖dxf(v)‖ ≤ λs‖v‖, v ∈ Es(x)
λ′c‖v‖ ≤ ‖dxf(v)‖ ≤ λ′′c ‖v‖, v ∈ Ec(x)

λu‖v‖ ≤ ‖dxf(v)‖, v ∈ Eu(x).

We say that a partially hyperbolic diffeomorphism preserving a smooth measure
µ has negative central exponents on a set A of positive measure if χ(x, v) < 0 for
every x ∈ A and every nonzero v ∈ Ec(x). The definition of positive central ex-
ponents is analogous. Partially hyperbolic systems with negative (positive) central
exponents as explained above were introduced by Burns, Dolgopyat and Pesin [53]
in connection to stable ergodicity of partially hyperbolic systems (see below). Their
work is based upon earlier results of Alves, Bonatti and Viana [8] who studied SRB-
measures for partially hyperbolic systems for which the tangent bundle is split into
two invariant subbundles, one uniformly contracting and the other nonuniformly
expanding (see Section 14.3).

For x ∈ M one can construct local stable manifolds V s(x) and local unstable
manifolds V u(x) and their sizes are bounded away from zero uniformly over x ∈M .
In addition, for x ∈ A one can construct local weakly stable manifolds V sc(x) whose
size varies with x and may be arbitrary close to zero.
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Theorem 13.13 (Burns, Dolgopyat and Pesin [53]). Let f be a C2 diffeomorphism
of a compact smooth Riemannian manifold M preserving a smooth measure µ.
Assume that there exists an invariant subset A ⊂M with µ(A) > 0 on which f has
negative central exponents. Then every ergodic component of f |A is open (mod 0)
and so is the set A.

To see this let us take a density point x ∈ A and consider the sets

P (x) =
⋃

y∈V sc

V u(y), Q(x) =
⋃
n∈Z

fn(P (x)). (13.6)

P (x) is open and so is Q(x). Using absolute continuity of local unstable manifolds
and repeating argument in the proof of Theorem 11.3 we obtain that f |Q(x) is
ergodic.

In general, one should not expect the set A to be of full measure nor the map
f |A to be ergodic. We introduce a sufficiently strong condition which guarantees
this.

We call two points p, q ∈M accessible if there are points p = z0, z1, . . . , z`−1, z` =
q, zi ∈M such that zi ∈ V u(zi−1) or zi ∈ V s(zi−1) for i = 1, . . . , `. The collection
of points z0, z1, . . . , z` is called a us-path connecting p and q. Accessibility is an
equivalence relation. The diffeomorphism f is said to have the accessibility property
if any two points p, q ∈ M are accessible and to have the essential accessibility
property if the partition into accessibility classes is trivial (i.e., a measurable union
of equivalence classes must have zero or full measure).

A crucial manifestation of the essential accessibility property is that the orbit of
almost every point x ∈M is dense in M . This implies the following result.

Theorem 13.14. Let f be a C2 partially hyperbolic diffeomorphism of a compact
smooth Riemannian manifold M preserving a smooth measure µ. Assume that f
has negative central exponents on an invariant set A of positive measure and is
essentially accessible. Then f has negative central exponents on the whole of M ,
the set A has full measure, f has nonzero Lyapunov exponents almost everywhere,
and f is ergodic.

Accessibility plays a crucial role in stable ergodicity theory. A C2 diffeomorphism
f preserving a Borel measure µ is called stably ergodic if any C2 diffeomorphism
g which is sufficiently close to f in the C1 topology, which preserves µ, is ergodic.
Volume-preserving Anosov diffeomorphisms are stably ergodic.

Theorem 13.15. Under the assumption of Theorem 13.14, f is stably ergodic.

One can show that indeed, f is stably Bernoulli, i.e., any C2 diffeomorphism g
which is sufficiently close to f in the C1 topology, which preserves µ, is Bernoulli.

The proof of Theorem 13.15 is based upon some delicate properties of Lyapunov
exponents for systems with mixed hyperbolicity which are of interest by themselves.

1. Since the map f is ergodic the values of the Lyapunov exponents are constant
almost everywhere. Therefore,

χ(x, v) ≤ a < 0 (13.7)

uniformly over x and v ∈ Ec(x). It follows that∫
M

log ‖df |Ec(x)‖ dµ ≤ a < 0.
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Since the splitting (13.5) depends continually on the perturbation g of f we obtain
that ∫

M

log ‖df |Ec
g(x)‖ dµ ≤

a

2
< 0

(we assume that g is sufficiently close to f and preserves the measure µ). This,
in turn, implies that g has negative central exponents on a set Ag of positive µ-
measure.

2. Condition (13.7) allows one to estimate the sizes of global weakly stable
manifolds along a typical trajectory of g.

Proposition 13.16. Under the assumption (13.7) there is a number r > 0 such
that for any C2 diffeomorphism g which is sufficiently close to f in the C1 topology
and for any x ∈ Ag one can find n ≥ 0 such that the size of the global manifold
W sc(g−n(x)) is at least r.

The proof of this statement uses the notion of σ-hyperbolic times which is of
interest by itself and provides a convenient technical tool in studying the behavior
of local manifolds along trajectories. It was introduced by Alves in [6] (see also [8])
but some basic ideas behind this notion go back to the work of Pliss [204] and Mañé
[174]. Given a partially hyperbolic diffeomorphism f and a number 0 < σ < 1, we
call the number n a σ-hyperbolic time for f at x if for every 0 ≤ j ≤ n,

j∏
k=1

‖df |Ec
f (fk−n(x))‖ ≤ σj . (13.8)

It is shown by Alves, Bonatti and Viana in [8] that if f satisfies (13.7) then any
point x ∈ Af has infinitely many hyperbolic times. The proof of this statement is
based on a remarkable result known as Pliss lemma. Although technical this lemma
provides an important observation related to nonuniform hyperbolicity.

Lemma 13.17 (Pliss [204]; see also [174, Chapter IV.11]). Let H ≥ c2 > c1 > 0
and ζ = (c2 − c1)/(H − c1). Given real numbers a1, . . . , aN satisfying

N∑
j=1

aj ≥ c2N and aj ≤ H for all 1 ≤ j ≤ N,

there are ` > ζN and 1 < n1 < · · · < n` ≤ N such that
nj∑

j=n+1

aj ≥ c1(Ni − n) for each 0 ≤ n < ni, i = 1, . . . , `.

Alves and Araújo [7] estimated the frequency of σ-hyperbolic times. More pre-
cisely, given θ > 0 and x ∈ M we say that the frequency of σ-hyperbolic times
n1 < n2 < · · · < n` at x exceeds θ if for large n we have n` ≤ n and ` ≥ θn. We
also introduce the function h on M which is defined almost everywhere and assigns
to x ∈M its first σ-hyperbolic time.

Theorem 13.18. If for some σ ∈ (0, 1) the function h is Lebesgue integrable then
there are σ̂ > 0 and θ > 0 such that almost every x ∈M has frequency of hyperbolic
times bigger than θ.
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We return to the proof of the proposition. As we saw the map g also satisfies
(13.7). Applying (13.8) to g we obtain that there is a number r > 0 such that for
any σ-hyperbolic time n and 0 ≤ j ≤ n,

diam(gj(Bsc(g−n(x), r))) ≤ σj ,

where Bsc(y, r) is the ball in the global manifold W sc(y) centered at y of radius r.
Since σ < 1 and the hyperbolic time n can be arbitrary large this ensures that
gn(Bsc(g−n(x), r)) lies in the local manifold V sc(x) and hence, Bsc(g−n(x), r) is
contained in the global manifold W sc(g−n(x)).

3. The perturbation g possesses the ε-accessibility property where ε = dC1(f, g).
This means that for any two points p, q ∈ M there exists a us-path connecting
p with the ball centered at q of radius ε. Although ε-accessibility is weaker then
accessibility it still allows one to establish ergodicity of the perturbation g. Indeed,
choosing a density point x ∈ Ag and a number n such that the size of W sc(g−n(x))
is at least r we obtain that the set P (x) (see (13.6)) contains a ball of radius r ≥ 2ε.

13.8. Open sets of diffeomorphisms with nonzero Lyapunov exponents.
It is shown in [40] that any partially hyperbolic diffeomorphism f0 with one dimen-
sional central direction preserving a smooth measure µ can be slightly perturbed
such that the new map f is partially hyperbolic, preserves µ and has negative cen-
tral exponents (hence, the results of the previous section apply to f). This result
was first obtained by Shub and Wilkinson [229] in the particular case when f0 is
the direct product of a hyperbolic automorphism of two-torus and the identity map
of the circle. The perturbation that remove zero exponents can be arranged in the
form (13.3). The proof in the general case is a modification of the argument in
[229] (see also [23] and [74]).

One can use this observation to obtain an open set of non-Anosov diffeomor-
phisms with nonzero Lyapunov exponents on multi-dimensional tori. Consider a
diffeomorphism f0 = A× Id of the torus Tp = Tp−1×S1, p ≥ 3 where A is a linear
hyperbolic automorphism of Tp−1. It is partially hyperbolic and preserves volume.
Let f be a small C2 perturbation of f0 preserving volume and having negative
central exponents. One can arrange the perturbation f to have the accessibility
property. Then any volume-preserving C2 diffeomorphism g which is sufficiently
close to f is ergodic and has nonzero Lyapunov exponents almost everywhere.

Note that g is partially hyperbolic and the central distribution Ec is one di-
mensional. By a result in [113] this distribution is integrable and the leaves W c

of the corresponding foliation are smooth closed curves which are diffeomorphic to
circles. The foliation W c is continuous (indeed, it is Hölder continuous) but is not
absolutely continuous (see [229]). Moreover, there exists a set E of full measure
and an integer k > 1 such that E intersects almost every leaf W c(x) at exactly k
points (see [219]; the example in Section 10.2 is of this type).

14. SRB-measures

We shall consider hyperbolic invariant measures which are not smooth. This
includes, in particular, dissipative systems for which the support of such measures
is attracting invariant sets. A general hyperbolic measure may not have “nice”
ergodic properties: its ergodic components may be of zero measure and it may
have zero metric entropy. There is, however, an important class of hyperbolic
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measures known as SRB-measures (after Sinai, Ruelle, and Bowen). They appear
naturally in applications due to the following observation.

Let f be a diffeomorphism of a smooth Riemannian p-dimensional manifold M .
An open set U ⊂ M is called a trapping region if f(U) ⊂ U (where Ā denotes the
closure of the set A). The closed f -invariant set

Λ =
⋂
n≥0

fn(U)

is an attractor for f so that f is dissipative in U .
Consider the evolution of the Riemannian volume m under f , i.e., the sequence

of measures

νn =
1
n

n−1∑
k=0

fk
∗m, (14.1)

where the measure fk
∗m is defined by fk

∗m(A) = m(f−1(A)) for any Borel set A ⊂
F k(U). Any limit measure ν of this sequence is supported on Λ. If indeed, the
sequence (14.1) converges the limit measure ν is the physical (or natural) measure
on Λ. The latter plays an important role in applications and is defined by the
following property: for any continuous function ϕ on M , called observable, and
m-almost every point x ∈ U ,

lim
n→∞

1
n

n−1∑
k=0

ϕ(fk(x)) =
∫

M

ϕdν. (14.2)

We call ν an SRB-measure if there is a set B = B(ν) ⊂ U of positive Lebesgue
measure such that for any continuous observable ϕ the identity (14.2) holds for
x ∈ B (in this case Λ is a Milnor attractor, see [184]). The set B(ν) is the basin of
attraction of ν.

Assume that for m-almost every point x ∈ U the Lyapunov exponents χi(x),
i = 1, . . . , p are not equal to zero. More precisely, there is a number 1 ≤ k(x) < p
such that χi(x) < 0 for i = 1, . . . , k(x) and χi(x) > 0 for i = k(x) + 1, . . . , p. It is
not known whether under this assumption the measure ν is hyperbolic.

We stress that a physical measure need not be an SRB-measure as Example 12.5
of the figure-eight attractor shows. In the following sections we give another (equiv-
alent) definition of SRB-measures in the case when these measures are hyperbolic.
We also discuss their ergodic properties, and present some examples of systems with
SRB-measures (for a somewhat less elaborated account of SRB-measures see [65]).
In uniformly hyperbolic dynamics SRB-measures are examples of more general
Gibbs measures (see the recent excellent survey on this topic by Ruelle [218]).
It is an open problem to extend the theory of Gibbs measures to nonuniformly
hyperbolic dynamical systems.

14.1. Definition and ergodic properties of SRB-measures. Let f be a C1+α

diffeomorphism of a compact smooth Riemannian manifold M and ν a hyperbolic
invariant measure for f . Denote by Λ = Λν the set of points with nonzero Lyapunov
exponents. We have that ν(Λ) = 1. Fix a regular set Λ` of positive measure, a
point x ∈ Λ`, and a number 0 < r < r` (see (8.16)). Set

R`(x, r) =
⋃

y∈Λ`∩B(x,r)

V u(y)
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and denote by ξ`(x) the partition of R`(x, r) by local unstable manifolds V u(y),
y ∈ Λ` ∩B(x, r).

A hyperbolic measure ν is called an SRB-measure if for every ` > 0 and almost
every x ∈ Λ`, y ∈ Λ` ∩B(x, r), the conditional measure νu(y), generated by ν and
partition ξ`(x) on V u(y), is absolutely continuous with respect to the Riemannian
volume mu(y) on V u(y).

There is a measurable density function κ(y, z), z ∈ V u(y) such that dνu(y)(z) =
κ(y, z) dmu(y)(z). The following result gives a description of the density func-
tion κ(y, z).

Theorem 14.1. For any y ∈ Λ` ∩B(x, r) and z ∈ V u(y),

κ(y, z) =
∞∏

i=1

J(df−1|Eu(f−i(z)))
J(df−1|Eu(f−i(y)))

.

The density function κ(y, z) is Hölder continuous and strictly positive.
SRB-measures have ergodic properties similar to those of smooth measures. The

proofs of the corresponding results use Theorem 14.1 and are modifications of ar-
guments in the case of smooth measures (those proofs in the latter case use only
absolute continuity of local unstable manifolds), see [154].

Theorem 14.2. There exist invariant sets Λ0, Λ1, . . . such that:
1.
⋃

i≥0 Λi = Λ, and Λi ∩ Λj = ∅ whenever i 6= j;
2. ν(Λ0) = 0, and ν(Λi) > 0 for each i ≥ 1;
3. f |Λi is ergodic for each i ≥ 1.

Theorem 14.3. There exists a measurable partition η of Λ with the following
properties:

1. for almost every x ∈ Λ the element Cη(x) is open (mod 0) subset of Wu(x);
2. fη ≥ η;
3. η+ =

∨∞
i=0 f

iη = ε;
4.
∧0

i>−∞ f iη = H(Wu) = π(f |Λ) = ν (the trivial partition of Λ);
5. for each i = 1, 2, . . . the π-partition of f |Λi is finite and consists of ni

elements Λk
i , k = 1, . . . , ni such that f(Λk

i ) = Λk+1
i , k = 1, . . . , ni − 1 and

f(Λn
i ) = Λ1

i .

Theorem 14.4. 1. fni |Λk
i is a Bernoulli automorphism.

2. If the map f |Λ is mixing then it is a Bernoulli automorphism.
3. (Ledrappier and Strelcyn [156]) The entropy of f is

hν(f) = hν(f, η) =
∫

M

∑
i:χi(x)>0

ki(x)χi(x) dν(x).

Let ν be an SRB-measure for a C1+α diffeomorphism of a compact smooth
Riemannian manifold M and Λ the set of points with nonzero Lyapunov exponents.
We have that ν(Λ) = 1 and V u(x) ⊂ Λ (mod 0) for almost every x ∈ Λ. In view of
the absolute continuity of local stable manifolds we obtain that the set

⋃
x∈Λ V

s(x)
has positive volume. As an immediate corollary of this observation we have the
following result.

Theorem 14.5. A C1+α diffeomorphism of a compact smooth Riemannian mani-
fold possesses at most countably many ergodic SRB-measures. The basin of attrac-
tion of every SRB-measure has positive volume.
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14.2. Characterization of SRB-measures. It turns out that the entropy for-
mula (see Statement 3 of Theorem 14.4) completely characterizes SRB-measures.

Theorem 14.6. For a Borel measure ν invariant under a C2 diffeomorphism, the
entropy formula holds if and only if ν is an SRB-measure.

This characterization was first established by Ledrappier [154] for systems with
nonzero Lyapunov exponents and in the general case by Ledrappier and Young (see
[157]; see also Section 16.1 for a discussion of this result). It is also shown in [157]
that the Radon–Nikodym derivatives dνu(x)/dmu(x) are strictly positive functions
which are C1 along unstable manifolds.

Qian and Zhu [210] extended the notion of SRB-measures to C2 endomorphism
via their inverse limits. They also established the entropy formula and the same
characterization of SRB-measures as in the above theorem.

14.3. Existence of SRB-measures I: some general results. We describe here
results on existence of SRB-measures in some general situations.

1. A topologically transitive Anosov diffeomorphism f possesses an ergodic
SRB-measure: it is the limit of the sequence of measures (14.1). This result ex-
tends to uniformly hyperbolic attractors, i.e., attractors which are hyperbolic sets.
For “almost Anosov” diffeomorphisms Hu [118] found conditions which guaran-
tee existence of SRB-measures, while Hu and Young [120] described examples of
such maps with no finite SRB-measures (see the articles [104, Section 3.6] and [65,
Section 3] for relevant definitions and details).

2. More generally, consider a partially hyperbolic attractor Λ, i.e., an attractor
such that f |Λ is partially hyperbolic (see Section 9 in the Chapter “Partially hy-
perbolic dynamical systems” by B. Hasselblatt and Ya. Pesin in this volume [106]).
Observe that Wu(x) ⊂ Λ for every x ∈ Λ.

Let ν be an invariant Borel probability measure supported on Λ. Given a point
x ∈ Λ, and a small number r > 0, set

R(x, r) =
⋃

y∈Λ∩B(x,r)

V u(y).

Denote by ξ(x) the partition of R(x, r) by V u(y), y ∈ Λ ∩B(x, r). Following [203]
we call ν a u-measure if for almost every x ∈ Λ and y ∈ Λ∩B(x, r), the conditional
measure νu(y), generated by ν and partition ξ(x) on V u(y), is absolutely continuous
with respect to mu(y).

Theorem 14.7 (Pesin and Sinai [203]). Any limit measure of the sequence of
measures (14.1) is a u-measure on Λ.

Since partially hyperbolic attractors may not admit Markov partitions, the proof
of this theorem exploits quite a different approach than the one used to establish
existence of SRB-measures for classical hyperbolic attractors (see Section 19 where
this approach is outlined).

In general, the sequence of measures (14.1) may not converge and some strong
conditions are required to guarantee convergence.

Theorem 14.8 (Bonatti and Viana [41]). Assume that:
1. every leaf of the foliation Wu is everywhere dense in Λ;
2. there exists a limit measure ν for the sequence of measures (14.1) with respect

to which f has negative central exponents.
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Then the sequence of measures (14.1) converges and the limit measure is the unique
u-measure on Λ. It is an SRB-measure.

Every SRB-measure on Λ is a u-measure. The converse statement is not true in
general but it is true in the following two cases:

a. Λ is a (completely) hyperbolic attractor;
b. f has negative central exponents.

Here are two results in this direction.

Theorem 14.9 (Alves, Bonatti and Viana [8]). Assume that f is nonuniformly
expanding along the center-unstable direction, i.e.,

lim
n→∞

1
n

n∑
j=1

log ‖df−1|Ecu
fj(x)‖ < 0 (14.3)

for all x in a positive Lebesgue measure set A ⊂ M . Then f has an ergodic SRB-
measure supported in

⋂∞
j=0 f

j(M). Moreover, if the limit in (14.3) is bounded away
from zero then A is contained (mod 0) in the union of the basins of finitely many
SRB-measures.

Theorem 14.10 (Burns, Dolgopyat and Pesin [53]). Let ν be a u-measure on Λ.
Assume that there exists an invariant subset A ⊂ Λ with µ(A) > 0 on which f has
negative central exponents. Assume also that for every x ∈ Λ the global unstable
manifold Wu(x) is dense in Λ. Then ν is the only u-measure for f and f has
negative central exponents at ν-almost every x ∈ Λ; hence, (f, ν) is ergodic, ν is an
SRB-measure and its basin contains the topological basin of Λ (mod 0).

3. The following general statement links convergence of the sequence of mea-
sures (14.1) to the existence of SRB-measures.

Theorem 14.11 (Tsujii [241]). Let f be a C1+α diffeomorphism of a compact
smooth Riemannian manifold M and A ⊂M a set of positive volume such that for
every x ∈ A the sequence of measures

1
n

n−1∑
i=0

δfk(x)

converges weakly to an ergodic hyperbolic measure νx. If the Lyapunov exponents at
x coincide with those of νx then νx is an SRB-measure for Lebesgue almost every
x ∈ A.

