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We present a multiscale model for numerical simulations of dynamics of crystalline solids.
The method combines the continuum nonlinear elasto-dynamics model, which models the
stress waves and physical loading conditions, and molecular dynamics model, which pro-
vides the nonlinear constitutive relation and resolves the atomic structures near local
defects. The coupling of the two models is achieved based on a general framework for mul-
tiscale modeling – the heterogeneous multiscale method (HMM). We derive an explicit
coupling condition at the atomistic/continuum interface. Application to the dynamics of
brittle cracks under various loading conditions is presented as test examples.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Traditional continuum models of solids are based on empirical constitutive relations. Linear elasticity is a good example
of such empirical models, in which the properties of material response is represented by very few parameters, e.g. the elastic
moduli. However, in many cases the accuracy of these empirical constitutive relations is insufficient. This is generally the
case when strong defects such as cracks are present in the material. In this case, it is crucial to model at least some aspects
of the atomic processes near the defects, even if our interest is only on the overall mechanical response of the material.
Therefore, it is of great practical interest to develop multiscale models, which incorporate a microscopic description with
the continuum model.

In recent years, there has been a growing amount of effort on developing multiscale models that combine atomistic and
continuum models. See [17,37] for a review of many of the existing methods. One class of such methods is based on a domain
decompositions (DD) strategy, in which one explicitly divides the system into two types of subdomains, modeled separately
by atomistic and continuum models. For instance, Mullins and Dokainish [41] proposed such a hybrid method in which a
finite element linear elasticity model is used to provide boundary conditions for the atomistic region. Later, Kohlhoff et
al. [27] proposed a more delicate coupling method, called the finite element method combined with atomistic modeling
(FEAt), which couples linear elasticity model with molecular statics/dynamics. In FEAt, the mesh at the interface is gradually
refined to the atomic scale so that the finite element nodes coincide with the atoms. An overlapping domain is created at the
interface so that one model can provide the displacement boundary condition to the other. Another similar example is the
blending method [5]. For dynamics problems, the DD approach has to be combined with an appropriate boundary condition
. All rights reserved.
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for the atomistic model, to take into account the atoms that have been replaced by the continuum description. This idea was
first pursued in the work of E and Huang [15,16] for simplified models, in which efficient boundary conditions were obtained
based on minimizing phonon reflection. Later, Wagner and Liu and their coworkers proposed the bridging scale method
(BSM) [56,52], which uses a projection operator to connect molecular dynamics to the continuum elasto-dynamics model.
At the interface, the boundary condition for molecular dynamics [55,25] was adopted to serve as the coupling condition.
Using the same framework, To and Li [54] proposed another type of boundary condition analogous to the perfectly matched
layers (PML) used in wave propagation problems.

Another class of methods are based on a variational approach. The observation is that both the atomistic and continuum
models have a corresponding energetic formulation. For static problems, one successful approach is the quasi-continuum
(QC) method [51,46,47,26,39]. The method consists of selecting a subset of atoms, called representative atoms, with which
the displacement of the entire system can be approximated using linear interpolation, and an energy summation rule, which
computes an approximation to the total energy of the system by visiting only a small number of atoms. The problem is then
reduced to finding the mechanical equilibrium with respect to the approximate energy. The formalism was later extended to
couple with continuum defect models in the coupled atomistic and discrete dislocation plasticity model (CADD) [48,49]. For
dynamics problems, the first energy based method is the macro atomistic ab initio dynamics method (MAAD) [1,8], which
simulates fracture dynamics using linear elasticity on the large scale together with molecular dynamics and quantum me-
chanic tight-binding model to resolve the crack tip behavior. The starting point of this method is to construct a total Ham-
iltonian that properly takes into account the total energy in all three regions. One then writes down the equations of motion
using Hamilton’s principle. In such an energetic formulation, the energy in the interior of each subdomain is often well de-
fined. The energy at the interfaces, however, has to be calculated carefully. In MAAD, this is done by proper weighting. An-
other idea, proposed by Belytschko and Xiao, in their bridging domain method (BD) [6,58], is to create an overlapping region,
in which the displacement is constrained using the finite element nodal values, and the energy is defined using a linear
combination of the elastic strain energy and the atomic potential energy. A more first-principle based approach is the
coarse-graining molecular dynamics method (CGMD) [44,43], in which the effective Hamiltonian for a pre-defined set of
coarse-grain variables is obtained by integrating out the remaining degrees of freedom in the partition function. One main
difficulty with this kind of variational approach is that it is unclear how to extend it to include thermal effects, particularly
for systems when temperature is non-uniform.

The present work is a continuation of the long series of paper which began in [34]. The main objective of this series of
paper is to develop a coupled atomistic/continuum formulation for studying the dynamics of solids at finite temperature,
with good error control. The overall strategy is described in [34], and is based on a general framework for multiscale mod-
eling – the heterogeneous multiscale method (HMM) [13,14]. What distinguishes our method from others is that the formu-
lation is based on the conservation laws of mass, momentum and energy. The advantage of such a conservation law-based
formulation is that it is completely general, and it is common to both the continuum and atomistic models. In particular,
such conservation laws can be rigorously derived from molecular dynamics, as was shown in [34]. This gives a natural start-
ing point for coupling.