4. In [259], Young suggested an axiomatic approach for constructing SRB-
measures. It is built upon her work on tower constructions for nonuniformly hy-
perbolic systems and presents the system as a Markov extension (see Appendix).
This approach is a basis to establish existence of SRB-measures for Hénon-type
attractors as well as existence of absolutely continuous invariant measures for some
piecewise hyperbolic maps and logistic maps.

Let f be a C1+α diffeomorphism of a compact smooth Riemannian manifold M .
An embedded disk γ ⊂ M is called an unstable disk if for any x, y ∈ γ the

distance ρ(f−n(x), f−n(y)) → 0 exponentially fast as n → ∞; it is called a stable
disk if for any x, y ∈ γ the distance ρ(fn(x), fn(y)) → 0 exponentially fast as
n→∞.
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We say that a set Λ has a hyperbolic product structure if there exist a continuous
family of unstable disks Γu = {γu} and a continuous family of stable disks Γs =
{γs} such that

1. dim γu + dim γs = dimM ;
2. the γu-disks are transversal to the γs-disks with the angles between them

bounded away from zero;
3. each γu-disk meets each γs-disk at exactly one point;
4. Λ = (∪γu) ∩ (∪γs).

We impose some conditions on the map f (see Conditions (P1)–(P5) below) which
guarantee the existence of an SRB-measure for f . Roughly speaking they mean
that there exists a set Λ with a hyperbolic product structure and a return map fR

from Λ to itself such that f is a Markov extension over fR (see Appendix). More
precisely, we assume the following.

(P1) There exists Λ ⊂ M with a hyperbolic product structure and such that
µγu{γu ∩ Λ} > 0 for every γu ∈ Γu.

(P2) There are pairwise disjoint subsets Λ1,Λ2, · · · ⊂ Λ with the properties that
1. each Λi has a hyperbolic product structure and its defining families can be

chosen to be Γu and Γs
i ⊂ Γs; we call Λi an s-subset; similarly, one defines

u-subsets;
2. on each γu-disk, µγu{(Λ \ ∪Λi) ∩ γu} = 0;
3. there exists Ri ≥ 0 such that fRi(Λi) is a u-subset of Λ; moreover, for all x ∈

Λi we require that fRi(γs(x)) ⊂ γs(fRi(x)) and fRi(γu(x)) ⊃ γu(fRi(x));
4. for each n, there are at most finitely many i′s with Ri = n;
5. minRi ≥ R0 for some R0 > 0 depending only on f .

Condition (P2) means that the set Λ has the structure of a “horseshoe”, however,
infinitely many branches returning at variable times.

In order to state remaining Conditions (P3)–(P5) we assume that there is a
function s0(x, y) – a separation time of the points x and y – which satisfy:

(i) s0(x, y) ≥ 0 and depends only on the γs-disks containing the two points;
(ii) the maximum number of orbits starting from Λ that are pairwise separated

before time n is finite for each n;
(iii) for x, y ∈ Λ, s0(x, y) ≥ Ri + s0(fRi(x), fRi(y)); in particular, s0(x, y) ≥ Ri;
(iv) for x ∈ Λi, y ∈ Λj , i 6= j but Ri = Rj , we have s0(x, y) < Ri − 1.

Conditions (iii) and (iv) describe the relations between s0(x, y) and returns to Λ,
namely, that points in the same Λi must not separate before they return, while
points in distinct Λ′is must first separate if they are to return simultaneously.

We assume that there exist C > 0 and α < 1 such that for all x, y ∈ Λ the
following conditions hold:

(P3) contraction along γs-disks: ρ(fn(x), fn(y)) ≤ Cαn for all n ≥ 0 and
y ∈ γs(x);

(P4) backward contraction and distortion along γu: for y ∈ γu(x) and 0 ≤ k ≤
n < s0(x, y), we have

(a) ρ(fn(x), fn(y)) ≤ Cαs0(x,y)−n;
(b)

log
n∏

i=k

det dfu(f i(x))
det dfu(f i(y))

≤ Cαs0(x,y)−n;
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(P5) convergence of d(f i|γu) and absolute continuity of Γs:

(a) for y ∈ Γs(x) and n ≥ 0,

log
∞∏

i=k

det dfu(f i(x))
det dfu(f i(y))

≤ Cαn;

(b) for γ, γ′ ∈ Γu define Θ: γ ∩ Λ → γ′ ∩ Λ by Θ(x) = γs(x) ∩ γ′. Then Θ is
absolutely continuous and

d(Θ−1
∗ µγ′)
dµγ

(x) =
∞∏

i=0

det dfu(f i(x))
det dfu(f i(Θ(x)))

.

In [259], Young showed that a map f satisfying Conditions (P1)–(P5) admits a
Markov extension (see Appendix). As an important corollary one has the following
result.

Theorem 14.12 (Young [259]). Assume that for some γ ∈ Γu,∫
γ∩Λ

Rdµγ <∞.

Then f admits an SRB-measure.

14.4. Existence of SRB-measures II: Hénon attractors. Constructing SRB-
measures for nonuniformly hyperbolic dissipative systems is a challenging problem
and few examples have been successfully studied.

In Section 19 we will discuss existence of SRB-measures for uniformly hyper-
bolic dissipative maps with singularities possessing generalized hyperbolic attrac-
tors. The behavior of trajectories in these systems is essentially nonuniformly hy-
perbolic.

An example of nonuniformly hyperbolic dissipative systems possessing SRB-
measures is the Hénon map. It was introduced by Hénon in 1977 (see [108]) as
a simplified model for the Poincaré first return time map of the Lorenz system of
ordinary differential equations. The Hénon family is given by

Ha,b(x, y) = (1− ax2 + by, x).

Hénon carried out numerical studies of this family and suggested the presence of a
“chaotic” attractor for parameter values near a = 1.4 and b = 0.3. Observe that
for b = 0 the family Ha,b reduces to the logistic family Qa. By continuity, given
a ∈ (0, 2), there is a rectangle in the plane which is mapped by Ha,b into itself. It
follows that Ha,b has an attractor provided b is sufficiently small. This attractor is
called the Hénon attractor.

In the seminal paper [29], Benedicks and Carleson, treating Ha,b as small pertur-
bations of Qa, developed highly sophisticated techniques to describe the dynamics
near the attractor. Building on this analysis, Benedicks and Young [30] established
existence of SRB-measures for the Hénon attractors and described their ergodic
properties.

Theorem 14.13. There exist ε > 0 and b0 > 0 such that for every 0 < b ≤ b0 one
can find a set ∆b ∈ (2 − ε, 2) of positive Lebesgue measure with the property that
for each a ∈ ∆b the map Ha,b admits a unique SRB-measure νa,b.
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In [31], Benedicks and Young studied ergodic properties of the measure νa,b show-
ing that besides being Bernoulli this measure has exponential decay of correlations
and satisfies a central limit theorem. More precisely, they proved the following
result.

Let f be a transformation of a Lebesgue space X preserving a probability mea-
sure ν and L be a class of functions on X. We say that f has exponential decay of
correlations for functions in L if there is a number τ < 1 such that for every pair
of functions ϕ,ψ ∈ L there is a constant C = C(ϕ,ψ) > 0 such that for all n ≥ 0,∣∣∣∫ ϕ(ψ ◦ fn) dν −

∫
ϕdν

∫
ψ dν

∣∣∣ ≤ Cτn

(see Appendix for more information on decay of correlations). Further, we say that
f satisfies a central limit theorem for ϕ with

∫
ϕdν = 0 if for some σ > 0 and all

t ∈ R,

ν
{ 1√

n

n−1∑
i=0

ϕ ◦ f i < t
}
→ 1√

2πσ

∫ t

−∞
e−u2/2σ2

du

as n→∞.

Theorem 14.14. [31] With respect to νa,b the map Ha,b

1. has exponential decay of correlations for Hölder continuous functions (the
rate of decay may depend on the Hölder exponent);

2. satisfies the central limit theorem for Hölder continuous functions with zero
mean; the standard deviation σ is strictly positive if and only if ϕ 6= ψ◦f−ψ
for some ψ ∈ L2(ν).

In [246], Wang and Young introduced a 2-parameter family of maps of the plane
to which the above results extend. This family is defined as follows.

Let A = S1 × [−1, 1] and a 2-parameter family Ta,b : A → A, a ∈ [a0, a1],
b ∈ [0, b1], be constructed via the following four steps.

Step I. Let f : S1 → S1 satisfies the Misiurewicz conditions: if C = {x : f ′(x) =
0} then

1. f ′′ 6= 0 for all x ∈ C;
2. f has negative Schwarzian derivative on S1 \ C;
3. fn(x) 6= x and |(fn)′(x)| ≤ 1 for any x ∈ S1 and n ∈ Z;
4. infn≥0 d(fn(x), C) > 0 for all x ∈ C.

Observe that for p ∈ S1 with infn≥0 d(fn(p), C) > 0, and any g sufficiently close
to f in the C2 topology there is a unique point p(g) having the same symbolic
dynamics with respect to g as p does with respect to f . If fa is a 1-parameter
family through f with fa sufficiently close to f in the C2 topology for all a we let
p(a) = p(fa). For x ∈ C we denote by x(a) the corresponding critical point of fa.

Step II. Let fa : S1 → S1 be a 1-parameter family for which f = fa∗ for
some a∗ ∈ [a0, a1] with f as in Step I. We assume that the following transversality
condition holds: for every x ∈ C and p = f(x),

d

dx
fa(x(a)) 6= d

da
p(a) at a = a∗.

Step III. Let fa,b : S1×{0} → A be a 2-parameter family which is an extension
of the 1-parameter family in Step II, i.e., fa,0 = fa and fa,b is an embedding for
b > 0.
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Step IV. Let Ta,b : A → A be an extension of fa,b in such a way that Ta,0 ⊂
S1 → A and Ta,b maps A diffeomorphically onto its image for b > 0. Assume also
that the following nondegeneracy condition holds:

∂yTa∗,0(x, 0) 6= 0 whenever f ′a∗(x) = 0.

For a version of this construction in higher dimensions see [247].
On another direction, Mora and Viana [187] modified Benedicks and Carleson’s

approach in a way which allowed them to treat Hénon-like maps using some tech-
niques from the general bifurcation theory such as homoclinic tangencies. Later
Viana [244] extended results from [187] to higher dimensions; see [169] for a more
detailed account of these results and further references.

15. Hyperbolic measures I: topological properties

One can extend some techniques widely used in the theory of locally maximal
hyperbolic sets to measures with nonzero exponents. These tools are not only
important for applications but they provide a crucial nontrivial geometric struc-
ture to measures with nonzero exponents. In particular, one can close recurrent
orbits, shadow pseudo-orbits, construct almost Markov covers, and determine the
cohomology class of Hölder cocycles by periodic data.

Let f be a C1+α diffeomorphism of a compact Riemannian manifold M , for some
α > 0, and ν an f -invariant hyperbolic probability measure.

15.1. Closing and shadowing lemmas. We address the following two funda-
mental problems:

1. Given a recurrent point x is it possible to find a nearby periodic point y
which follows the orbit of x during the period of time that the points in the
orbit of x return very close to x?

2. Given a sequence of points {xn} with the property that the image of xn is
very close to xn+1 for every n (such a sequence {xn} is called a pseudo-orbit),
is it possible to find a point x such that fn(x) is close to xn for every i? In
other words, if a sequence of points {xn} resembles an orbit can one find a
real orbit that shadows (or closely follows) the pseudo-orbit?

This sort of problems are known respectively as closing problem and shadowing
problem, while the corresponding properties are called the closing property and the
shadowing property.

The following result by Katok [131] establishes the closing property for nonuni-
formly hyperbolic diffeomorphisms.

Theorem 15.1. For every ` > 0 and η > 0 there exists δ = δ(`, η) > 0 with the
following property: if x ∈ Λ` and fm(x) ∈ Λ` with d(fm(x), x) < δ, then there
exists z = z(x) such that

1. z is a hyperbolic periodic point for f with fm(z) = z;
2. for i = 0, . . ., m,

d(f i(z), f i(x)) ≤ ηA` max{eεi, eε(m−i)},
where A` is a constant depending only on `.

An immediate corollary of this result is the existence of periodic orbits in a
regular set Λ` of a nonuniformly hyperbolic diffeomorphism. In fact, a stronger
result holds. Denote by Perh(f) the set of hyperbolic periodic points for f .
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Theorem 15.2 (Katok [131]). We have supp ν ⊂ Perh(f).

The proof of Theorem 15.2 is an application of Theorem 15.1. Fix x0 ∈ suppµ,
α > 0 and ` ≥ 1 such that µ(B(x0, α/2) ∩ Λ`) > 0. Choose δ > 0 according to
Theorem 15.1 and such that ηA` < α/2 and a set B ⊂ B(x0, α/2) ∩ Λ` of positive
measure and diameter at most δ. By the Poincaré Recurrence Theorem, for µ-
almost every x ∈ B there exists a positive integer n(x) such that fn(x)(x) ∈ B and
hence, d(fn(x)(x), x) < δ. By Theorem 15.1, there exists a hyperbolic periodic point
z of period n(x) such that d(x, z) < α/2, and thus d(x0, z) < d(x0, x)+d(x, z) < α.

A further application of Theorem 15.1 is the following statement.

Corollary 15.3. For an ergodic measure ν, if all the Lyapunov exponents of f are
negative (respectively, all are positive) on a set of full ν-measure, then supp ν is an
attracting (respectively, repelling) periodic orbit.

See also Corollaries 15.7, 15.15, and 15.16 below for related results.
We now present an analog of the shadowing lemma for nonuniformly hyperbolic

diffeomorphisms. Given a ∈ Z ∪ {−∞} and b ∈ Z ∪ {∞}, a sequence {xn}a<n<b is
called an ε-orbit or ε-pseudo-orbit for f if d(xn+1, xn) < ε for all a < n < b. It is
δ-shadowed by the orbit of x if d(xn, f

n(x)) < δ for all a < n < b.
Given ` > 0, denote by

Λ̃` =
⋃

x∈Λ`

R(x),

where R(x) is a regular neighborhood of x (see Section 8.7).

Theorem 15.4 (Katok and Mendoza [135]). For every sufficiently small α > 0
there exists β = β(α, `) such that given a β-pseudo-orbit {xm} ⊂ R̃`, there exists
y ∈M such that its orbit α-shadows {xm}.

The following result is a nonuniformly hyperbolic version of the famous Livshitz
theorem that determines the cohomology class of Hölder cocycles by periodic data.

Theorem 15.5 (Katok and Mendoza [135]). Let ϕ : M → R be a Hölder con-
tinuous function such that for each periodic point p with fm(p) = p we have∑m−1

i=0 ϕ(f i(p)) = 0. Then there exists a Borel measurable function h such that
for ν-almost every x,

ϕ(x) = h(f(x))− h(x).

15.2. Continuous measures and transverse homoclinic points. In the neigh-
borhood of any transverse homoclinic point there exists a hyperbolic horseshoe, that
is, a (uniformly) hyperbolic invariant set obtained by a horseshoe-like construction
(see, for example, [133, Theorem 6.5.5]). This phenomenon persists under small
perturbations. It turns out that transverse homoclinic points are present whenever
the diffeomorphism possesses hyperbolic continuous measures.

Theorem 15.6 ([131]). Let ν be a continuous and nonatomic Borel invariant mea-
sure. Then

1. supp ν is contained in the closure of the set of hyperbolic periodic points that
have transverse homoclinic points;

2. if ν is ergodic, then supp ν is contained in the closure of the set of transverse
homoclinic points of exactly one hyperbolic periodic point.

Let Pm(f) be the number of periodic points of f of period m.
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Corollary 15.7. Let ν be a continuous and nonatomic Borel invariant measure.
Then f has a compact f-invariant set Λ ⊂M such that

1.

lim
m→∞

1
m

logPm(f) ≥ h(f |Λ) > 0; (15.1)

2. Λ is a horseshoe for f , i.e., Λ is a (uniformly) hyperbolic set for f and f |Λ
is topologically conjugate to a topological Markov chain.

In particular, h(f) > 0 whenever there exists a continuous nonatomic hyper-
bolic invariant measure. One can strengthen Theorem 15.6 and obtain a Spectral
Decomposition Theorem for hyperbolic measures.

Theorem 15.8 ([135]). For each ` > 0, the Pesin set Λ` can be decomposed into
finitely many closed f-invariant sets Λi such that for each i there exists xi ∈ M
with Λi ⊂ {fn(xi) : n ∈ Z}.

Set now
χ(x) = min{|χi(x)| : 1 ≤ i ≤ s},

where χi(x) are the values of the Lyapunov exponent at x. If ν is an ergodic
hyperbolic measure, then χ(x) = χν , where χν is a nonzero constant.

Theorem 15.9 ([135]). Let ν be ergodic. If x ∈ supp ν, then for any ρ > 0, any
neighborhoods V of x and W of supp ν, and any continuous functions ϕ1, . . ., ϕk,
there exists a hyperbolic periodic point z ∈ V such that:

1. the orbit of z is contained in W ;
2. χ(z) ≥ χν − ρ;
3. if m(z) is the period of z, then for i = 1, . . ., k,∣∣∣∣∣∣ 1

m(z)

m(z)−1∑
k=0

ϕi(fk(x))−
∫

M

ϕi dν

∣∣∣∣∣∣ < ρ.

Theorem 15.9 has the following consequence.

Corollary 15.10. If {fn}n≥1 is a sequence of C1+α diffeomorphisms converging to
f in the C1 topology, then for each n ≥ 1, fn has a hyperbolic invariant probability
measure νn such that {νn}n≥1 converges weakly to ν. Furthermore, νn may be
chosen such that supp νn ⊂ Perh(fn) for each n ≥ 1.

An application of Corollary 15.10 to a constant sequence of diffeomorphisms
yields the following result.

Corollary 15.11. For a C1+α diffeomorphism f : M → M of a compact smooth
manifold one of the following mutually exclusive alternatives holds:

1. the measures supported on hyperbolic periodic points are weakly dense in the
set of hyperbolic measures;

2. there are no hyperbolic measures (and hence, there are no hyperbolic periodic
points).

Corollaries 15.10 and 15.11 suggest a “weak stability” of hyperbolic measures.
The estimate (15.1) can be strengthened in the following way to become some-

what a multiplicative estimate.
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Theorem 15.12 (Ugarcovici [242]). Assume that hν(f) > 0. If ν is not a locally
maximal ergodic measure in the class of f-invariant ergodic measures then there
exist multiplicatively enough periodic orbits which are equidistributed with respect
to ν. In other words, for any r > 0 and any collection of continuous functions
ϕ1, . . . , ϕk there exist a sequence nm → ∞ and sets Pnm

= Pnm
(r, ϕ1, . . . , ϕk) of

periodic orbits of period nm such that for any z ∈ Pnm
,∣∣∣∣∣ 1

nm

nm∑
i=1

ϕi(f l(z))−
∫

ϕi dν

∣∣∣∣∣ < r

and
lim

m→∞

cardPnm

enmhν(f)
≥ 1.

15.3. Entropy, horseshoes, and periodic points. Recall that a set Λ is a horse-
shoe for a diffeomorphism f if there exist s, k and sets Λ0, . . ., Λk−1 such that
Λ = Λ0 ∪ · · · ∪Λk−1, fk(Λi) = Λi, f(Λi) = Λi+1 mod k, and fk|Λ0 is conjugate to
a full shift in s symbols. For a horseshoe Λ we set

χ(Λ) = inf{χν : supp ν is a periodic orbit on Λ}.

Theorem 15.13 (Katok and Mendoza [135]). Assume that ν is ergodic and hν(f) >
0. Then for any ε > 0 and any continuous functions ϕ1, . . ., ϕk on M , there exists
a hyperbolic horseshoe Λ such that:

1. h(f |Λ) > hν(f)− ε;
2. Λ is contained in an ε-neighborhood of supp ν;
3. χ(Λ) > χν − ε;
4. there exists a measure ν0 supported on Λ such that for i = 1, . . ., k,∣∣∣∣∫

M

ϕi dν0 −
∫

M

ϕi dν

∣∣∣∣ < δ.

We outline the proof of this result. Given ` ≥ 1, let ζ be a finite measurable
partition of M refining the partition {Λ`,M \ Λ`}. Fix r > 0. For each m ≥ 1, let
Λ`

m be the set of points x ∈ Λ` such that fq(x) ∈ ζ(x) for some q ∈ [m, (1 + r)m],
and ∣∣∣∣∣∣1s

s−1∑
j=0

ϕi(f j(x))−
∫

M

ϕdν

∣∣∣∣∣∣ < r

2

for s ≥ m and i = 1, . . ., k. Using Birkhoff’s Ergodic Theorem, one can show that
ν(Λ`

m) → ν(Λ`) asm→∞. From now on we choosem such that ν(Λ`
m) > ν(Λ`)−r.

Given δ > 0, there exists a cover {R(x1), . . . , R(xt)} of Λ` by closed rectangles (with
xi ∈ Λ`

m) and numbers λ ∈ (0, 1), satisfying e−χν−δ < λ < e−χν+δ, and γ > 0 such
that

1. Λ` ⊂
⋃t

i=1B(xi, δ), with B(xi, δ) ⊂ intR(xi) for each i;
2. diamR(xi) < r for each i;
3. if x ∈ Λ` ∩ B(xi, δ) and fm(x) ∈ Λ` ∩ B(xj , δ) for some m > 0, then

the connected component C(R(xi) ∩ f−m(R(xj)), x) of R(xi) ∩ f−m(R(xj)
containing x is an admissible (s, γ)-rectangle in R(xi) and fm(C(R(xi) ∩
f−m(R(xj)), x)) is an admissible (u, γ)-rectangle in R(xj);

4. for k = 0, . . ., m,

diam fk(C(R(xi) ∩ f−m(R(xj)), x)) ≤ 3 diamR(xi) max{λk, λm−k}
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Here an admissible (s, γ)-rectangle is the set of points

{(v, u) ∈ [−h, h]2 : u = θψ1(v) + (1− θ)ψ2(v), 0 ≤ θ ≤ 1}
where ψ1 and ψ2 are two (s, γ)-curves (for some h ≤ 1 and some appropriate
parametrization in each Lyapunov chart; see Section 8.2). The definition of (u, γ)-
rectangles is analogous. The cover can be easily obtained from the behavior of (s, γ)-
and (u, γ)-curves under iteration by f , and by using Theorem 15.1 to establish the
last property.

Let Em ⊂ Λ`
m be an (m, ε)-separated set of maximal cardinality. By the Brin–

Katok formula for the metric entropy, there exist infinitely many m such that
cardEm ≥ em(hν(f)−r). For each q ∈ [m, (1 + r)m], let Vq = {x ∈ Em : fq(x) ∈
ζ(x)} and let n be the value of q that maximizes cardVq. Since emr > mr we have
cardVn ≥ em(hν(f)−3r). Consider now the value j for which card(Vn ∩ R(xj)) is
maximal. Then

card(Vn ∩R(xj)) ≥
1
t

cardVn ≥
1
t
em(hν(f)−3r). (15.2)

Each point x ∈ Vn ∩ R(xj) returns to the rectangle R(xj) in n iterations, and
thus C(R(xj) ∩ fn(R(xj)), fn(x)) is an admissible (u, γ)-rectangle in R(xj) and
f−n(C(R(xj) ∩ fn(R(xj)), fn(x)) is an admissible (s, γ)-rectangle in R(xj). This
follows from the fact that d(xj , x) < δ and d(fn(x), xj) < δ, and from Property 2
of the cover. If y ∈ C(R(xj) ∩ f−n(R(xj)), x) then by the last property of the
cover, d(f i(x), f i(y)) ≤ 3r for i = 0, . . ., n. This implies that given a point
y ∈ C(R(xj) ∩ f−n(R(xj)), x) \ {x}, we must have y 6∈ Vn; otherwise it would
contradict the separability of Vn. Hence, there exist cardVn disjoint admissible
(s, γ)-rectangles mapped by fn onto cardVn admissible (u, γ)-rectangles.

Let

Λ(m) =
⋃
l∈Z

fnl

 ⋃
x∈Vn∩R(xj)

C(R(xj) ∩ f−n(R(xj)), x)

 .

The map fn|Λ(m) is conjugate to the full shift on card(Vn ∩R(xj)) symbols. Now
observe that for each y ∈ Λ(m) its orbit remains in the union of the regular neigh-
borhoods R(xj), . . ., R(fn(xj)), and thus fn|Λ(m) is a hyperbolic horseshoe.

The entropy of fn|Λ(m) equals log card(Vn ∩R(xj)). By (15.2),

h(f |Λ(m)) =
1
n

log card(Vn ∩R(xj)) ≥
1
n

log
1
t
em(hν(f)−3r).

Since m/n > 1/(1 + r), we obtain the desired properties.
The following are immediate consequences of Theorem 15.13.

Corollary 15.14. Assume that ν is ergodic and hν(f) > 0. There exists a sequence
of f-invariant measures νn supported on hyperbolic horseshoes Λn such that:

1. νn → ν in the weak* topology;
2. if hν(f) > 0 then hνn(f) → hν(f).

Corollary 15.15. Assume that ν is ergodic and hν(f) > 0. Given ε > 0,

hν(f) ≤ lim
m→∞

1
m

log+ card{x ∈M : fm(x) = x and χ(x) ≥ χ(ν)− ε}.

In particular,

h(f) ≤ lim
m→∞

1
m

log+ Pm(f).
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In the two-dimensional case, any measure with positive entropy is hyperbolic (see
Corollary 12.8). Therefore, Corollary 15.15 implies the following relation between
periodic points and topological entropy.

Corollary 15.16. For any C1+α diffeomorphism f of a two-dimensional manifold,

h(f) ≤ lim
m→∞

1
m

log+ Pm(f). (15.3)

In the multi-dimensional case, the inequality (15.3) does not hold for arbitrary
diffeomorphisms.

The following result shows that hyperbolic measures persist under C1 perturba-
tions. This is a consequence of the structural stability of hyperbolic measures.

Corollary 15.17. Assume that ν is ergodic and hν(f) > 0. Given C1+α diffeo-
morphisms fn for each n ≥ 1 such that fn converges to f in the C1 topology, there
exist fn-invariant ergodic measures νn satisfying the following properties:

1. νn → ν in the weak topology;
2. hνn(fn) → hν(f);
3. χνn → χν .

15.4. Continuity properties of entropy. It follows from Theorem 15.13 that

h(f) = sup{h(f |Λ) : Λ is a hyperbolic horseshoe}.

The following two results describe continuity-like properties of topological and
metric entropies on the space of diffeomorphisms. The first result deals with dif-
feomorphisms of class C1+α and follows from Corollary 15.17 and the structural
stability of horseshoes.

Theorem 15.18. The topological entropy on the space of C1+α diffeomorphisms
of a given surface is lower-semicontinuous.

The second result deals with C∞ diffeomorphisms.

Theorem 15.19. For a C∞ map f : M →M of a compact manifold
1. the map µ 7→ hµ(f) is upper-semicontinuous on the space of f-invariant

probability measures on M ;
2. the map f 7→ h(f) is upper-semicontinuous.

The first statement is due to Newhouse [189] and the second one was established
independently by Newhouse [189] and Yomdin [253]. We refer to [189] for refer-
ences in the case of interval maps. It follows from Theorems 15.18 and 15.19 that
the topological entropy is continuous for C∞ diffeomorphisms of a given compact
surface.

15.5. Yomdin-type estimates and the entropy conjecture. In [227, §V], Shub
conjectured that for any C1 map f : M →M of a compact manifold,

h(f) ≥ log σ(f∗), (15.4)

where f∗ : H∗(M,R) → H∗(M,R) is the linear map induced by f on the total
homology of M ,

H∗(M,R) =
dim M⊕

i=0

Hi(M,R)
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and
σ(f∗) = lim

n→∞
‖fn
∗ ‖1/n = max{σ(f∗i) : i = 0, . . . ,dimM}

is the spectral radius of f∗. This is referred to as the entropy conjecture. For a
C1+α diffeomorphism f one could use (15.4) if available to establish positivity of the
topological entropy and hence, existence of a measure with some positive Lyapunov
exponents and the associated nontrivial stochastic behavior (see Section 15.2). We
give here an account of the results in the direction of the conjecture (see also the
survey by Katok [129] for the status of the conjecture prior to 1986).

In the case of the first homology f∗1 : H1(M,R) → H1(M,R) we have the fol-
lowing result for arbitrary continuous maps.

Theorem 15.20 (Manning [176]). If f is a continuous map of a smooth compact
manifold then h(f) ≥ log σ(f∗1).

There exists a stronger version of Theorem 15.20 due to Katok [129] with the
number log σ(f∗1) replaced by the so-called algebraic entropy of the action induced
by f on the (not necessarily commutative) fundamental group π1(M). It follows
from Theorem 15.20 and Poincaré duality that the entropy conjecture holds for any
homeomorphism of a manifold M with dimM ≤ 3 (see [176]).

In the case of the top homology group the following result holds (recall that
f∗ dim M is the same as multiplication by the degree deg f).

Theorem 15.21 (Misiurewicz and Przytycki [185]). If f is a C1 map of a compact
smooth manifold, then h(f) ≥ log|deg f |.

In particular, this implies that the entropy conjecture holds for any smooth map
of a sphere (in any dimension) and any smooth map of a compact manifold with
dimension at most 2.

On some manifolds the entropy conjecture turns out to hold for arbitrary con-
tinuous maps.

Theorem 15.22 (Misiurewicz and Przytycki [186]). The entropy conjecture holds
for any continuous map of a torus (in any dimension).

Since any Anosov automorphism of the torus is topologically conjugate to an
algebraic automorphism (see [133, Theorem 18.6.1]), we conclude that if f is an
Anosov diffeomorphism of a torus, then h(f) = log σ(f∗).

Shub formulated the entropy conjecture in connection with the problem of defin-
ing the simplest diffeomorphisms in each isotopy class of diffeomorphisms. From
this point of view, it is important to discuss the entropy conjecture for example
for structurally stable diffeomorphisms. In [228], Shub and Sullivan described an
open and dense subset (in the C0-topology) of the set of structurally stable dif-
feomorphisms for which the entropy conjecture holds. Later Shub and Williams
obtained a more general result which does no require the nonwandering set to have
zero dimension.

Theorem 15.23 (Shub and Williams [230]). The entropy conjecture holds for any
axiom A no-cycles diffeomorphism.

More recently Yomdin established the C∞ version of the entropy conjecture with
an approach using semi-algebraic geometry.

Theorem 15.24 (Yomdin [253, 254]). The entropy conjecture holds for any C∞

map of a compact manifold.
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Yomdin also proved more generally that for a Ck map f : M →M of a compact
manifold, with 1 ≤ k ≤ ∞, and j = 0, . . ., dimM ,

h(f) +
j

k
lim

n→∞

1
n

log max
x∈M

‖dxf
n‖ ≥ vj(f) ≥ log σ(f∗j).

Here vj(f) is the exponential growth rate of j-volumes,

vj(f) = sup lim
n→∞

1
n

log vol(fn(A)),

where the supremum is taken over all submanifolds A ⊂ M of dimension j, and
the volume is counted with multiplicities. Newhouse proved earlier in [188] that
h(f) ≤ maxj vj(f) for a C1+α map of a compact manifold. In particular, we have
h(f) = maxj vj(f) = log σ(f∗) for a C∞ map.

16. Hyperbolic measures II: entropy and dimension

16.1. Entropy formula. We describe results of Ledrappier and Young [157, 158]
including the general formula for the entropy of a diffeomorphism. Let f be a C2

diffeomorphism of a compact smooth Riemannian manifold M preserving a Borel
measure on M . For a regular point x ∈ M and i = 1, . . ., u(x) = max{i : λi(x) >
0}, consider the ith-unstable global manifold Wi(x) of f at x (see Section 9.2). We
introduce the notion of the entropy “along” the Wi-foliation.

For n > 0, and ε > 0 set

Vi(x, n, ε) = {y ∈Wi(x) : ρWi
(fk(x), fk(y)) < ε for 0 ≤ k < n}.

Consider a measurable partition ξ of M . We say that ξ is subordinate to the Wi-
foliation if for ν-almost every x ∈ M we have ξ(x) ⊂ Wi(x) and ξ(x) contains an
open neighborhood of x in the topology of Wi(x). Let {νi(x)} be the system of
conditional measures associated with ξ. Define

hi(x, ξ) = lim
ε→0

lim
n→∞

− 1
n

log νi(x)(Vi(x, n, ε)),

hi(x, ξ) = lim
ε→0

lim
n→∞

− 1
n

log νi(x)(Vi(x, n, ε)).

Theorem 16.1 ([158]). The following properties hold:
1. hi(x) := hi(x, ξ) = hi(x, ξ) for ν-almost every x ∈ M , independently of the

choice of the partition ξ;
2.
∫

M
hu(x)(x) dν(x) = hν(f).

The number hi(x) is called the local entropy of f at x along the Wi-foliation.
We also consider the pointwise dimension of conditional measures “along” the

W i-foliation. Let Bi(x, r) be the ball in Wi(x) centered at x of radius ε and ξ a
measurable partition subordinate to Wi. For a regular point x ∈M define

di
ν(x, ξ) = lim

r→0

log νi(x)(Bi(x, r))
log r

, d
i

ν(x, ξ) = lim
r→0

log νi(x)(Bi(x, r))
log r

.

Theorem 16.2 (Ledrappier and Young [158]). The following properties hold:

1. di
ν(x) := di

ν(x, ξ) = d
i

ν(x, ξ) for ν-almost every x ∈M , independently of the
choice of the partition ξ;

2. 0 ≤ di
ν(x)− di−1

ν (x) ≤ dimEi(x) for 2 ≤ i ≤ u(x).
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The number di
ν(x) is called the pointwise dimension of ν along the Wi-foliation.

The number di
ν(x) − di−1

ν (x) can be interpreted as a “transverse dimension” of ν
on the quotient Wi/Wi−1 (recall that each leaf of Wi is foliated by leaves of Wi−1).

In the particular cases i = s and i = u the quantities

ds
ν(x) def= lim

r→0

log νs
x(Bs(x, r))
log r

, du
ν (x) def= lim

r→0

log νu
x (Bu(x, r))
log r

are called stable and unstable local (pointwise) dimensions of ν. They are well-
defined for almost every x ∈ M and are constant almost everywhere; we denote
these constants by ds

ν and du
ν . Set also d0

ν(x) = 0.

Theorem 16.3 (Ledrappier and Young [158]). The metric entropy of a C2 diffeo-
morphism f is expressed by the following formula

hν(f) =
∫

M

u(x)∑
i=1

λi(x)(di
ν(x)− di−1

ν (x)) dν(x).

The proof goes by showing that for ν-almost every x ∈M and i = 2, . . ., u(x),

h1(x) = λ1(x)d1
ν(x), hi(x)− hi−1(x) = λi(x)(di

ν(x)− di−1
ν (x)).

To prove this Ledrappier and Young constructed a special countable partition P

of M of finite entropy related to the Pinsker partition (see Theorem 11.16). Given
integers k, ` ∈ N we also consider the partition Pl

k =
∨l

n=−k f
−nP.

Theorem 16.4 (Ledrappier and Young [157, 158]). Let ν be ergodic. Given 0 <
ε < 1, there exists a set Γ ⊂M of measure ν(Γ) > 1− ε/2, an integer n0 ≥ 1, and
a number C > 1 such that for every x ∈ Γ and any integer n ≥ n0, the following
statements hold:

1. for all integers k, l ≥ 1,

C−1e−(l+k)h−(l+k)ε ≤ ν(Pl
k(x)) ≤ Ce−(l+k)h+(l+k)ε, (16.1)

C−1e−kh−kε ≤ νs
x(P0

k(x)) ≤ Ce−kh+kε, (16.2)

C−1e−lh−lε ≤ νu
x (Pl

0(x)) ≤ Ce−lh+lε, (16.3)

where h = hν(f);
2.

ξs(x) ∩
⋂
n≥0

Pn
0 (x) ⊃ Bs(x, e−n0), ξu(x) ∩

⋂
n≥0

P0
n(x) ⊃ Bu(x, e−n0); (16.4)

3.
e−dsn−nε ≤ νs

x(Bs(x, e−n)) ≤ e−dsn+nε, (16.5)

e−dun−nε ≤ νu
x (Bu(x, e−n)) ≤ e−dun+nε; (16.6)

4.
Pan

an(x) ⊂ B(x, e−n) ⊂ P(x), (16.7)

P0
an(x) ∩ ξs(x) ⊂ Bs(x, e−n) ⊂ P(x) ∩ ξs(x), (16.8)

Pan
0 (x) ∩ ξu(x) ⊂ Bu(x, e−n) ⊂ P(x) ∩ ξu(x), (16.9)

where a is the integer part of 2(1 + ε) max{λ1,−λp, 1};
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5. if Qn(x) is defined by

Qn(x) =
⋃

Pan
an(y)

where the union is taken over y ∈ Γ for which

Pan
0 (y) ∩Bu(x, 2e−n) 6= ∅ and P0

an(y) ∩Bs(x, 2e−n) 6= ∅;

then
B(x, e−n) ∩ Γ ⊂ Qn(x) ⊂ B(x, 4e−n), (16.10)

Bs(x, e−n) ∩ Γ ⊂ Qn(x) ∩ ξs(x) ⊂ Bs(x, 4e−n), (16.11)

Bu(x, e−n) ∩ Γ ⊂ Qn(x) ∩ ξu(x) ⊂ Bu(x, 4e−n). (16.12)

We outline here the construction of the partition P, and its relation to the Pinsker
partition (compare with Theorem 11.16). We proceed in a manner similar to that
in Section 11.4. Consider a regular set Λ` with ν(Λ`) > 0. For a sufficiently small
r = r(`) > 0 and x ∈ Λ`, set

P `(x) =
⋃

y∈Λ`∩B(x,r)

V u(y), Q(x) =
∞⋃

n=−∞
fn(P `(x)).

Since ν is ergodic the set Q(x) has full ν-measure. Let ξ be the partition of Q(x)
by local unstable manifolds V u(y), y ∈ Λ` ∩B(x, r), and the element Q(x) \P `(x).
Then ξ+ =

∨
i≥0 f

iξ is the Pinsker partition subordinate to the partition into global
unstable manifolds.

Let now Λ ⊂M be the set of regular points, and Ψx : B(0, q(x)) →M a family of
Lyapunov charts for x ∈ Λ (see Theorem 8.14). Fix δ > 0 and consider a partition
P of finite entropy satisfying:

1. P is “adapted” to the Lyapunov charts in the sense that the elements of the
partition P+ =

∨∞
n=0 f

nP satisfy for each x ∈ Λ,

P+(x) ⊂ Ψx({y ∈ B(0, q(x)) : ‖(Ψ−1
f−n(x) ◦ f

−n ◦Ψx)(y)‖ ≤ δq(f−n(x))});

2. hν(f,P) ≥ hν(f)− ε;
3. the partition P refines {E,M \ E} for some measurable set E of positive

measure such that there exists a transversal T to Wu with the following
property: if an element C ∈ ξ+ intersects E, then T intersects C in exactly
one point.

It is shown by Ledrappier and Young in [157] that a certain partition constructed
by Mañé in [171] possesses Property 1. Property 3 is related to the construction
of “transverse metrics” to ξ+. Namely, consider the partitions η1 = ξ+ ∨ P+ and
η2 = P+. Under the above properties one can define a metric on η2(x)/η1 for every
x ∈

⋃
n≥0 f

n(E).
The inclusions (16.4) can be obtained from the fact that the partition P is

adapted to the Lyapunov charts. Since the Lyapunov exponents at almost every
point are constant, (16.7), (16.8), and (16.9) follow from (16.4) and an appropriate
choice of a. The inequalities (16.5) and (16.6) are easy consequences of existence
of the stable and unstable pointwise dimensions ds

ν and du
ν (see Theorem 16.7).

The inclusions (16.10) are based upon the continuous dependence of stable and
unstable manifolds in the C1+α topology on the base point in each regular set. The
inclusions in (16.11) and (16.12) follow readily from (16.10).
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Property (16.1) is an immediate corollary of Shannon–McMillan–Breiman’s The-
orem applied to the partition P. Properties (16.2) and (16.3) follow from “leaf-wise”
versions of this theorem. More precisely, Ledrappier and Young have shown (see
[158, Lemma 9.3.1] and [157, Proposition 5.1]) that for ν-almost every x,

lim
n→∞

− 1
n

log νu
x (Qn

0 (x)) = hν(f),

where Q is any partition of finite entropy. Since Pn
0 (x) ⊃ (ξ+∩P)n

0 (x), we conclude
that

lim
n→∞

− 1
n

log νu
x (Pn

0 (x)) ≤ hν(f) (16.13)

for ν-almost every x. Moreover, using the fact that P is adapted to the Lyapunov
charts one can show that the partition P additionally possesses the property that
given δ > 0 there exists n0 ≥ 0 such that Pn

0 (x)∩ξu(x) ⊂ Vu(x)(x, n, δ) for ν-almost
every x and every n ≥ n0 (see [158, Lemma 9.3.3]). It follows from Theorem 16.1
that for ν-almost every x,

lim
n→∞

− 1
n

log νu
x (Pn

0 (x)) ≥ lim
δ→0

lim
n→∞

− 1
n

log νu
x (Vu(x)(x, n, δ)) = hν(f). (16.14)

Putting together (16.13) and (16.14) we obtain (16.3). A similar argument can be
used to obtain (16.2).

Note that the Margulis–Ruelle inequality is an immediate corollary of Theo-
rem 16.3 and so is the fact that any measure ν with absolutely continuous condi-
tional measures on unstable manifolds satisfies Pesin’s entropy formula.

16.2. Dimension of measures. Local dimension. For a Borel measure ν on a
complete metric space X define the Hausdorff dimension dimHν, and lower and
upper box dimensions, dimBν, and dimBν by

dimHν = inf{dimH Z : ν(Z) = 1},

dimBν = lim
δ→0

inf{dimBZ : ν(Z) ≥ 1− δ},

dimBν = lim
δ→0

inf{dimBZ : ν(Z) ≥ 1− δ},

where dimH Z, dimBZ and dimBZ are respectively the Hausdorff dimension, lower
and upper box dimensions of the set Z. It follows from the definition that

dimHν ≤ dimBν ≤ dimBν.

Another important characteristic of dimension type of ν is its information dimen-
sion. Given a partition ξ of X, define the entropy of ξ with respect to ν by

Hν(ξ) = −
∑
Cξ

ν(Cξ) log ν(Cξ)

where Cξ is an element of the partition ξ. Given a number ε > 0, set

Hν(ε) = inf {Hν(ξ) : diam ξ ≤ ε}
where diam ξ = max diamCξ. We define the lower and upper information dimen-
sions of ν by

I(ν) = lim
ε→0

Hν(ε)
log(1/ε)

, I(ν) = lim
ε→0

Hν(ε)
log(1/ε)

.

Young established a powerful criterion that guarantees the coincidence of the Haus-
dorff dimension and lower and upper box dimensions of measures as well as their



SMOOTH ERGODIC THEORY AND NONUNIFORMLY HYPERBOLIC DYNAMICS 131

lower and upper information dimensions. Define the local (pointwise) dimension of
ν by

dν(x) = lim
r→0

log ν(B(x, r))
log r

, (16.15)

where B(x, r) is the ball centered at x of radius r (provided the limit exists). It was
introduced by Young in [255] and characterizes the local geometrical structure of ν
with respect to the metric in X. If the limit in (16.15) does not exist we consider
the lower and upper limits and introduce respectively the lower and upper local
(pointwise) dimensions of ν at x and we denote them by dν(x) and dν(x).

Theorem 16.5 (Young [255]). Let X be a compact metric space of finite topological
dimension and ν a Borel probability measure on X. Assume that

dν(x) = dν(x) = dν (16.16)

for ν-almost every x ∈ X. Then

dimHν = dimBν = dimBν = I(ν) = I(ν) = dν .

A measure ν satisfying (16.16) is called exact dimensional.
We will discuss the problem of existence of the limit in (16.15) for hyperbolic

invariant measures. This problem is often referred to as the Eckmann–Ruelle con-
jecture. Its affirmative solution was obtained by Barreira, Pesin and Schmeling
in [25].

Theorem 16.6. Let f be a C1+α diffeomorphism of a smooth Riemannian man-
ifold M without boundary, and ν an f-invariant compactly supported hyperbolic
ergodic Borel probability measure. Then ν is exact dimensional and

dν = ds
ν + du

ν .

In general, when the measure ν is not ergodic the stable and unstable local
dimensions as well as the local dimension itself depend on the point x. In this case
one can prove that for ν-almost every x ∈M ,

dν(x) = ds
ν(x) + du

ν (x).

Let us comment on the proof of Theorem 16.6. The upper bound for the pointwise
dimension of any Borel f -invariant measure ν was obtained by Ledrappier and
Young in [158].

Theorem 16.7. Let f be a C2 diffeomorphism of M . For ν-almost every x ∈M ,

dν ≤ ds
ν + du

ν + dimEc(x).

In the case when the measure ν is hyperbolic (i.e., dimEc(x) = 0 for ν-almost
every x ∈ M) this result can be extended to C1+α diffeomorphisms (not necessar-
ily C2). Namely it is shown in [25] that

dν ≤ ds
ν + du

ν .

The lower bound for the pointwise dimension, dν ≥ ds
ν + du

ν , is an immediate
corollary of Theorem 16.9.

Young proved Theorem 16.6 for surface diffeomorphisms.
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Theorem 16.8 (Young [255]). Let f be a C1+α diffeomorphism of a smooth
compact surface M and ν a hyperbolic ergodic measure with Lyapunov exponents
λ1

ν > 0 > λ2
ν . Then

dν = dν = hν(f)
(

1
λ1

ν

− 1
λ2

ν

)
.

Let us point out that neither of the assumptions of Theorem 16.6 can be omitted.
Pesin and Weiss presented an example of a Hölder homeomorphism with Hölder
constant arbitrarily close to 1 whose ergodic measure of maximal entropy is not
exact dimensional (see [202]). Ledrappier and Misiurewicz [155] constructed an
example of a smooth map of a circle preserving an ergodic measure with zero
Lyapunov exponent which is not exact dimensional. Kalinin and Sadovskaya [127]
strengthened this result by showing that for a residual set of circle diffeomorphisms
with irrational rotation number the unique invariant measure has lower pointwise
dimension 0 and upper pointwise dimension 1 for almost every point in S1.

16.3. Local product structure of hyperbolic measures. The following prin-
ciple result establishes a crucial property of hyperbolic measures: these measures
have asymptotically “almost” local product structure.

Theorem 16.9 (Barreira, Pesin and Schmeling [25]). Let f be a C1+α diffeomor-
phism of a smooth Riemannian manifold M without boundary, and ν an f-invariant
compactly supported hyperbolic ergodic Borel probability measure. Then for every
δ > 0 there exist a set Λ ⊂ M with ν(Λ) > 1 − δ such that for every x ∈ Λ and
every sufficiently small r (depending on x), we have

rδνs
x(Bs(x, r))νu

x (Bu(x, r)) ≤ ν(B(x, r)) ≤ r−δνs
x(Bs(x, r))νu

x (Bu(x, r)).

The proof of Theorem 16.9 uses the crucial Markov property of the special count-
able partition P of M constructed in Theorem 16.4.

Theorem 16.10 (Barreira, Pesin and Schmeling [25]). For every x ∈ Γ and n ≥ n0,

Pan
an(x) ∩ ξs(x) = P0

an(x) ∩ ξs(x);

Pan
an(x) ∩ ξu(x) = Pan

0 (x) ∩ ξu(x).

Note that any SRB-measure possesses a stronger property of local product struc-
ture and so does any Gibbs measure on a locally maximal hyperbolic set.

We emphasize that Theorem 16.9 is not trivial even for measures supported on
locally maximal uniformly hyperbolic sets. In this situation the stable and unstable
foliations need not be Lipschitz (in fact, they are “generically” not Lipschitz), and
in general, the measure need not have a local product structure despite the fact
that the set itself does.

Let us illustrate Theorems 16.6 and 16.9 by considering the full shift σ on the
space Σp of two-sided infinite sequences of numbers in {1, . . . , p}. This space is
endowed with the usual “symbolic” metric dβ , for each fixed number β > 1, defined
as follows:

dβ(ω1, ω2) =
∑
i∈Z

β−|i||ω1
i − ω2

i |,

where ω1 = (ω1
i ) and ω2 = (ω2

i ).
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Let ν be a σ-invariant ergodic measure on Σp. By Shannon–McMillan–Breiman’s
Theorem, for ν-almost every ω ∈ Σp,

lim
n→∞

− 1
2n+ 1

log ν(Cn(ω)) = hν(σ), (16.17)

were Cn(ω) is the cylinder at ω of “size” n. Since Cn(ω) is the ball in the symbolic
metric centered at ω of radius βn, the quantity in the right-hand side in (16.17)
is the local dimension of ν at ω. Thus, Shannon–McMillan–Breiman’s Theorem
claims that the local dimension of ν is almost everywhere constant and that the
common value is the measure-theoretical entropy of ν.

Further, fix ω = (ωi) ∈ Σp. The cylinder Cn(ω) can be identified with the direct
product C+

n (ω)× C−n (ω) where

C+
n (ω) = {ω̄ = (ω̄i) : ω̄i = ωi for i = 0, . . . , n}

and
C−n (ω) = {ω̄ = (ω̄i) : ω̄i = ωi for i = −n, . . . , 0}

are the “positive” and “negative” cylinders at ω of “size” n. Define measures

ν+
n (ω) = ν|C+

n (ω) and ν−n (ω) = ν|C−n (ω).

It follows from Theorem 16.9 that for every δ > 0 there exist a set Λ ⊂ Σp with
ν(Λ) > 1− δ and an integer m ≥ 1 such that for every ω ∈ Λ and every sufficiently
large n (depending on ω), we have

β−δ|n|ν+
n+m(ω)× ν−n+m(ω) ≤ ν|Cn(ω) ≤ βδ|n|ν+

n−m(ω)× ν−n−m(ω).

17. Geodesic flows on manifolds without conjugate points

For a long time geodesic flows have played an important stimulating role in
developing the hyperbolic theory. Already in the beginning of the 20th century
Hadamard and Morse, while studying the statistics of geodesics on surfaces of
negative curvature, observed that the local instability of trajectories is the prime
reason for the geodesic flow to be ergodic and topologically transitive. The further
study of geodesic flows has led researchers to introduce different classes of hyperbolic
dynamical systems (Anosov systems, uniformly partially hyperbolic systems, and
nonuniformly hyperbolic systems). On the other hand, geodesic flows always were
one of the main areas for applying new advanced methods of the hyperbolic theory
of dynamical systems. This in particular, has led to some new interesting results
in differential and Riemannian geometry.

17.1. Ergodic properties of geodesic flows. Consider the geodesic flow gt on a
compact smooth Riemannian p-dimensional manifold M without conjugate points.
The flow preserves the Liouville measure µ on the tangent bundle. Let the set
∆ be given by (2.10). We assume that ∆ is of positive Liouville measure. By
Theorem 2.3 the geodesic flow is nonuniformly hyperbolic on ∆ and hence, the
results of Section 11.2 apply and show that ergodic components of gt|∆ are of
positive Liouville measure (see Theorem 11.3). Indeed, under some mild geometric
assumptions the geodesic flow on ∆ is ergodic. To see this we will first observe that
every ergodic component of positive measure is open (mod 0) and then will use a
remarkable result by Eberlein on topological transitivity of geodesic flows.
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To establish local ergodicity of gt|∆ we shall describe two invariant foliations
(known as the stable and unstable horospherical foliations) of SM , W− and W+,
such that W s(x) = W−(x) and Wu(x) = W+(x) for almost every x ∈ ∆.

We denote by H the universal Riemannian cover of M , i.e., a simply connected
p-dimensional complete Riemannian manifold for which M = H/Γ where Γ is a
discrete subgroup of the group of isometries of H, isomorphic to π1(M). According
to the Hadamard–Cartan theorem, any two points x, y ∈ H are joined by a single
geodesic which we denote by γxy. For any x ∈ H, the exponential map expx : Rp →
H is a diffeomorphism. Hence, the map

ϕx(y) = expx

(
y

1− ‖y‖

)
(17.1)

is a homeomorphism of the open p-dimensional unit disk D onto H.
Two geodesics γ1(t) and γ2(t) in H are said to be asymptotic if

sup
t>0

ρ(γ1(t), γ2(t)) <∞.

The asymptoticity is an equivalence relation, and the equivalence class γ(∞) cor-
responding to a geodesic γ is called a point at infinity. The set of these classes is
denoted by H(∞) and is called the ideal boundary of H. Using (17.1) one can ex-
tend the topology of the space H to H = H ∪H(∞) so that H becomes a compact
space.

The map ϕx can be extended to a homeomorphism (still denoted by ϕx) of the
closed p-dimensional disk D = D ∪ Sp−1 onto H by the equality

ϕx(y) = γy(+∞), y ∈ Sp−1.

In particular, ϕx maps Sp−1 homeomorphically onto H(∞).
For any two distinct points x and y on the ideal boundary there is a geodesic

which joins them. This geodesic is uniquely defined if the Riemannian metric is
of strictly negative curvature (i.e., if inequality (2.7) is strict). Otherwise, there
may exist a pair of distinct points x, y ∈ H(∞) which can be joined by more than
one geodesic. If the manifold has no focal points there exists a geodesic isometric
embedding into H of an infinite strip of zero curvature which consists of geodesics
joining x and y. This statement is know as the flat strip theorem.

The fundamental group π1(M) of the manifold M acts on the universal cover H
by isometries. This action can be extended to the ideal boundary H(∞). Namely, if
p = γv(+∞) ∈ H(∞) and ζ ∈ π1(M), then ζ(p) is the equivalent class of geodesics
which are asymptotic to the geodesic ζ(γv(t)).

We now describe the invariant foliations for the geodesic flow.
Fix a point x ∈ H and a vector v ∈ SH. Consider a sequence of vectors vn ∈ SH,

vn → v, a sequence of points xn ∈ H, xn → x and a sequence of numbers tn →∞.
Denote by γn the geodesic joining the points xn and γvn

(tn). Since the sequence o
vectors γ̇n(0) is compact the sequence of geodesics has a limit geodesic. Following
[199] we say that the manifold M satisfies the asymptoticity axiom if for any choice
of xn, x ∈ H, vn, v ∈ SH, xn → x, vn → v and tn → ∞ any limit geodesic of the
sequence of geodesic γn is asymptotic to the geodesic γ.

If the manifoldM satisfies the asymptoticity axiom then the sequence γn, indeed,
converges to γ. Moreover, given a geodesic γ and a point x ∈ H, there exists a
unique geodesic γ′ passing through x and asymptotic to γ.
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Proposition 17.1 (Pesin [199]). If the manifold M has no focal points then it
satisfies the asymptoticity axiom.

We consider the distributions E− and E+ introduced by (2.8) and (2.9).

Proposition 17.2 (Pesin [199]). Assume that the manifold M satisfies the asymp-
toticity axiom. Then the distributions E− and E+ are integrable. Their integral
manifolds form continuous foliations of SM with smooth leaves. These foliations
are invariant under the geodesic flow.

Denote by W− and W+ the foliations of SM corresponding to the invariant
distributions E− and E+. These foliations can be lifted from SM to SH and we
denote these lifts by W̃− and W̃+ respectively.

Given x ∈ H and p ∈ H(∞), set

L(x, p) = π(W̃−(v))

where x = π(v) and p = γv(∞). The set L(x, p) is called the horosphere through x
centered at p.

We summarize the properties of the foliations and horospheres in the following
statement.

Proposition 17.3. The following statements hold:
1. for any x ∈ H and p ∈ H(∞) there exists a unique horosphere L(x, p)

centered at p which passes through x; it is a limit in the C1 topology of
spheres Sp(γ(t), t) as t→ +∞ where γ is the unique geodesic joining x and
p;

2. the leaf W−(v) is the framing of the horosphere L(x, p) (x = π(v) and p =
γv(+∞)) by orthonormal vectors which have the same direction as the vector
v (i.e., they are “inside” the horosphere). The leaf W+(v) is the framing
of the horosphere L(x, p) (x = π(v) and p = γv(−∞) = γ−v(+∞)) by
orthonormal vectors which have the same direction as the vector v (i.e.,
they are “outside” the horosphere);

3. for every ζ ∈ π1(M),

ζ(L(x, p)) = L(ζ(x), ζ(p)),

dvζW̃
−(v) = W̃−(dvζv), dvζW̃

+(v) = W̃+(dvζv);
4. for every v, w ∈ SH, for which γv(+∞) = γw(+∞) = p, the geodesic γw(t)

intersects the horosphere L(π(v), p) at some point.

Theorem 17.4 (Pesin [199]). Assume that the manifold M satisfies the asymp-
toticity axiom. Assume also that the set ∆ has positive Liouville measure. Then
for almost every v ∈ SM we have that W−(v) = W s(v) and W+(v) = Wu(v).

By Theorem 11.8 we conclude that ergodic components of gt|∆ of positive mea-
sure are open (mod 0). In particular, the set ∆ is open (mod 0). See Theorem 2.5
that gives sufficient conditions for the set ∆ to be of positive Liouville measure.

We describe the topological transitivity of geodesic flows. Following Eberlein
[79] we say that the manifold M satisfies the uniform visibility axiom if for any
ε > 0 there exists R = R(ε) > 0 such that from each point x ∈ H any geodesic
segment γ with d(x, γ) ≥ R is visible at an angle less than ε.

Proposition 17.5 (Eberlein [79]). The following statements hold:
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1. if a manifold satisfies the uniform visibility axiom with respect to a Riemann-
ian metric then it satisfies this axiom with respect to any other Riemannian
metric with no conjugate points;

2. a manifold of nonpositive curvature satisfies the uniform visibility axiom if
its universal cover does not admit an isometric geodesic embedding of R2;

3. a compact two-dimensional manifold M of genus ≥ 1 satisfies the uniform
visibility axiom;

4. if M satisfies the uniform visibility axiom the it also satisfies the asymptotic-
ity axiom.

Theorem 17.6 (Eberlein [79]). Assume that the compact manifold M satisfies the
uniform visibility axiom. Then the geodesic flow gt is topologically transitive.

Theorem 17.7. Let M be a compact smooth Riemannian manifold without focal
points satisfying the uniform visibility axiom. If the set ∆ has positive Liouville
measure then it is open (mod 0) and is everywhere dense. The geodesic flow gt|∆
is nonuniformly hyperbolic and ergodic. Indeed, gt|∆ is Bernoulli.

The Bernoulli property follows from Theorem 11.21 and from a result by Arnold
(see [9, §23]) implying that the geodesic flow has continuous spectrum.

It is an open problem whether the set ∆ has full Liouville measure. Brin and
Burago have proved this under the additional assumption that the set of negative
curvature in M has finitely many connected components. The same result was
obtained by Hertz who used different methods. None of these results is published.

Further results on ergodic and topological properties of geodesic flows on man-
ifolds of nonpositive curvature were obtained by Knieper [144, 145, 146]. His cel-
ebrated result establishes existence and uniqueness of the measure of maximal en-
tropy thus extending the classical result by Margulis to nonpositively curved man-
ifolds. Knieper also obtained multiplicative asymptotic bounds for the growth of
volume of spheres (and hence, also that of balls) and the number of periodic orbits.
For a detailed account of this work see the chapter [147].

In [101, 102], Gunesch strengthened Knieper’s results and obtained precise as-
ymptotic formulae for the growth of volume of spheres and the number of homotopy
classes of periodic orbits for the geodesic flow on rank 1 manifolds of nonpositive
curvature. This extends results by Margulis to the nonuniformly hyperbolic case.

Let M be a compact Riemannian manifold of nonpositive curvature. Given a
tangent vector v ∈ SM , rank(v) is the dimension of the space of parallel Jacobi
fields along the geodesic γv. The minimum of rank(v) over all v ∈ SM is called the
rank of M , rank(M). If rank(v) = rank(M) the geodesic γv and the corresponding
vector v are called regular. It is easy to see that 1 ≤ rank(M) ≤ dimM .

The following result describes the fundamental rank rigidity for nonpositively
curved manifolds. It was obtained independently by Ballmann [21] (see also [22])
and by Burns and Spatzier [55] (see also [81]).

Theorem 17.8. Let M be a compact smooth Riemannian manifold of nonpositive
curvature with irreducible universal cover H. Then the manifold has either rank 1
or H is a symmetric space of higher rank.

In other words, the universal cover of a nonpositively curved manifold can be
represented as a product of Euclidean, symmetric, and rank 1 spaces.

Theorem 17.9 (see [101, 102]).
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1. Given x ∈ H, let br(x) = vol(B(x, r)) be the Riemannian volume of the ball
centered at x of radius r in the universal cover H of M . Then

br(x) ∼ c(x)ehr,

where c(x) is a continuous function on M and h = h(gt) is the topological
entropy of the geodesic flow.

2. Let P (t) be the number of homotopy classes of periodic orbits of length at
most t. Then

P (t) ∼ 1
ht
eht.

Observe that unlike in the case of negatively curved manifolds, for nonpositively
curved manifolds there may be uncountably many periodic geodesics homotopic to
a given one but they all have the same length.

17.2. Entropy of geodesic flows. For v ∈ SM let v⊥ be the set of vectors w ∈
SM which are orthogonal to v. Consider the linear map Sv : v⊥ → v⊥ defined by the
equality: Svw = Kξ(w), where ξ(w) is the vector in E−(v) such that dπξ(w) = w.

Theorem 17.10. For a Riemannian metric of class C4 of nonpositive curvature
Sv is a linear self-adjoint operator of the second quadratic form for the horosphere
L(π(v), γv(+∞)) at the point π(v) (which is a submanifold in H of class C2).

Denote by {ei(v)}, i = 1, . . . , p − 1, the orthonormal basis in v⊥ consisting of
eigenvectors of Sv. Let Ki(v) be the corresponding eigenvalues. The numbers
Ki(v) are called the principal curvatures and the directions determined by the
vectors ei(v) the directions of principal curvatures for the limit sphere at π(v).

Theorem 17.11 (Pesin [201], Freire and Mañé [91]).

1. The entropy of the geodesic flow is

hµ(g1) = −
∫

M

p−1∑
i=1

Ki(v) dµ(v) = −
∫

M

trSv dµ(v),

where µ is the Liouville measure and trSv denotes the trace of Sv.
2. Let ν be a gt-invariant probability measure. Then

hµ(g1) ≤ −
∫

M

trSv dν(v).

Statement 1 of Theorem 17.11 is analogous to a result of [234] for dispersing
billiards.

For the topological entropy h(gt) of the geodesic flow on manifolds without
conjugate points Freire and Mañé [91] established the following formula.

Theorem 17.12.

h(gt) = lim
r→∞

log vol(B(x, r))
r

,

where x ∈ H is a point in the universal cover of M (the limit exists and does not
depend on x).
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18. Dynamical systems with singularities: the conservative case

In this and the following sections we shall discuss how the core results of smooth
ergodic theory can be extended to dynamical systems with singularities (where the
map or its differential are discontinuous). We consider two cases: the conservative
one when the system preserves volume and the dissipative one when the system
possesses an attractor. The main example in the first case is billiards while the
main example in the second case is the Lorenz attractor. In both cases the system
is uniformly hyperbolic either on the whole phase space or in an neighborhood of
the attractor. However, the presence of singularities may effect the behavior of
trajectories in a crucial way so that along some trajectories Lyapunov exponents
are zero. We shall describe some general conditions on the singularity set which
guarantee that Lyapunov exponents along the “majority” of trajectories are nonzero
and methods of nonuniform hyperbolicity theory apply.

Let M be a compact smooth Riemannian manifold and S ⊂ M a closed set.
Following Katok and Strelcyn [138] we call a map f : M \S → f(M \S) a map with
singularities and the set S the singularity set for f if the following conditions hold:
(A1) f is a C2 diffeomorphism;
(A2) there exist constants C1 > 0 and a ≥ 0 such that

‖d2
xf‖ ≤ C1ρ(x, S)−a x ∈M \ S,

‖d2
xf

−1‖ ≤ C1ρ(x, S−)−a, x ∈ f(M \ S),
where S− = {y ∈ M : there are z ∈ S and zn ∈ M \ S such that zn →
z, f(zn) → y} is the singularity set for f−1.

Let µ be a probability measure on M invariant under f . We assume that
(A3) ∫

M

log+‖df‖ dµ <∞ and
∫

M

log+‖df−1‖ dµ <∞;

(A4) for every ε > 0 there exist constants C2 > 0 and b ∈ (0, 1] such that

µ({x ∈M : ρ(x, S) < ε}) ≤ C2ε
b.

Condition (A2) means that the derivative of f may grow with a “moderate” poly-
nomial rate near the singularity set and Condition (A4) implies that µ(S) = 0, i.e.,
the singularity set is “small”.

Conditions (A1)–(A4) constitute the basis of the Katok-Strelcyn theory and
allow one to extend results of smooth ergodic theory to smooth systems with sin-
gularities. In particular, at every Lyapunov regular point with nonzero Lyapunov
exponents one can construct local stable and unstable manifolds, establish the
crucial absolute continuity property, describe ergodic properties of the map with
respect to a smooth hyperbolic invariant measure and obtain the entropy formula.

We shall now proceed with a formal description. Set N+ = {x ∈ M : fn(x) 6∈
S for all n ≥ 0} and let N =

⋂
n≥0 f

n(N+). For each α ∈ (0, 1) and γ > 0 set

Ωα,γ = {x ∈ N : ρ(fn(x), A) ≥ γα|n| for every n ∈ Z}.

Proposition 18.1. We have that µ(N) = 0 and µ(Ωα,γ) → 1 as γ → 0.

To see this note that

N \ Ωα,γ = {x ∈ N : ρ(fn(x), A) < γα|n| for some n ∈ Z}
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and hence, by (A4),

µ(N \ Ωα,γ) ≤
∑
n∈Z

µ({x ∈ N : ρ(fn(x), A) < γα|n|})

≤
∑
n∈Z

µ({x ∈ X : ρ(x,A) < γα|n|})

≤
∑
n∈Z

C2γ
aαa|n| ≤ 2C2γ

a

1− αa
.

Let Λ ⊂M \N be the set of points with nonzero Lyapunov exponents. We assume
that µ(Λ) > 0 and we consider the collection of regular sets Λ`, ` ≥ 1 for f (see
Section 4.5). Denote by

Λ`,α,γ = Λ` ∩ Ωα,γ .

From now on we fix a sufficiently large ` > 0, α = α(`) and γ = γ(`) such that the
set A` = Λ`,α(`),γ(`) has positive measure.

As an immediate corollary of Proposition 18.1 we obtain the following statement.

Theorem 18.2 (Stable manifold theorem). Let f be a diffeomorphism with singu-
larities satisfying conditions (A1)–(A4). Then for every x ∈ A` there exists a local
stable manifold V s(x) such that x ∈ V s(x), TxV

s(x) = Es(x), and for y ∈ V s(x)
and n ≥ 0,

ρ(fn(x), fn(y)) ≤ T (x)λneεnρ(x, y),

where T : X → (0,∞) is a Borel function satisfying

T (fm(x)) ≤ T (x)e10ε|m|, m ∈ Z.

Furthermore, for every x ∈ A` there exists a local unstable manifold V u(x) which
have similar properties.

When a point moves under f its stable (and/or unstable) manifold may “meet”
the singularity set and be cut by it into several pieces whose sizes, in general, may
be uncontrollably small. It is Condition (A4) that allows one to control this process
for almost every trajectory, see Proposition 18.1. In particular, the size of the
local manifolds V s(x) and V u(x) may depend on the point x and may deteriorate
along the trajectory but only with subexponential rate. Moreover, local manifolds
satisfy the absolute continuity property, see Section 10.1. This provides the basis
for obtaining a complete description of ergodic and topological properties of the
system including: 1) descriptions of ergodic and K-components (see Theorems 11.3
and 11.17), 2) the entropy formula7 (see Theorems 12.1 and 12.10), and 3) density
of periodic points (see Theorem 15.2).

Liverani and Wojtkowski [167] designed a method which allows one to study
local ergodicity of smooth systems with singularities. The systems to which this
method applies are defined axiomatically by a number of conditions. They include
some assumptions on the singularity set, existence of invariant cone families which
are monotone and strictly monotone (see Section 11.3), and an adaptation of the
Sinai–Chernov Ansatz for billiards (see [66]).

7To establish the upper bound for the entropy, one needs to assume, in addition to (A2), that
‖dxf‖ ≤ C1ρ(x, S)−a and ‖dxf−1‖ ≤ C1ρ(x, S−)−a; see [138] for details.
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Other results on local ergodicity of smooth systems with singularities were ob-
tained by Chernov [61], Markarian [177], and Vaienti [243] (for some particular
map).

In [250], Wojtkowski and Liverani introduced a special class of dynamical sys-
tems with singularities—conformally Hamiltonian systems with collisions. They are
determined by a nondegenerate 2-form Θ and a function H (called Hamiltonian).
The form does not have to be closed but dΘ = γ ∧ Θ for some closed 1-form γ.
This condition guarantees that, at least locally, the form Θ can be multiplied by
a nonzero function to give a bona fide symplectic structure (such a structure is
called conformally symplectic). Examples of systems with conformally symplectic
structure include the Gaussian isokinetic dynamics and the Nosé–Hoover dynamics.
The main result in [250] claims that the Lyapunov spectrum of the corresponding
conformally Hamiltonian flow is symmetric. This recovers and generalizes results
by Benettin, Galgani, Giorgilli and Strelcyn [32], Dettmann and Morriss [69, 70],
Garrido and Galavotti [95], Dellago, Posch and Hoover [68], and Bonetto, Galavotti
and Garrido [43].

18.1. Billiards. We consider billiards in the plane which form a special class of
maps with singularities. Let Q be a compact connected subset of R2 such that ∂Q
consists of a finite number of curves of class C3. The billiard flow in Q is generated
by the free motion of a particle in the interior of Q, with unit speed and elastic
reflections at the boundary (reflection is elastic if the angle of reflection equals the
angle of incidence). The flow acts on the unit tangent bundle SQ but is not well-
defined in the corners of ∂Q. It can be shown that the billiard flow preserves the
Liouville measure on SQ. We refer to [67] for more details.

Consider the set X ⊂ SQ consisting of the unit vectors in SQ at the boundary
∂Q and pointing inside Q. The billiard map on Q is defined as the first return
map f : X → X induced by the billiard flow. Given (q, v) ∈ X, its image f(q, v)
is the point (q′, v′) ∈ X, where q′ and v′ are the position and velocity of the
particle with initial condition (q, v) immediately after the next reflection at ∂Q.
We introduce the coordinates (s, θ) for a point (q, v) ∈ X where s is the length of
∂Q up to q measured with respect to a given point in ∂Q and θ ∈ [−π/2, π/2] is
the angle that the vector v makes with the inward normal of ∂Q at q. We endow
X with the Riemannian metric ds2 + dθ2. The billiard map preserves the measure
dν = (2c)−1 cos θdsdθ where c is the length of ∂Q.

The billiard map, in general, is not well-defined everywhere in X. Let Z be the
set of corners of ∂Q, i.e., the points where ∂Q is not of class C1, and let q′ 6= q be
the first point of ∂Q where the particle with initial condition (q, v) ∈ X hits ∂Q.
Then f is not defined on the set

S+ = {(q, v) ∈ X : q′ ∈ Z or the segment qq′ is tangent to ∂Q at q′}.

Thus, f is not defined at (q, v) if the particle with initial condition (q, v) either
hits a corner of ∂Q or reflects at ∂Q with a null angle. Define R : X → X by
R(s, θ) = (s, π−θ) for (s, θ) ∈ X. The map f−1 is not defined on the set S− = RS+.
One can show that the sets S+ and S− consist of a finite number of curves of class
C2 that intersect only at their endpoints (see [138]). They are called respectively
the singularity sets for f and f−1. For each n > 0, the sets where fn and f−n are
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not defined are respectively

S+
n = S+ ∪ f−1S+ ∪ · · · ∪ f−n+1S+,

S−n = S− ∪ fS− ∪ · · · ∪ fn−1S−.

Let
S+
∞ =

⋃
n>0

S+
n , S−∞ =

⋃
n>0

S−n and S∞ = S−∞ ∩ S+
∞.

The points in S+
∞ (respectively S−∞) hit a corner of ∂Q after a finite number of

iterations of f (respectively f−1). The points in S∞ hit a corner of ∂Q after a
finite number of iterations of f and after a finite number of iterations of f−1, and
thus they have orbits of finite length. Clearly, ν(S+

n ) = ν(S−n ) = 0 for every n > 0.
According to the former observations, there exists an integer m > 0 such that the

sets X \S+ and X \S− consist both of a finite number of open connected sets, say
X+

1 , . . . , X
+
m and X−

1 , . . . , X
−
m, such that f : X+

i → X−
i is a C2 diffeomorphism for

i = 1, . . ., m. Therefore, the billiard map f is a map with singularities on X (in this
case S = S+). Following Katok and Strelcyn [138] we will describe a sufficiently
large class of billiards which satisfy Conditions (A1)–(A7).

Theorem 18.3. Let f be a billiard map on Q. If ∂Q is piecewise C2, has finite
length, and has a uniformly bounded curvature, then Condition (A3) holds with
respect to the measure ν.

For example, any billiard whose boundary is a union of a finite number of closed
arcs and closed curves of class C2 satisfies the hypotheses of Theorem 18.3.

To establish Condition (A4) we consider the class Pk, k ≥ 2 of billiards whose
boundary is a union of a finite number of intervals and strictly convex or strictly
concave Ck curves.

Theorem 18.4. Let f be a billiard map of class Pk, k ≥ 2. Then the singularity
set for f is a union of a finite number of closed curves of class Ck−1 of finite length
and of a finite number of isolated points. In particular, f satisfies Condition (A4).

We now discuss Condition (A2). Let γ be a strictly convex smooth curve in the
plane. For each p ∈ γ, let `1 be the oriented tangent line to γ at p (one-sided tangent
line if p is an endpoint of γ), and let `2 be the line through p orthogonal to `1.
Orienting the line `2 in a suitable way, one can assume that in a neighborhood of p,
with respect to the orthogonal coordinate system given by `1 and `2, the curve γ
is the graph of a smooth strictly convex function (that we also denote by γ). We
consider the class Πk, k ≥ 2 of billiards in Pk for which there exists C > 0 such
that all strictly convex pieces of ∂Q satisfy

(s− t)γ′(s)− γ(s) + γ(t)
γ(s)− γ(t)− (s− t)γ′(t)

≥ C

for every s 6= t in a neighborhood of zero (at the endpoints we consider appropriate
one-sided neighborhoods of zero). It is shown in [138] that the class Πk includes
the billiards in Pk for which the following holds: for each γ of class Cm+2 as above,
γ(i)(0) = 0 for 2 ≤ i ≤ m− 1, and γ(m)(0) 6= 0.

Theorem 18.5 ([138]). Any billiard map f ∈ Πk, k ≥ 3 satisfies Condition (A2).

It follows from Theorems 18.3–18.5 that billiard maps of class Πk, k ≥ 3, satisfy
Conditions (A1)–(A4). Thus, the results of the previous section apply. Particular



142 LUIS BARREIRA AND YAKOV PESIN

cases include dispersing (Sinai’s) billiards and some semi-dispersing billiards. Recall
that a curve Γ in the boundary ∂Q of a billiard is dispersing, focusing, or flat if Γ is
respectively strictly concave outward (with respect to Q), strictly convex outward,
or Γ is a straight segment. We denote by Γ−, Γ+, and Γ0 the unions of the curves
forming ∂Q that are respectively dispersing, focusing, and flat. A billiard is called
dispersing if Γ+ = Γ0 = ∅, and semi-dispersing if Γ+ = ∅, Γ− 6= ∅.

We refer to the survey [52] for more details. See also the collection of surveys
in [236].

19. Hyperbolic attractors with singularities

In this section we consider dissipative hyperbolic dynamical systems with sin-
gularities. They possess attractors and act uniformly hyperbolic in their vicinity.
However, due to singularities the behavior of trajectories is effectively nonuniformly
hyperbolic. We call these attractors generalized hyperbolic attractors. They were
introduced by Pesin in [200]. Examples include Lorenz attractor, Lozi attractor
and Belykh attractor. We describe a construction SRB-measures for these systems.

19.1. Definitions and local properties. Let M be a smooth Riemannian man-
ifold, K ⊂ M an open bounded connected set and N ⊂ K a closed set. Let also
f : K \N → K be a map satisfying the following conditions:
(H1) f is a C2 diffeomorphism from the open set K \N onto its image;
(H2) there exist constants C > 0 and α ≥ 0 such that

‖dxf‖ ≤ Cρ(x,N+)−α, ‖d2
xf‖ ≤ Cρ(x,N+)−α x ∈ K \N,

‖dxf
−1‖ ≤ Cρ(x,N−)−α, ‖d2

xf
−1‖ ≤ Cρ(x,N−)−α, x ∈ f(K \N),

where N+ = N ∪ ∂K is the singularity set for f and N− = {y ∈ K :
there are z ∈ N+ and zn ∈ K \ N+ such that zn → z, f(zn) → y} is the
singularity set for f−1.

Set
K+ = {x ∈ K : fn(x) 6∈ N+ for all n ∈ N}

and
D =

⋂
n∈N

fn(K+)

The set Λ = D is called the attractor. We have that

D = Λ \
⋃
n∈Z

fn(N+)

and that the maps f and f−1 are defined on D, with f(D) = D.
Let us fix ε > 0 and set for ` ≥ 1,

D+
ε,` = {z ∈ Λ : ρ(fn(z), N+) ≥ `−1e−εn for n ≥ 0},

D−
ε,` = {z ∈ Λ : ρ(f−n(z), N−) ≥ `−1e−εn for n ≥ 0},

D±
ε =

⋃
`≥1

D±
ε,`, D0

ε = D+ ∩D−
ε .

The set D0
ε is f - and f−1-invariant and D0

ε ⊂ D for every ε. This set is an “essential
part” of the attractor and in general, may be empty. Even if it is not it may not
support any f -invariant Borel finite measure. We say that Λ is observable if
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(H3) for all sufficiently small ε the set D0
ε supports an f -invariant Borel finite

measure.
We shall provide some conditions that ensure that Λ is observable. Given A ⊂ Λ,
write f−1(A) = {z ∈ Λ \ N+ : f(z) ∈ A}. We denote by U(ε,N+) the open
ε-neighborhood (in K) of N+, by Mf the family of f -invariant Borel probability
measures on Λ and by ϕ(z) = ρ(z,N+).

Proposition 19.1. The set Λ is observable if one of the following conditions holds:
1. there exists µ ∈ Mf such that µ(D) > 0 and

∫
Λ
|logϕ| dµ <∞;

2. there exist C > 0, q > 0 such that for any ε > 0 and n ∈ N,

ν(f−n(U(ε,N+) ∩ fn(K+))) ≤ Cεq (19.1)

(here ν is the Riemannian volume in K).

Let us stress that Condition (19.1) is similar to Condition (A4) for conservative
systems with singularities.

Denote by C(x, α, P ) the cone at x ∈ M (α > 0 is a real number and P is a
linear subspace of TxM), composed of all vectors v ∈ TxM for which

∠(v, P ) = min
w∈P

∠(v, w) ≤ α.

We say that Λ is a generalized hyperbolic attractor if there exist C > 0, λ ∈ (0, 1),
a function α(z), and two fields of subspaces P s(z), Pu(z) ⊂ TzM , dimP s(z) = q,
dimPu(z) = p − q (p = dimM) for z ∈ K \ N+ such that the cones Cs(z) =
Cs(z, α(z), P s(z)) and Cu(z) = C(z, α(z), Pu(z)) satisfy the following conditions:
(H4) the angle between Cs(x) and Cu(x) is uniformly bounded away from zero

over x ∈M \ S; in particular, Cs(x) ∩ Cu(x) = ∅;
(H5)

df(Cu(x)) ⊂ Cu(f(x)) for any x ∈M \ S;

df−1(Cs(x)) ⊂ Cs(f−1(x)) for any x ∈ f(M \ S);

(H6) for any n > 0,

‖dfnv‖ ≥ Cλ−n‖v‖ for any x ∈ N+, v ∈ Cu(x);

‖df−nv‖ ≥ Cλ−n‖v‖ for any x ∈ fn(N+), v ∈ Cs(x).

Given z ∈ D, the subspaces

Es(z) =
⋂
n≥0

df−nCs(fn(z)), Eu(z) =
⋂
n≥0

dfnCu(f−n(z))

satisfy
(E1) TzM = Es(z)⊕ Eu(z), Es(z) ∩ Eu(z) = {0};
(E2) the angle between Es(z) and Eu(z) is uniformly bounded away from zero;
(E3) for each n ≥ 0,

‖dfnv‖ ≤ Cλn‖v‖, v ∈ Es(z),

‖df−nv‖ ≥ C−1λ−n‖v‖, v ∈ Eu(z).

The subspaces Es(z) and Eu(z) determine a uniform hyperbolic structure for f on
the set D. One can construct local stable and unstable manifolds V s(z), V u(z),
at every point z ∈ D0

ε ; in fact, local stable (respectively, unstable) manifolds can
be constructed for every z ∈ D+

ε (respectively, for every z ∈ D−
ε ). Since f has



144 LUIS BARREIRA AND YAKOV PESIN

singularities the “size” of local manifolds is a measurable (not continuous) function
on D0

ε , despite the fact that the hyperbolic structure on D is uniform. The size can
deteriorate along trajectories but with subexponential rate; it is uniform over the
points in D0

ε,`.
To simplify our notations we drop the subscript ε from in D±

ε , D±
ε,`, D

0
ε,`, etc.

Proposition 19.2. V u(z) ⊂ D− for any z ∈ D−.

Let A ⊂ Λ. Define

f̂(A) = f(A \N+), f̂−1(A) = f̂−1(A \N−).

The sets f̂n(A) and f̂−n(A) for n > 1 are defined in the same way. Given z ∈ D0

we set

W s(z) =
⋃
n≥0

f̂−n(V s(fn(z))), Wu(z) =
⋃
n≥0

f̂n(V u(f−n(z))).

The set W s(z) is a smooth embedded, but possibly not connected, submanifold in
K. It is called the global stable manifold at z. If y ∈W s(z) then all images fn(y),
n ≥ 0 are well-defined. Similar statements hold for Wu(z), the global unstable
manifold at z.

For y ∈ W s(z) denote by Bs(y, r) the ball in W s(z) of radius r centered at y
(we restrict ourselves to a connected component of W s(z)). Fix r > 0 and take
y ∈W s(z), w ∈ Bs(y, r), n ≥ 0 (respectively y ∈Wu(z), w ∈ Bu(y, r), n ≤ 0). We
have

ρs(fn(y), fn(w)) ≤ Cµnρs(y, w)
and respectively,

ρu(f−n(y), f−n(w)) ≤ Cµnρu(y, w),
where C = C(r) > 0 is a constant, ρs and ρu are respectively the distances induced
by ρ on W s(z) and Wu(z).

19.2. SRB-measures: existence and ergodic properties. We outline a con-
struction of SRB-measures for diffeomorphisms with generalized hyperbolic attrac-
tors. Denote by Ju(z) the Jacobian of the map df |Eu(z) at a point z ∈ D0. Fix
` > 0, z ∈ D0

` , y ∈Wu(z), and n > 0, and set

κn(z, y) =
n−1∏
j=0

Ju(f−j(z))
Ju(f−j(y))

.

Proposition 19.3. The following properties hold:
1. For any ` ≥ 1 and z ∈ D0

` , y ∈Wu(z) there exists the limit

κ(z, y) = lim
n→∞

κn(z, y) > 0.

Moreover, there is r1` > 0 such that for any ε > 0, r ∈ (0, r1` ) one can find
N = N(ε, r) such that for any n ≥ N ,

max
z∈D0

`

max
y∈B

u
(z,r)

|κn(z, y)− κ(z, y)| ≤ ε.

2. The function κ(z, y) is continuous on D0
` .

3. For any z ∈ D0
` and y1, y2 ∈Wu(z),

κ(z, y1)κ(y1, y2) = κ(z, y2).
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Fix ` ≥ 1, z ∈ D0
` and let B(z, r) be a ball in K centered at z of radius r. Define

a rectangle at z by

Π = Π(z, r) =
⋃

y∈B(z,r)∩D0
`

Bu([y, z], r),

where [y, z] = V u(y)∩V s(z). Consider the partition ξ = ξ(Π) of Π(z, r) by the sets
Cξ(y) = Bu([y, z], r), y ∈ B(z, r)∩D0

` . This partition is continuous and measurable
with respect to any Borel measure µ on Λ.

Fix z ∈ D0
` and a rectangle Π = Π(z, r) at z. Assume that µ(Π) > 0 and denote

by µξ(y), y ∈ B(z, r) ∩ D0
` the family of conditional measures on the sets Cξ(y).

We say that µ is an SRB-measure if for any ` ≥ 0, z ∈ D0
` , and Π = Π(z, r) with

µ(Π) > 0,
dµξ(y′) = r(y)κ([z, y], y′)dνu(y′).

Here νu is the Riemannian volume on Wu(z) induced by the Riemannian metric,
y ∈ B(z, r) ∩D0

` , y′ ∈ Bu([z, y], r) and r(y) is the “normalizing factor”,

r(y) =

(∫
Bu([y,z],r3

` )

κ([z, y], y′) dνu(y′)

)−1

.

Denote by M′
f the family of measures µ ∈ Mf for which µ(D0) = 1 and by Mu

f the
family of SRB-measures in M′

f . Any µ ∈ M′
f is a measure with nonzero Lyapunov

exponents χ1(x), . . ., χp(x) and if µ is ergodic the function χi(x) are constant
µ-almost everywhere. We denote the corresponding values by χi

µ and assume that

χ1
µ ≥ · · · ≥ χq

µ > 0 > χq+1
µ ≥ · · · ≥ χp

µ.

Fix z ∈ D0
` , r > 0 and set

U0 = Bu(z, r), Ũ0 = U0, Ũn = f(Un−1), Un = Ũn \N+,

and

c0 = 1, cn =

(
n−1∏
k=0

Ju(fk(z))

)−1

.

We define measures ν̃n on Un by

dν̃n(y) = cnκ(fn(z), y)dνu(y), n ≥ 0,

and measures νn on Λ by

νn(A) = ν̃n(A ∩ Un), n ≥ 0 (19.2)

for each Borel set A ⊂ Λ.
We say that the attractor Λ satisfies Condition (H7) if there exist a point z ∈ D0

and constants C > 0, t > 0, ε0 > 0 such that for any 0 < ε ≤ ε0 and n ≥ 0,

νu(V u(z) ∩ f−n(U(ε,N+))) ≤ Cεt.

If Λ satisfies Condition (H7) then νn(A) = ν0(f−nA)) for any n > 0 and any Borel
set A ⊂ Λ.

Theorem 19.4 (Pesin [200]). Assume that Λ is a generalized hyperbolic attractor
satisfying Condition (H7). Then there exists a measure µ ∈ Mu

f supported on D0

which satisfies Conditions 1 and 2 of Proposition 19.1.
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We outline the proof of the theorem. Let z ∈ D0 be the point mentioned in
Condition (H7) and νk the sequence of measures on Λ as in (19.2). Consider the
sequence of measures on Λ defined by

µn =
1
n

n−1∑
k=0

νk. (19.3)

First, using Condition (H7), one can show that for any γ > 0 there exists `0 > 0
such that µn(D0

` ) ≥ 1 − γ for any n > 0 and ` ≥ `0. It follows that some limit
measure µ for the sequence of measures µn is supported on D0. Next, one can
prove that µ is f -invariant and an SRB-measure on Λ.

From now on we assume that Λ is a generalized hyperbolic attractor satisfy-
ing Condition (H7) and that µ ∈ Mu

f , µ(D0) = 1. We will describe the ergodic
properties of µ.

Proposition 19.5. For µ-almost every z ∈ D0,

µu(D0 ∩ V u(z)) = 1. (19.4)

Fix z ∈ D0 for which (19.4) holds and choose ` such that νu(D0
` ∩ V u(z)) > 0.

Let W be a smooth submanifold in a small neighborhood of V u(z) of the form

W = {expz(w,ϕ(w)) : w ∈ I ⊂ Eu(z)},

where I is an open subset and ϕ : I → Es(z) is a diffeomorphism. W has the same
dimension as V u(z) and is transverse to V s(y) for all y ∈ D0

` ∩ V u(z). Consider
the map p : D0

` ∩ V u(z) → W where p(y) is the point of intersection of V s(y)
and W . We denote by νW the measure on W induced by the Riemannian metric
on W (considered as a submanifold of M). One can prove the following result using
arguments in the proof of Theorem 10.1.

Proposition 19.6. The measure p∗νu is absolutely continuous with respect to νW .

Fix z ∈ D0 and for each ` > 0 set

Q(`, z) =
⋃

y∈D0
`∩V u(z)

V s(y) ∩ Λ.

One can show that for µ-almost every z ∈ Λ and any sufficiently large ` > 0 we
have µ(Q(`, z)) > 0 and the set Q =

⋃
n∈Z f

n(Q(`, z)) is an ergodic component
of positive measure for the map f |Λ. This implies the following description of the
ergodic properties of the map f |Λ with respect to the SRB-measure µ.

Theorem 19.7 (Pesin [200]). Let µ ∈ Mu
f . Then there exist sets Λi ⊂ Λ, i = 0, 1,

2, . . . such that:

1. Λ =
⋃

i≥0 Λi, Λi ∩ Λj = ∅ for i 6= j, i, j = 0, 1, 2, . . .;
2. µ(Λ0) = 0, µ(Λi) > 0 for i > 0;
3. for i > 0, Λi ⊂ D, f(Λi) = Λi, f |Λi is ergodic;
4. for i > 0, there exists a decomposition Λi =

⋃ni

j=1 Λj
i , ni ∈ N, where

(a) Λj1
i ∩ Λj2

i = ∅ for j1 6= j2;
(b) f(Λj

i ) = Λj+1
i for j = 1, 2, . . ., ni − 1, and f(Λni

i ) = Λ1
i ;

(c) fni |Λ1
i is isomorphic to a Bernoulli automorphism;
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5. the metric entropy hµ(f |Λ) satisfies

hµ(f |Λ) =
∫

Λ

u(x)∑
i=1

χi(x) dµ(x),

where χ1(x), χ2(x), . . ., χu(x)(x) is the collection of positive values of the
Lyapunov exponent, counted with multiplicities;

6. there exists a partition η of Λ with the following properties:
(a) for µ-almost every x ∈ Λ the element Cη(x) of the partition η is an

open subset in Wu(x);
(b) fη ≥ η,

∨
k≥0 f

kη = ε,
∧

k≥0 f
kη = ν(Wu), where ν(Wu) is the mea-

surable hull of the partition of Λ consisting of single leaves Wu(x) if
x ∈ D0 and single points {x} if x ∈ Λ \D0;

(c) h(f |Λ, η) = hµ(f |Λ).

Set
W s(Λ) =

⋃
z∈D0

W s(z).

The following is a direct consequence of Proposition 19.1 and Theorem 19.7.

Theorem 19.8 (Pesin [200]). Let µ ∈ Mu
f . Then for any set Λi with i > 0 as in

Theorem 19.7 we have:
1. the Riemannian volume of W s(Λi) is positive;
2. there exists Ai ⊂ Λ such that µ(Ai) = µ(Λi) and for any z ∈ W s(Ai) and

any continuous function ϕ on M there exists the limit

lim
n→∞

1
n

n−1∑
k=0

ϕ(fk(z)) =
1

µ(Λi)

∫
Λi

ϕdµ.

Using the above results one can now describe the class of all SRB-measures on Λ.

Theorem 19.9 (Pesin [200]). There exists sets Λn, n = 0, 1, 2, . . . and measures
µn ∈ Mu

f , n = 1, 2, . . . such that:
1. Λ =

⋃
n≥0 Λn, Λn ∩ Λm = ∅ for n 6= m;

2. the Riemannian volume of W s(Λn)∩W s(Λm) is zero for n 6= m, n, m > 0;
3. for n > 0, Λn ⊂ D, f(Λn) = Λn, µn(Λn) = 1, and f |Λn is ergodic with

respect to µn;
4. for n > 0, there exist kn > 0 and a subset An ⊂ Λn such that

(a) the sets An,i = f i(An) are pairwise disjoint for i = 1, . . ., kn − 1 and
An,kn = An,1, Λ =

⋃kn−1
i=1 An,i;

(b) fkn |An,1 is a Bernoulli automorphism with respect to µn;
5. if µ ∈ Mu

f , then µ =
∑

n>0 αnµn with αn ≥ 0 and
∑

n>0 αn = 1;
6. if ν is a measure on K absolutely continuous with respect to the Riemannian

volume and νn = ν|W s(Λn), n > 0, then

lim
k→∞

1
k

k−1∑
i=1

f i
∗νn = µn.

To conclude let us mention a connection between SRB-measures and Condition
(H7). Notice that any accumulation point of the sequence of measures in (19.3)
is an SRB-measure (this essentially follows from Theorem 19.4). We describe a
special property of such measures.
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Proposition 19.10. If µ is the SRB-measure constructed in Theorem 19.4 then
there exists ε0 > 0 such that for any ε ∈ (0, ε0) and any n > 0,

µ(U(ε,N+)) ≤ Cεt, (19.5)

where C > 0, t > 0 are constants independent of ε and n.

We have seen that Condition (H7) is sufficient to prove the existence of an SRB-
measure on a generalized hyperbolic attractor. We will now show that it is “almost”
necessary.

Proposition 19.11. Let µ ∈ Mu
f (µ is an SRB-measure on Λ and µ(D0) = 1)

satisfy (19.5) for some constants C, t, ε. Then for µ-almost every point z ∈ D0

there exists ε(z) > 0 such that Condition (H7) holds with respect to z and any
ε ∈ (0, ε(z)).

19.3. Examples. We now consider a number of examples of maps with generalized
hyperbolic attractor when M is a two-dimensional manifold. First we formulate
some general assumptions which guarantee the validity of Properties (H3) and (H7).
Let f be a map satisfying Condition (H1) and assume that:
(G1) K =

⋃m
i=1K

i, with Ki to be a closed sets, intKi ∩ intKj = ∅ whenever
i 6= j,

∂Ki =
ri⋃

j=1

Nij ∪
qi⋃

j=1

Mij ,

where Nij and Mij are smooth curves, and

N =
m⋃

i=1

ri⋃
j=1

Nij , ∂K =
m⋃

i=1

qi⋃
j=1

Mij ;

(G2) f is continuous, and differentiable on each Ki, i = 1, . . ., m;
(G3) f possesses two families of stable and unstable cones Cs(z) and Cu(z), z ∈

K \
⋃m

i=1 ∂K
i;

(G4) the unstable cone Cu(z) at z depends continuously on z ∈ Ki and there
exists α > 0 such that for any z ∈ Nij \ ∂Nij , v ∈ Cu(z), and any vector w
tangent to Nij we have ∠(v, w) ≥ α;

(G5) there exists τ > 0 such that fk(N)∩N = ∅, k = 0, . . ., τ and aτ > 2 where

a = inf
z∈K\N

inf
v∈Cu(z)

‖dzfv‖ > 1.

Theorem 19.12 (Pesin [200]). If f satisfies Conditions (H1) and (G1)–(G5), then
it also satisfies Condition (H7) for any z ∈ D0 and (19.1) (in particular, f satisfies
Condition (H3)).

Assume now that f satisfies Conditions (H1)–(H2), (G1)–(G2), (G4), and (in-
stead of (G3) and (G5)) the following holds:
(G3’) ρ(fk(N), n) ≥ A exp(−γk), k = 1, 2, . . .,
where A > 0 is a constant and γ > 0 is sufficiently small (when compared with λ;
in particular, fk(N) ∩N = ∅, k = 1, 2, . . .). Then f satisfies Condition (H7) for
any z ∈ D0 and Condition (H3).

We now describe some particular two-dimensional maps with generalized hyper-
bolic attractors.
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Lorenz type attractors. Let I = (−1, 1) and K = I× I. Let also −1 = a0 < a1 <
· · · < aq < aq+1 = 1. Set

Pi = I × (ai, ai+1), i = 0, . . . , q, ` = I × {a0, a1, . . . , aq, aq+1}.
Let T : K \ `→ K be an injective map,

T (x, y) = (f(x, y), g(x, y)), x, y ∈ I, (19.6)

where the functions f and g satisfy the following conditions:
(L1) f and g are continuous on P i and

lim
y↗ai

f(x, y) = f−i , lim
y↗ai

g(x, y) = g−i ,

lim
y↘ai

f(x, y) = f+
i , lim

y↘ai

g(x, y) = g+
i ,

where f±i and g±i do not depend on x, i = 1, 2, . . ., q;
(L2) f and g have continuous second derivatives on Pi and if (x, y) ∈ Pi, i = 1,

. . ., q, then

df(x, y) = B1
i (y − ai)−ν1

i (1 +A1
i (x, y))

dg(x, y) = C1
i (y − ai)−ν2

i (1 +D1
i (x, y))

whenever y − ai ≤ γ, and

df(x, y) = B2
i (ai+1 − y)−ν3

i (1 +A2
i (x, y))

dg(x, y) = C2
i (ai+1 − y)−ν4

i (1 +D2
i (x, y))

whenever ai+1 − y ≤ γ, where γ > 0 is sufficiently small, B1
i , B2

i , C1
i , C2

i

are some positive constants, 0 ≤ ν1
i , ν2

i , ν3
i , ν4

i < 1, and A1
i (x, y), A

2
i (x, y),

D1
i (x, y), D2

i (x, y) are continuous functions, which tend to zero when y →
ai or y → ai+1 uniformly over x; furthermore, the norms of the second
derivatives ‖fxx‖, ‖fxy‖, ‖gxy‖, and ‖gxx‖ are bounded;

(L3) we have the inequalities

‖fx‖ < 1, ‖g−1
y ‖ < 1,

1− ‖g−1
y ‖ · ‖fx‖ > 2

√
‖g−1

y ‖ · ‖gx‖ · ‖g−1
y fy‖,

‖g−1
y ‖ · ‖gx‖ < (1− ‖fx‖)(1− ‖g−1

y ‖),
where ‖·‖ = maxi=0,...,q sup(x,y)∈Pi

|·|.
The class of maps satisfying (L1)–(L3) was introduced in [2]. It includes the

famous geometric model of the Lorenz attractor. The latter can be described as
follows.

Theorem 19.13. Assume that ` = I × {0}, K = I × I, and that T : \ `→ K is a
map of the form (19.6) where the functions f and g are given by

f(x, y) = (−B|y|ν0 +Bx sgn y|y|ν + 1) sgn y,

g(x, y) = ((1 +A)|y|ν0 −A) sgn y.
If 0 < A < 1, 0 < B < 1/2, ν > 1, and 1/(1 + A) < ν0 < 1, then T satisfies
Conditions (L1)–(L3).

The class of maps introduced above is somewhat representative.
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Theorem 19.14. On an arbitrary smooth compact Riemannian manifold of di-
mension at least 3 there exists a vector field X having the following property: there
is a smooth submanifold S such that the first-return map T induced on S by the
flow of X satisfies Conditions (L1)–(L3).

We now describe the ergodic and topological properties of the maps with Lorenz
type attractors.

Theorem 19.15 (Pesin [200]). The following properties hold:
1. A map T satisfying (L1)–(L3) also satisfies Conditions (H1), (H2) and the

attractor Λ for T is an observable generalized hyperbolic attractor; the stable
(unstable) cone at each point z ∈ K is the set of vectors having angle at most
π/6 with the horizontal (vertical) line.

2. The stable lamination W s can be extended to a continuous C1-foliation in K.
3. Assume that one of the following condition holds:

(a) νj
i = 0, i = 1, . . ., q, j = 1, 2, 3, 4;

(b) ρ(Tn(f±i , g
±
i ), `) ≥ Ci exp(−γn) for any n ≥ 0, i = 1, . . ., q (Ci > 0

are constants independent of n; γ is sufficiently small).
Then T satisfies Conditions (G1)–(G5) (as well as (G1), (G2), (G3’), and
(G4)). In particular, it satisfies Condition (H7) for any z ∈ D0 and (19.1).

The existence of an SRB-measure for the classical geometric model of Lorenz
attractor (when K is a square, and ` consists of a single interval) was shown in [51].
The proof uses Markov partitions. If the stable foliation W s is smooth (it takes
place, for example, when g does not depend on x) the existence of an SRB-measure
follows from a well-known result in the theory of one-dimensional maps (one can
show that Λ is isomorphic to the inverse limit of a one-dimensional piecewise ex-
panding map for which (ai, ai+1), i = 0, . . ., q are intervals of monotonicity; see [2]
for details and references).

We now give an example of Lorenz type attractor for which the discontinuity set
consists of countable number of intervals and the corresponding map has countable
number of components of topological transitivity. Consider a one-dimensional map
g(y), y ∈ [0, 1] given by

g(y) =

{
1

n+2 + 2
2n+1y if 1

n+1 ≤ y < 2n+1
2(n+1)

2n+1
2(n+1) + 1

2(n+1)y if 2n+1
2(n+1) ≤ y < 1

n

for n = 1, 2, 3, . . .. One can show that there exists a function f(x, y) such that
the map T (x, y) = (f(x, y), g(y)) satisfies Conditions (L1)–(L3). However, each set
Λ ∩ I × [1/(n+ 1), 1/n] is a component of topological transitivity for T .

Lozi type attractors. Let c > 0, I = (0, c), K = I × I, and 0 = a0 < a1 < · · · <
aq < aq+1 = c. Set ` = {a0, a1, . . . , aq, aq+1}× I and let T : K → K be an injective
continuous map

T (x, y) = (f(x, y), g(x, y)), x, y ∈ I
satisfying the following conditions:
Loz1. T |(K \ `) is a C2-diffeomorphism and the second derivatives of the maps T

and T−1 are bounded from above;
Loz2. Jac(T ) < 1;
Loz3. inf{(|∂f

∂x | − |
∂f
∂y |)− (| ∂g

∂x |+ |∂g
∂y |)} ≥ 0;

Loz4. inf{|∂f
∂x | − |

∂f
∂y |}

def= u > 1;
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Loz5. sup{(|∂f
∂x |+ |∂g

∂y |)/(|
∂f
∂x | − |

∂f
∂y |)

2} < 1;
Loz6. there exists N > 0 such that T k(`) ∩ ` = ∅ for 1 ≤ k ≤ N and uN > 2.
This class of maps was introduced by Young in [256]. It includes the map

T (x, y) = (1 + by − a|x|, x) (19.7)

which is obtained from the well-known Lozi map by a change of coordinates (see
[159]). It is easy to verify that there exist open intervals of a and b such that (19.7)
takes some square [0, c]× [0, c] into itself and satisfies Loz1–Loz6.

Theorem 19.16 (Pesin [200]). The following properties hold:
1. A map T satisfying Loz1–Loz6 also satisfies Conditions (H1), (G1)–(G5),

and the attractor Λ for T is an observable generalized hyperbolic attractor;
the stable (respectively unstable) cone at each point z ∈ K has a vertical
(respectively horizontal) line as the center line. This map also satisfies Con-
dition (H7) for any z ∈ D0 and (19.1).

2. The stable lamination W s can be extended to a continuous C0-foliation in K.

Belykh type attractors. Let I = [−1, 1], K = I × I, and ` = {(x, y) : y = kx}.
Consider the map

T (x, y) =

{
(λ1(x− 1) + 1, λ2(y − 1) + 1) for y > kx

(µ1(x+ 1)− 1, µ2(y + 1)− 1) for y < kx
.

In the case λ1 = µ1, λ2 = µ2 this map was introduced by Belykh in [28] and was
the simplest model in the so-called phase synchronization theory.

Theorem 19.17. The following properties hold:
1. Assume that

0 < λ1 <
1
2
, 0 < µ1 <

1
2
, 1 < λ2 <

2
1− |k|

, 1 < µ2 <
2

1− |k|
, |k| < 1.

Then T is a map from K \ ` into K satisfying Conditions (H1), (G1)–(G4),
and the attractor Λ for T is a generalized hyperbolic attractor (the stable and
unstable one-dimensional subspaces at each point z ∈ D0 are respectively
horizontal and vertical lines; the stable and unstable cones at each point
z ∈ K are the set of vectors having angle at most π/4 with the horizontal or
vertical lines).

2. If λ2 > 2 and λ2 > 2, then T satisfies Condition (G5), and hence, Condition
(H7) for any z ∈ D0 and (19.1).

Appendix A. Decay of correlations, by Omri Sarig

A.1. Introduction. One way of saying that a probability preserving transforma-
tion (X,B,m, T ) has unpredictable dynamics is to claim that the results of a ‘mea-
surement at time zero’ f(x) and a ‘measurement at time n’ g(Tnx) are correlated
very weakly for large n. The correlation coefficient of two random variables f1, f2
is defined to be Cov(f1,f2)

‖f1‖2‖f2‖2 , where Cov(f1, f2) :=
∫
f1f2 −

∫
f1
∫
f2. This suggests

the following definition:

Definition 1. A probability preserving transformation (X,B,m, T ) is called
strongly mixing if for every f, g ∈ L2, Cov(f, g◦Tn) :=

∫
fg◦Tn−

∫
f
∫
g −−−−→

n→∞
0.
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It is natural to ask for the speed of convergence (the faster it is the less pre-
dictable the system seems to be). Unfortunately, without extra assumptions, the
convergence can be arbitrarily slow: For all sequences εn ↓ 0 and all 0 6= g ∈ L2 s.t.∫
g = 0, ∃f ∈ L2 with Cov(f, g ◦ Tn) 6= O(εn).8

We will therefore refine the question stated above and ask: How fast does
Cov(f, g◦Tn) → 0 for f, g in a given collection of functions L ( L2? The collection
L varies from problem to problem. In practice, the challenge often reduces to the
problem of identifying a class of functions L which is large enough to generate B,
but small enough to admit analysis.

We discuss this problem below. The literature on this subject is vast, and cannot
be covered in an appendix of this size. We will therefore focus on the methods used
to attack the problem, rather than their actual application (which is almost always
highly non-trivial, but also frequently very technical). The reader is referred to
Baladi’s book [17] for a more detailed account and a more complete bibliography.

In what follows, (X,B,m, T ) is a probability preserving transformation, and L is
a collection of square integrable functions. We assume for simplicity that T is non–
invertible (the methods we describe below can be applied in invertible situations,
but are easier to understand in the non-invertible setting). A key concept is:

Definition 2. The transfer operator (or dual operator, or Frobenius–Perron op-
erator) of T is T̂ : L1 → L1 where T̂ f is the unique L1–function s.t.:

∀g ∈ L∞,
∫
g · T̂ f =

∫
g ◦ T · f.

The definition of T̂ is tailored to make the following statement correct: If dµ = fdm,
then dµ ◦ T−1 = T̂ fdm. Thus, T̂ is the action of T on density functions.

It is easy to check that T̂ is a positive operator, a contraction (i.e. ‖T̂ f‖1 ≤ ‖f‖1)
and that ‖T̂ f‖1 = ‖f‖1 for all f ≥ 0. The T–invariance of m implies that T̂1 = 1.
The relation between T̂ and Cov(f, g ◦ Tn) is the following identity:

Cov(f, g ◦ Tn) =
∫ [

T̂nf −
∫
f
]
g. (A.1)

We see that the asymptotic behavior of Cov(f, g ◦Tn) can be studied by analyzing
the asymptotic behavior of T̂n as n→∞. This is the viewpoint we adopt here.

A.2. Spectral gap and exponential decay of correlations. Suppose L is a
Banach space of square integrable functions s.t. 1 ∈ L, T̂ (L) ⊆ L, and ‖·‖L ≥ ‖·‖1.
We already mentioned that 1 is an eigenvalue of T̂ . The operator Pf :=

∫
f is a

projection onto its eigenspace.
We say that T̂ has a spectral gap in L, if the spectrum of T̂ − P ∈ Hom(L,L)

is a proper subset of the open unit disc, or equivalently, if the L–spectral radius of
T̂ − P , which we denote by ρL, is strictly less than one.

To see the connection with decay of correlations, note that T̂n − P = (T̂ − P )n,
because T̂P = PT̂ and P 2 = P . Therefore, if ρL < λ < 1, f ∈ L and g ∈ L∞,
then |Cov(f, g ◦ Tn)| ≤

∫ ∣∣∣g(T̂ − P )nf
∣∣∣ ≤ ‖g‖∞‖(T̂ − P )nf‖L = O(λn)‖f‖L‖g‖∞.

Thus, a spectral gap in L implies exponential decay of correlations in L.

8Otherwise, the functionals ϕn(f) := 1
εn

R
fg ◦ T n are pointwise bounded on L2, whence by

the Banach–Steinhaus theorem uniformly bounded. But ‖ϕn‖ = 1
εn
‖g‖2 →∞. (Y. Shalom)
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The question arises how to find a space L such that T̂ : L → L has a spectral
gap. We discuss two general methods. The first establishes a spectral gap directly,
and the second indirectly.

A.2.1. Double norm inequalities. Consider the action of T on mass distributions
fdm. If T is very chaotic, then its action will tend to flatten the mountains of fdm
and to fill-up its crevices. After many iterations, the irregularity of the original
mass distribution disappears, and the shape of T̂nfdm ≡ (fdm) ◦ T−n depends
only on the size (total mass) of fdm, and not on its shape.

It is a deep insight of Doeblin & Fortet [71] that this phenomena is captured
by the following double norm inequality, and that this inequality can be used to
establish a spectral gap:

‖T̂nf‖L ≤ θn‖f‖L +M‖f‖C (n ∈ N).

Here ‖ · ‖L measures regularity (Lipschitz, BV, etc.), ‖ · ‖C measures size (L∞, L1,
etc.), and 0 < θ < 1, M > 0 are independent of n. We present the functional-
analytic machinery in the form given by Ionescu-Tulcea & Marinescu [122] (see
Hennion [107] for refinements):

Theorem A.1 (Doeblin & Fortet, Ionescu-Tulcea & Marinescu). Let C ⊇ L be two
Banach spaces such that L–bounded sets are precompact in C, and such that

xn ∈ L, sup ‖xn‖L <∞, ‖xn − x‖C → 0 ⇒ x ∈ L, and ‖x‖L ≤ sup ‖xn‖L.

Let S be a bounded linear operator on L. If ∃M,H > 0, 0 < θ < 1 s.t. for all x ∈ L

sup
n≥1

‖Snx‖C ≤ H‖x‖L and ‖Sx‖L ≤ θ‖x‖L +M‖x‖C ,

then S =
∑p

i=1 λiPi+N where p <∞, P 2
i = Pi, PiPj = 0 (i 6= j), PiN = NPi = 0,

dim Im(Pi) <∞, and ‖Nn‖ = O(κn) for some 0 < κ < 1.

In other words, the theorem gives sufficient conditions for the L–spectrum of
S to consist of a compact subset of the open unit disc, and a finite number of
eigenvalues λi with finite multiplicity. The assumptions of the theorem clearly also
imply that |λi| ≤ 1 for all i.

It follows that if S has no eigenvalues of modulus one other than a simple eigen-
value λ = 1, then S has a spectral gap. This is always the case for the transfer opera-
tor as soon as L ⊂ L1 and (X,B,m, T ) is exact (i.e.

⋂∞
n=1 T

−nB = {∅, X}modm).
Indeed, a theorem of M. Lin [163] says that for exact systems ‖T̂nf‖1 −−−−→

n→∞
0 for

all f ∈ L1 with integral zero, so there can be no non-constant L1–eigenfunctions
with eigenvalue λ such that |λ| = 1.

The key step in applying the double–norm method is the choice of Banach spaces
L and C: It is here that the specifics of the dynamics enter the picture. We indicate
some typical choices (our list is by no means complete).

Maps with Markov partitions can be studied in terms of their symbolic dynamics
using the sup norm for ‘size’ and the (symbolic) Hölder norm for ‘regularity’ (see
Ruelle [213], Bowen [46] for finite partitions, and Aaronson & Denker [1] for infinite
partitions). The resulting spaces depend on the Markov partition, and they there-
fore change when the map is perturbed. This makes the study of some stability
questions difficult. In the case of Anosov diffeomorphisms, there is an alternative
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choice of Banach spaces due to Gouëzel & Liverani [100] and Blank, Keller & Liv-
erani [34] which avoids symbolic dynamics, and is thus better suited to the study
of such issues.

Without Markov partitions, it is not reasonable to expect the transfer operator to
preserve Hölder continuity, and a different choice for L is needed. In one dimensional
systems, one can sometime use the choice L = BV , C = L1, see Lasota & Yorke
[153], Rychlik [220], Hofbauer & Keller [114], Baladi & Keller [18], Keller [139], and
Baladi [17] and references therein.

The multi-dimensional non-Markovian expanding case is more intricate, because
of the absence of a canonical BV norm, and because of the difficulty in controlling
the propagation of singularities in high iterates. Various generalizations of the BV
norm have been suggested in this context, see Saussol [224] and Buzzi & Keller [56],
and references therein.

Skew–products, i.e. maps of the form (x, ξ) 7→ (Tx, fx(ξ)), can also be treated
using double norm inequalities, at least when the transfer operator of T is well–
behaved. Additional conditions are required, however, to guarantee mixing: it is
possible for the transfer operator of the skew product to have non-trivial eigenvalues
of modulus one, even when T is mixing. We refer the reader to the works by
Kowalski [149], Dolgopyat [76], Parry and Pollicott [192], Field, Melbourne & Török
[88], and references therein.

A.2.2. Cones. This method is to find a cone of functions C such that T̂ (C) ⊆ C.
If T̂ (C) is sufficiently ‘small’ in C, then span{T̂nf} converges exponentially fast
to span{1} (the precise statements follow shortly). This convergence can then be
used to derive a spectral gap on a suitable space, or to prove exponential decay of
correlations in C directly.

We present the necessary machinery due to G. Birkhoff [33], and introduced to
the study of decay of correlations by Liverani [165] (see also Ferrero & Schmitt [87]
and Bakhtin [15, 16]).

A subset C of a normed vector space V is a cone, if f ∈ C, λ > 0 ⇒ λf ∈ C. A
cone is called proper if C ∩ −C = ∅, convex if f, g ∈ C ⇒ f + g ∈ C, and closed if
C ∪ {0} is closed. Hilbert’s projective metric is the following pseudo-metric on C:

Θ(f, g) := log
(

inf{µ > 0 : g � µf} ∪ {0}
sup{λ > 0 : λf � g} ∪ {∞}

)
, where f � g ⇔ g − f ∈ C.

Alternatively, Θ(f, g) = log β∗

α∗ where α∗, β∗ are the best constants in the inequality
α∗f � g � β∗f . Observe that Θ(αf, βg) = Θ(f, g) for all α, β > 0: Θ measures the
distance between the directions generated by f, g, not between f, g themselves.

Theorem A.2 (G. Birkhoff). Let C be a closed convex proper cone inside a normed
vector space (V, ‖ · ‖), and let S : V → V be a linear operator such that S(C) ⊆ C.
If ∆ := sup{Θ(Sf, Sg) : f, g ∈ C} <∞, then S contracts Θ uniformly:

Θ(Sf, Sg) ≤ tanh
(∆

4
)
Θ(f, g) (f, g ∈ C). (A.2)

In particular, if we can find a closed convex proper cone C ⊂ L1 which contains the
constants and for which T̂ (C) ⊂ C and ∆ < ∞, then the iteration of (A.2) gives
for every f ∈ L1, Θ(T̂nf, Pf) = Θ(T̂nf, T̂nPf) ≤ tanhn−1(∆

4 )∆, and this tends to
zero exponentially. (Recall that Pf =

∫
f .) We see that the Θ–distance between

the rays determined by T̂nf and Pf tends to zero geometrically.
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The next step is to estimate the L1–distance between T̂nf and Pf . In general,
this step depends on the cone in a non-canonical way, and cannot be described
in a general terms. If we add the assumption that all functions in C are non-
negative and that f, g ∈ C, f ± g ∈ C ⇒ ‖f‖1 ≥ ‖g‖1, then the situation simplifies
considerably, because in this case (see e.g. [165]),∥∥∥∥ f

‖f‖1
− g

‖g‖1

∥∥∥∥
1

≤ eΘ(f,g) − 1 (f, g ∈ C).

Since ‖T̂nf‖1 = ‖f‖1 = ‖Pf‖1 whenever f ≥ 0, we see that for all f ∈ C,
‖T̂nf − Pf‖1 = ‖f‖1

∥∥∥ bT nf

‖bT nf‖1
− Pf

‖Pf‖1

∥∥∥
1
≤ (eΘ( bT nf, bT nPf) − 1)‖f‖1 = O(ρn)‖f‖1

with ρ = tanh ∆
4 . It now follows from (A.1) that |Cov(f, g◦Tn)| = O(ρn)‖f‖1‖g‖∞

uniformly for f ∈ C, g ∈ L∞ and we proved exponential decay of correlations.
The assumption f, g ∈ C, f ± g ∈ C ⇒ ‖f‖1 ≥ ‖g‖1 is not satisfied in many

dynamical situations of interest. In these cases other relations between the Banach
distance and Hilbert distance occur, depending on the type of the cone that is used.
We refer the reader to [165] for methods which handle this difficulty.

Finally, we mention that Birkhoff’s inequality can be generalized for operators
mapping one cone to another cone (see Liverani [165], Theorem 1.1). This is im-
portant in non-uniformly expanding situations, where one is forced to consider a
chain of cones T̂ (Ci) ( Ci+1, see Maume-Deschampes [180] for examples.

A.2.3. Decay of correlations for flows. We now turn from discrete time to contin-
uous time.

Let σt : X → X be a strongly mixing probability preserving semi-flow on
(X,B,m, T ). The decay of correlations of σt is captured by the asymptotic be-
havior as t→∞ of the correlation function:9

ρ(t) :=
∫
f · g ◦ σt dµ−

∫
fdµ

∫
gdµ (t > 0).

In order to keep the exposition as simple as possible, we assume that the semi-
flow is given as a suspension over a map T : Σ → Σ with roof function r : Σ → R+:

X = {(x, ξ) ∈ Σ× R : 0 ≤ ξ < r(x)},
σt(x, ξ) = (x, ξ + t) with the identifications (x, ξ) ∼

(
Tx, ξ − r(x)

)
,

dm(x, ξ) =
1∫
rdµ

(µ× dξ)|X .

The reader may want to think of Σ ' Σ × {0} as of a Poincaré section for the
(semi)flow with section map T : Σ → Σ, and first return time function r : Σ → R.
This is the standard way to obtain such a representation.

The main difficulty in continuous time is that the decay of correlations of σt

depends in a subtle way on the properties of r : Σ → R+ and T : Σ → Σ as a pair.
There are examples of Ruelle [217] and Pollicott [205] which show that σt may
not have exponential decay of correlations, even when T : Σ → Σ does. In fact,
they exhibit (strongly mixing) suspensions over the same section map which have
exponential decay of correlations with one roof function, but not with another. In
the other direction, there are examples by Kocergin [148] and Khanin & Sinai [140]

9This is a standard abuse of terminology: ρ(t) is the covariance, not the correlation.
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of mixing suspension flows built over non-mixing base transformations (see Fayad
[86] for the decay of correlations for examples of this type).

It is only recently that Chernov [62] has identified the properties of T and r which
are responsible for super-polynomial mixing for Anosov flows, and that Dolgopyat
[72] has shown how to use these properties to show that the rate of mixing is in
fact exponential for smooth observables, thus settling a problem that has remained
open since the early days of hyperbolic dynamics.

Ruelle [217] and Pollicott [205, 206] suggested to study ρ(t) as t → ∞ by con-
sidering the analytic properties of its Fourier transform

ρ̂(s) :=
∫ ∞

−∞
e−istρ(t)1[0,∞)(t)dt =

∫ ∞

0

e−istρ(t)dt,

and then appealing to a suitable Tauberian theorem, for example ([231], IX.14):

Proposition A.3. If ρ̂(s) extends analytically to a strip {s = x+ iy : |y| < ε} and
the functions R 3 x 7→ ρ̂(x+ iy) (|y| < ε) are absolutely integrable, with uniformly
bounded L1–norm, then |ρ(t)| = O(e−ε0t) for every 0 < ε0 < ε.

To apply this method, we must first find an analytic extension of ρ̂ to some hori-
zontal strip, and then control the growth of this extension.

The starting point is a formula for ρ̂(s) in terms of the transfer operator T̂
of T . To obtain such a formula we break

∫∞
0
dt into

∫ r(x)−ξ

0
+
∑

n≥1

∫ rn+1(x)−ξ

rn(x)−ξ

in accordance to the times t when the flow ‘hits the roof’ (here and throughout

rn =
n−1∑
k=0

r ◦ T k). Setting E(s) :=
∫

X

∫ r(x)−ξ

0
e−istfg ◦ σtdtdm, and

f̂s(x) :=
∫ r(x)

0

e−isξf(x, ξ)dξ, ĝs(x) :=
∫ r(x)

0

eisξg(x, ξ)dξ,

and assuming f, g both have integral zero and
∫
rdµ = 1, we obtain

ρ̂(s) = E(s) +
∞∑

n=1

∫
Σ

T̂n
(
eisrn f̂s

)
ĝsdµ

≡ E(s) +
∞∑

n=1

∫
Σ

T̂n
s (f̂s)ĝsdµ, where T̂s is defined by T̂s : F 7→ T̂ (eisrF ).

The point of this representation is that, as long as r is bounded, s 7→ T̂s has
an obvious extension to s ∈ C. When T̂ has a spectral gap, one can study the
analyticity of this extension using the analytic perturbation theory of bounded
linear operators (Pollicott [206]). The term E(s) is of no importance, because it is
an entire function of s.

The integrability conditions of proposition A.3 turn out to be more delicate.
The problem is to control the infinite sum; the term E(s) can be handled in a
standard way under some reasonable assumptions on g. This sum is majorized by
‖f̂s‖∞‖ĝs‖L

∑
n≥1 ‖T̂n

s ‖, so is natural to try to bound
∑

n≥1 ‖T̂n
s ‖ in some strip

S = {s = x + iy : |y| < ε}, at least for |x| large. This amounts to considering
expressions of the form

T̂n
s F = T̂n(eixrne−yrnF ) (s = x+ iy ∈ S)
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and showing that the cancellation effect of eixrn is powerful enough to make T̂n
s

small. It is at this point that the counterexamples of Ruelle and Pollicott we
mentioned before behave badly, and where additional structure is required.

In the case of Anosov flows, Dolgopyat was able to carry out the estimate using
Chernov’s ‘axiom of uniform non-integrability’10. We present his result in a special
case, where this axiom is satisfied, and in a weaker form than that used in his paper.
The reader is referred to [72] for more general statements.

Theorem A.4 (D. Dolgopyat). Let gt be a geodesic flow on the unit tangent bundle
of a smooth, compact, negatively curved surface M . There exist a Poincaré section
Σ, a Banach space L, and an ε > 0 s.t.

∑
n≥1 ‖T̂n

s ‖ = O(|Re(s)|α) for some
0 < α < 1 and all s ∈ {s = x+ iy : |y| < ε} with |Re(s)| large.

We get |ρ̂(s)| ≤ |E(s)|+‖f̂s‖∞‖ĝs‖L
∑∞

n=1 ‖T̂n
s ‖ = |E(s)|+‖f̂s‖∞‖ĝs‖LO(|Re(s)|α).

Under certain smoothness assumptions on f, g, ‖f̂s‖∞, ‖ĝs‖L, |E(s)| can be
shown to decay fast enough so that the integrability conditions of proposition A.3
hold. Exponential decay of correlations follows.

We end this section by mentioning the works of Pollicott [206] and Baladi &
Vallée [19] for versions of Dolgopyat’s estimate for semi-flows over piecewise ex-
panding maps of the interval, Dolgopyat’s study of exponential and rapid mixing
for generic hyperbolic flows [73, 75], the paper by Stoyanov [235] for the case of open
billiard flows, and the recent paper by Liverani [166] for an extension of Dolgopyat’s
work to contact Anosov flows.

A.3. No spectral gap and sub-exponential decay of correlations. There are
examples (typically non-uniformly hyperbolic systems) where the decay of correla-
tions is slower than exponential. Obviously, the transfer operator for these examples
cannot have a spectral gap. We discuss two methods which can be used in this case.

Both methods rely on Kakutani’s induced transformation construction, which
we now review. Let (X,B,m, T ) be a probability preserving transformation and fix
A ∈ B with m(A) 6= 0. By Poincaré’s Recurrence Theorem,

ϕA(x) := 1A(x) inf{n ≥ 1 : Tnx ∈ A}

is finite a.e., so TA : A → A given by TA(x) = TϕA(x)(x) is well-defined almost
everywhere. The map TA is called the induced transformation on A. It is known
that if T preserves m, then TA preserves the measure mA(E) := m(E|A).

Observe that one iteration of TA corresponds to several iterations of T , so TA

is more ‘chaotic’ than T . As a result, T̂A averages densities much faster than T̂ ,
and it is natural to expect it to behave better as an operator. The first method we
describe applies when T̂A has better spectral properties than T̂ . The second applies
when it has better distortion properties.

A.3.1. Renewal Theory. This is a method for determining the asymptotic behavior
of T̂n when T̂ has no spectral gap but T̂A does. Define the following operators on
L1(A) = {f ∈ L1 : f is zero outside A}:

Tnf := 1AT̂
n(f1A) and Rnf := 1AT̂

n(f1[ϕA=n]).

10‘Non-integrability’ here refers to foliations, not functions.
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Now form the generating functions T (z) := I +
∑

n≥1 z
nTn, R(z) :=

∑
n≥1 z

nRn.
Note that R(1) = T̂A. The renewal equation is the following identity [223]:

T (z) =
(
I −R(z)

)−1 (|z| < 1).

The left hand side contains information on Tn which are almost the same as T̂n

(Tnf = T̂nf on A whenever f ∈ L1(A)), whereas the right hand side involves R(z)
which is a (singular) perturbation of R(1) = T̂A.

The spectral gap of R(1), if it exists, allows us to analyze R(z) using perturbation
theory. The analytic problem we are facing is how to translate information on
R(z) to information on T (z). If R(z) were an ordinary power series with non-
negative coefficients, this problem would be covered by classical renewal theory.
The following result [223] is an operator theoretic version of parts of this theory.
In what follows, D = {z ∈ C : |z| < 1}:

Theorem A.5 (O. Sarig). Let Tn be bounded linear operators on a Banach space L
such that T (z) = I +

∑
n≥1 z

nTn converges in Hom(L,L) for every z ∈ D. Assume
that:

1. Renewal Equation: for every z ∈ D, T (z) = (I − R(z))−1 where R(z) =∑
n≥1 z

nRn, Rn ∈ Hom(L,L) and
∑
‖Rn‖ <∞.

2. Spectral Gap: the spectrum of R(1) consists of an isolated simple eigen-
value at 1 and a compact subset of D.

3. Aperiodicity: the spectral radius of R(z) is strictly less than one for all
z ∈ D \ {1}.

Let P be the eigenprojection of R(1) at 1. If
∑

k>n ‖Rk‖ = O(1/nβ) for some β > 2
and PR′(1)P 6= 0, then for all n

Tn =
1
µ
P +

1
µ2

∞∑
k=n+1

Pn + En,

where µ is given by PR′(1)P = µP , Pn =
∑

`>n PR`P , and En ∈ Hom(L,L)
satisfy ‖En‖ = O(1/nbβc).

Gouëzel has relaxed some of the conditions of this theorem, and has shown how to
get higher order terms in this asymptotic expansion [99].

In the special case Tnf = 1AT̂
n(f1A), Rnf = 1AT̂

n(f1[ϕA=n]), one checks that
µ = 1

m(A) , Pf = 1A
1

m(A)

∫
A
fdm, Pnf = 1A

1
m(A)2

∑
`>nm[ϕA > `]

∫
A
fdm. The

theorem then implies that if f, g are supported inside A, g ∈ L∞, f ∈ L, then

gT̂nf = g

∫
f + g

∞∑
k=n+1

m[ϕA > k]
∫
f + gEnf.

It follows from (A.1) that if ‖ · ‖1 ≤ ‖ · ‖L, then

Cov(f, g ◦ Tn) =

( ∞∑
k=n+1

m[ϕA > k]

)∫
f

∫
g +O(n−bβc).

This is often enough to determine Cov(f, g ◦Tn) up to asymptotic equivalence (see
[223],[99] for examples). In particular, unlike the other methods we discuss here,
the renewal method – when applicable – yields lower bounds, not just upper bounds
for the decay of correlations.
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A.3.2. Coupling. Fix a set A, and consider two positive functions f, g such that
‖f‖1 = ‖g‖1. The coupling method for estimating ‖T̂nf − T̂ng‖1 is based on the
following heuristic: Suppose ∃ε1 > 0 such that T̂ f = ε11A + f1, T̂ g = ε11A + g1
with f1, g1 positive. If δ1 := 1− ‖f1‖1

‖f‖1 and n > 1, then

T̂nf − T̂ng ≡ T̂n−1f1 − T̂n−1g1, and ‖f1‖1 = ‖g1‖1 = (1− δ1)‖f‖1.

A fraction δ1 of the total mass was ‘coupled’ and cancelled out. We now iterate this
procedure. If this is possible, then ∃fk > 0 and εk, δk such that T̂ fk = fk+1 + εk1A

and ‖fk‖1 = ‖gk‖1 =
∏k

i=1(1− δi)‖f‖1, where δi = 1− ‖fi‖1
‖fi−1‖1 . For all n > N ,

‖T̂nf − T̂ng‖1 = ‖T̂n−NfN − T̂n−NgN‖1 ≤

≤ ‖T̂n−NfN‖1 + ‖T̂n−NgN‖1 = ‖fN‖1 + ‖gN‖1 = 2
N∏

i=1

(1− δi)‖f‖1.

If we start with g = Pf , we get an upper bound for ‖T̂nf − Pf‖1 which we can
then translate using (A.1) to an upper bound for Cov(f, h ◦ Tn) for all h ∈ L∞.

The upper bound that we get depends on how much we were able to ‘couple’
away at every stage. It is a deep insight of L.-S. Young [259, 260] that this can
be done very efficiently in many important non-uniformly hyperbolic systems, if
the set A is such that the induced transformation TA is a piecewise onto map with
uniform bounded distortion.

We describe the class of examples which can be treated this way abstractly. The
reader interested in applications to ‘real’ systems is referred to Bálint & Tóth [20],
Markarian [179], Chernov [63], Chernov & Young [64], Young [259] for a treat-
ment of Billiard systems; Young [260], Bruin, van Strien & Luzzatto [50], and
Holland [115] for interval maps; and Benedicks & Young [31] and Buzzi & Maume-
Deschampes [57] for some higher dimensional examples.

A L.-S. Young tower is a non-singular conservative transformation (∆,B,m, F )
equipped with a generating measurable partition {∆`,i : i ∈ N, ` = 0, . . . , Ri − 1}
with the following properties:
(T1) The measure of ∆`,i is positive and finite for every i and `, and m(∆0) <∞

where ∆0 =
⊎

i≥1 ∆0,i.
(T2) g.c.d.{Ri : i = 1, 2, 3, . . .} = 1.
(T3) If `+1 < Ri, then F : ∆`,i → ∆`+1,i is a measurable bijection, and m|∆`+1,i

◦
F |∆`,i

= m|∆`,i
.

(T4) If `+ 1 = Ri, then F : ∆`,i → ∆0 is a measurable bijection.
(T5) Let R : ∆0 → N be the function R|∆0,i

≡ Ri and set ϕ := log dm|∆0
dm|∆0◦F R . ϕ

has an a.e. version for which ∃C > 0, θ ∈ (0, 1) s.t. ∀i and ∀x, y ∈ ∆0,i,∣∣∣∣∣∣
R(x)−1∑

k=0

ϕ(F kx)−
R(y)−1∑

k=0

ϕ(F ky)

∣∣∣∣∣∣ < Cθs(F Rx,F Ry)

where s(x, y) = min{n ≥ 0 : (FR)nx, (FR)ny lie in distinct ∆0,i}.

Theorem A.6 (L.-S. Young). Suppose (∆,B,m, F ) is a probability preserving L.-S.
Young tower with θ as above. Set L := {f : ∆ → R : sup |f(x)−f(y)|/θs(x,y) <∞},
and define R̂(x) := inf{n ≥ 0 : Fn(x) ∈ ∆0}. For every f ∈ L and g ∈ L∞,
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1. if m[R̂ > n] = O(n−α) for some α > 0, then |Cov(f, g ◦ Tn)| = O(n−α).
2. if m[R̂ > n] = O(ρn

0 ) with 0 < ρ0 < 1, then |Cov(f, g ◦ Tn) = O(ρn) for
some 0 < ρ < 1;

3. if m[R̂ > n] = O(ρnγ
0

0 ) with 0 < ρ0 < 1, 0 < γ0 ≤ 1, then |Cov(f, g ◦ Tn)| =
O(ρnγ

) for some 0 < ρ < 1, 0 < γ < γ0.

We remark that if m[R̂ > n] � n−α, then the bound in (1) was shown to be optimal
in a particular example by Hu [119] and in the general case using the methods of
the previous subsection by Sarig [223] and Gouëzel [99].
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λ-lemma, 72

νW , 80
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regular point, 4
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complimentary cone, 56
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exponential decay of –, 119
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exponential –, 119
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diffeomorphism

Lyapunov exponent of a –, 3

pseudo-Anosov –, 11
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distribution, 50
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dynamical system

with nonzero Lyapunov exponents, 52

with singularities, 138

E+(v), 16
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Eu(x), 52

entropy

conjecture, 126

formula, 99

local –, 127

of a partition, 130

Pesin – formula, 99

equation

linear variational –, 53

variational differential –, 53

equivalent

cocycles, 26

sequences of matrices, 20

ergodic, stably – measure, 110

ergodicity, local –, 87
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eventually

positive function, 36

strict family of cones, 57

strict Lyapunov function, 56

exact

dimensional measure, 131

Lyapunov exponent, 20

exponent

backward Lyapunov –, 42

forward Lyapunov –, 41, 44
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multiplicity of a value of a Lyapunov –, 4
value of a Lyapunov –, 3

exponential decay of correlations, 119

exterior power, 32
cocycle, 27

f -regular
Lyapunov –, 50

Lyapunov backward –, 50

family
of invariant s-manifolds, 65

of invariant u-manifolds, 65

filtration, 18, 19, 31, 42
of global stable manifolds, 76

of global unstable manifolds, 77

of local stable manifolds, 76
of local unstable manifolds, 77

first return map, 27
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curve, 142

strip theorem, 134
flow

K-–, 95

billiard –, 140
geodesic –, 15, 133

Lyapunov exponent of a –, 53
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measure preserving –, 41

nonuniformly hyperbolic –, 53
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focusing curve, 142
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measurable –, 74
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formula, Pesin entropy –, 99
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Lyapunov exponent, 41, 44

Lyapunov exponent of a sequence of ma-
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regular, 20, 43, 50
regular point, 4
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hyperbolic attractor, 143

pseudo-Anosov homeomorphism, 12

geodesic, 45

flow, 15, 133

regular –, 136

geodesics, asymptotic –, 134
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i-th stable – manifold, 76

i-th unstable – manifold, 77

leaf, 74, 88

stable manifold, 73–75, 144
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weakly stable manifold, 75
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transform property, 72
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constant, 50

continuous distribution, 50

exponent, 50

Hénon attractor, 118

Hausdorff dimension, 130

holonomy map, 78, 80

horosphere, 135
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attractor with singularities, 142

generalized – attractor, 143

invariant measure, 6

measure, 6, 7, 52

nonuniformly – flow, 53

nonuniformly – sequence of diffeomorphisms,
62

nonuniformly completely – diffeomorphism,

48

product structure, 117

time, 111

hyperbolicity, mixed –, 109

ideal boundary, 134

inclination lemma, 72

induced transformation, 27

inequality

Margulis–Ruelle’s –, 95

Ruelle’s –, 95

infinitesimal eventually

strict Lyapunov function, 90

uniform Lyapunov function, 90

information

dimension, 130

lower – dimension, 130

upper – dimension, 130

inner product, Lyapunov –, 43, 48

invariant

family of cones, 57

hyperbolic – measure, 6
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k-dimensional Lyapunov exponent

backward –, 19

forward –, 19
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i (x), 4

k−i (x), 4

L(x), 80

Lk(x), 78

Lagrangian subspace, 91
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global –, 74, 88

local –, 74, 88

of foliation, 11

limit

negative – solution, 16

positive – solution, 16

linear

extension, 24, 41

variational equation, 53

Lipschitz, γ-– map, 63

local

entropy, 127

ergodicity, 87

leaf, 74, 88

pointwise dimension, 131

stable manifold, 71

unstable manifold, 70, 71

weakly stable manifolds, 109

Lorenz type attractor, 149
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box dimension, 130

information dimension, 130

local pointwise dimension, 131

pointwise dimension, 131

Lozi type attractor, 150

Lyapunov

f -regular, 50

backward – exponent, 42

backward – exponent of a cocycle, 30

backward – exponent of a sequence of ma-

trices, 19

backward regular, 4

change of coordinates, 38

chart, 73

dynamical system with nonzero – expo-
nents, 52

eventually strict – function, 56

exact – exponent, 20

exponent, 3, 18

exponent of a diffeomorphism, 3

exponent of a flow, 53

forward f -regular point, 50

forward – exponent, 41, 44

forward – exponent of a cocycle, 30

forward – exponent of a sequence of ma-

trices, 18

forward regular point, 4

function, 57

function associated to a family of cones,
57

function for a cocycle, 55

function for an extension, 55

infinitesimal eventually strict – function,

90

infinitesimal eventually uniform – function,
90

inner product, 38, 43, 48

multiplicity of a value of a – exponent, 4

norm, 38, 43, 49

one-point – spectrum, 36

regular, 23, 32, 43

regular point, 5

regularity, 22

spectrum, 4, 18, 19, 30, 31

spectrum of a measure, 6, 52

strict – function, 56

value of a – exponent, 3, 19

mk(y), 83

manifold

accessible –, 107

admissible (s, γ)-–, 63

admissible (u, γ)-–, 63

global stable –, 144

global unstable –, 144

map

γ-Lipschitz –, 63

billiard –, 140

holonomy –, 78, 80

nonexpanding –, 45

pseudo-Anosov –, 10

with singularities, 138

Margulis–Ruelle’s inequality, 95

Markov extension, 151

matrices

criterion of regularity for –, 22

sequence of –, 18

measurable

flow, 41

foliation, 74

vector bundle, 24

measurably conjugated, 26

measure

u-–, 115

exact dimensional –, 131

hyperbolic –, 6, 7, 52

hyperbolic invariant –, 6

natural –, 113

physical –, 113

preserving flow, 41

smooth –, 7, 83

SRB-–, 2, 7, 113, 114
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stably ergodic –, 110

transverse –, 11

measured foliation, 11

with spines, 11

metric

canonical –, 15

midpoint, 44

Milnor attractor, 113

Misiurewicz conditions, 119

mixed hyperbolicity, 109

multiplicative

cocycle, 41

ergodic theorem, 6, 31

multiplicity, 31, 42

forward – for cocycles, 30

of a value of a Lyapunov exponent, 4, 18,
19

narrow sense, nonuniformly partially hyper-
bolic diffeomorphism in the –, 47

natural measure, 113

negative

central exponents, 109

cone, 55

generalized cone, 55

limit solution, 16

rank, 55

neighborhood, regular –, 73

nonabsolutely continuous foliation, 82

nonexpanding map, 45

nonpositive curvature, 16

nonpositively curved space, 44

in the sense of Busemann, 44

nonuniformly

completely hyperbolic diffeomorphism, 48

hyperbolic flow, 53

hyperbolic sequence of diffeomorphisms,
62

partially hyperbolic diffeomorphism, 47

partially hyperbolic diffeomorphism in the

broad sense, 47

nonzero Lyapunov exponents, dynamical sys-
tem with –, 52

norm, Lyapunov –, 43, 49

normal basis, 21

observable, 113

attractor, 142

one-point Lyapunov spectrum, 36

one-sided cocycle, 44

orbit

ε-pseudo-–, 121

ε-–, 121

pseudo-–, 120

Oseledets’ decomposition, 32

Oseledets–Pesin reduction theorem, 38

pair of complementary cones, complete –, 56

parameter-exclusion techniques, 60

partially hyperbolic

nonuniformly – diffeomorphism, 47

nonuniformly – diffeomorphism in the broad
sense, 47

partition

subordinate –, 127

very weakly Bernoulli –, 94

path, us-–, 110

Pesin

entropy formula, 99

set, 29

tempering kernel, 38

physical measure, 113

point

at infinity, 134

Lyapunov backward regular –, 4

Lyapunov forward regular –, 4

Lyapunov regular –, 5

regular –, 5

singular –, 11

points

accessible –, 110

conjugate –, 16

focal –, 16

pointwise dimension, 128, 131

stable local –, 128

unstable local –, 128

positive

central exponents, 109

cone, 55

generalized cone, 55

limit solution, 16

rank, 55

principal curvature, 137

direction of –, 137

product structure, hyperbolic –, 117

prong, 11

singularity, 11

stable –, 12

unstable –, 12

property

ε-accessibility –, 112

accessibility –, 110

closing –, 120

dominated –, 106

essential accessibility –, 110

shadowing –, 120

pseudo

ε-–-orbit, 121

π-partition, 93

pseudo-Anosov

diffeomorphism, 11

generalized – homeomorphism, 12

map, 10

pseudo-orbit, 120

Q(x), 85

Q`(x), 79
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r`, 71

rank, 56, 136

negative –, 55

positive –, 55

ray, 45

rectangle, 145

reduction theorem, 37

region, trapping –, 113

regular, 23, 32, 43, 44, 50

backward –, 21, 43, 50

backward – point, 4, 31

forward –, 20, 43, 50

forward – point, 4, 31

geodesic, 136

Lyapunov f -–, 50

Lyapunov –, 43

Lyapunov backward f -–, 50

Lyapunov backward – point, 4

Lyapunov forward f -–, 50

Lyapunov forward – point, 4

neighborhood, 73

point, 5

set, 29, 48

set of level `, 48

regularity

backward –, 20

forward –, 20

Lyapunov –, 22

return time, 27

Riemannian volume, 80

rigid cocycle, 26

Ruelle’s inequality, 95

(s, γ)-rectangle, admissible –, 124

Sp χ(ν), 52

Sp χ+(x), 4

Sp χ−(x), 4

Sp χν , 6

Schwarzian derivative, 119

sector, 91

stable –, 12

unstable –, 12

semi-dispersing billiard, 142

semicontraction, 45

separation time, 117

sequence

nonuniformly hyperbolic – of diffeomor-

phisms, 62

of matrices, 18

sequences of matrices, equivalent –, 20

set

admissible (s, γ)-–, 63

admissible (u, γ)-–, 63

Pesin –, 29

regular –, 29, 48

singularity –, 138, 140, 142

shadowing

problem, 120

property, 120

singular point, 11

singularities

dynamical system with –, 138

hyperbolic attractor with –, 142

map with –, 138

singularity, 10

prong –, 11

set, 138, 140, 142

size of local stable manifold, 66

skew product, 24

smooth measure, 7, 83

space, nonpositively curved –, 44

spectral

decomposition theorem, 94

spectrum

Lyapunov –, 4, 18, 19, 30, 31

Lyapunov – of a measure, 6, 52

spine, 11

SRB-measure, 2, 7, 113, 114, 144, 145

stable

disk, 116

foliation, 12

global – manifold, 73–75, 144

local – manifold, 71

local pointwise dimension, 128

local weakly – manifold, 109

manifold theorem, 69

manifold theorem for flows, 71

prong, 12

sector, 12

strongly – subspace, 109

subspace, 17, 48, 52

stably ergodic measure, 110

standard symplectic cone, 58

strict

eventually – family of cones, 57

eventually – Lyapunov function, 56

family of cones, 57

Lyapunov function, 56

strongly

stable subspace, 109

unstable subspace, 109

sub-additive cocycle, 36

subspace

central –, 48

Lagrangian –, 91

stable –, 17, 48, 52

strongly stable –, 109

strongly unstable –, 109

unstable –, 17, 48, 52

subspaces, transverse, 50

symplectic

cone, 58

conformal –, 140

standard – cone, 58

T i
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tempered, 41, 43

cocycle, 25

equivalence, 25

function, 25

tempering kernel, 37

lemma, 41

theorem

absolute continuity –, 80

flat strip –, 134

multiplicative ergodic –, 6

spectral decomposition –, 94

stable manifold –, 69

stable manifold – for flows, 71

unstable manifold –, 70

time

hyperbolic –, 111

separation –, 117

transform, graph –, 63

transversal to family, 80

transverse

foliation, 93

measure, 11

subspaces, 50

uniformly – submanifold, 80

trapping region, 113

(u, γ)-rectangle, admissible –, 124

u-measure, 115

uniform visibility axiom, 135

uniformly

convex space, 44

partially hyperbolic cocycle in the broad

sense, 28

transverse submanifold, 80

uniquely ergodic, 36

unstable

disk, 116

foliation, 12

global – manifold, 75, 144

global weakly – manifold, 75

local – manifold, 70, 71

local pointwise dimension, 128

manifold theorem, 70

prong, 12

sector, 12

strongly – subspace, 109

subspace, 17, 48, 52
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box dimension, 130

information dimension, 130

local pointwise dimension, 131

pointwise dimension, 131

us-path, 110
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i (x), 4

V −
i (x), 4

V−x , 4

value of a Lyapunov exponent, 3, 19

variational
differential equation, 53

linear – equation, 53

vector bundle, measurable –, 24
very weakly Bernoulli partition, 94

visibility axiom, uniform –, 135

volume, Riemannian –, 80

W (x), 73
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