As was pointed out above, the next difficulty is the coupling condition at the atomistic/continuum interface. An ideal cou-
pled model should offer the same accuracy as the full atomistic model. An approximate coupling condition will introduce
coupling error besides the numerical discretization error. These errors are manifested, for instance, in the force oscillation
and ghost force observed in some methods for static problems, and phonon reflections for dynamics problems. How to min-
imize such coupling error has been the main subject of interest. For static problems, this has been carefully discussed and
analyzed numerically for several existing methods in [40].

Looking into this problem, one quickly finds that the issue of boundary conditions for molecular dynamics simulation has
not been adequately addressed in general. The most well-known problem is associated with the reflection of phonons at the
boundary. But the issue is not just the elimination of phonon reflection, there is also the issue of taking thermal energy from
the boundary in order to maintain a finite temperature. In principle, the exact boundary condition can be derived for linear
problems, e.g. see [9,15,16,55,30]. Although these exact boundary conditions offer great insight, the formulas are quite non-
local: They involve many atoms at the boundary, and their past history. In practice, they are quite expensive to use, partic-
ularly for real three-dimensional problems.

A consistent coupling of the atomistic and continuum models can be achieved by reformulating the molecular dynamics
models as a set of conservation laws, expressed in the same form as the continuum models [34]. As a result, the coupling is at
the level of flux functions, including mass flux, stress and energy flux. This coupling method will be integrated with a finite
volume method, in which the numerical flux will be computed directly from the atomistic model. For the boundary condi-
tion, the main issue is to find the right compromise between accuracy and feasibility. This issue was initially explored in
[15,16] and pursued further systematically in [35,36,30]. The idea is to find local approximations that are computationally
more efficient. In addition, a variational formulation is used to find local boundary conditions with optimal accuracy. One
main purpose of the present paper is to combine these boundary conditions with the general coupling framework proposed
in [34]. The novel aspect in our approach is to define a mechanical equilibrium state, around which a linearization is done. On
one hand, this greatly simplifies the linearization procedure. On the other hand, it will preserve a mechanical equilibrium
state, which in the static case, has been demonstrated as an indication of uniform accuracy [18].

The second part of the paper focuses on the application to the propagation of brittle cracks. Although such problems have
been studied extensively using molecular dynamics models, e.g. see [11,22,23,38], the results are mostly limited to the
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behavior of the crack tip in the presence of an existing loading environment. These atomistic-based methods are unable to
treat the dynamic loading from remote boundaries, or the interaction of the stress waves with the crack tip. Problems of this
type involve both atomic level events and continuum scale processes, and they represent many of the challenges in multi-
scale material modeling. This has been the main motivation for developing the current multiscale method.

In this paper, we will discuss the coupling method for the zero temperature case, where the continuum region is assumed
to be at zero temperature, leaving the case of finite temperature to future publications. The paper is organized as follows: In
Section 2, we describe both the continuum and atomistic models to be used in the multiscale approach. This is followed by a
discussion of the coupling conditions in Section 3. Application to the crack problems is presented in Section 4.

2. Atomistic and continuum models

Our computation involves models at both macroscopic and microscopic scales: elasto-dynamics on the macroscopic scale,
describing the evolution of the elastic field, and molecular dynamics at the atomic scale, providing the constitutive data
based on detailed atomic interactions. In this section, we briefly present the equations underlying these models.

In molecular dynamics (MD) models, the system is described by the position and momentum of each individual atom in
the system. For crystalline solids, the underlying lattice structure defines the reference position, Ri. The displacement is given
by ui ¼ xi � Ri; xi is the actual position of atom i. The dynamics of the atoms obey Newton’s law:
_xi ¼ vi;

mi _vi ¼ �rxi
V ;

(
ð1Þ
where mi denotes the mass of the ith atom, which will be set to unity for simplicity, vi is the velocity, and Vðx1;x2; . . . ;xNÞ is
the interatomic potential. One example is the embedded atom model (EAM) [12] type of potential that takes the form:
V ¼ 1
2

X
i

X
j

/ti ;tj
ðrijÞ þ

X
i

Fti
ð�qiÞ; �qi ¼

X
j–i

qtj
ðrijÞ:
Here ti indicates the atom type and rij ¼ xi � xj with rij being the magnitude. The first term describes the pairwise interaction,
and the second term, called the embedded energy, depends on the local electron density, �qi.

In practice, most empirical potentials have the following properties. First, they can be written as,
V ¼
X

i

V iðu1;u2; . . . ;uNÞ; ð2Þ
i.e. the energy at each atom. Secondly, the empirical potentials usually have a cut-off distance, rcut: Atoms do not directly
interact if their distance is bigger than the cut-off radius. This implies that,
rxj
V i ¼ 0; if rij > rcut:
Finally, one can write the interatomic force on each atom as,
f i ¼ �rui
V ¼

X
j–i

f ij; ð3Þ
and f ij obeys Newton’s third law, f ji ¼ �f ij.
For the continuum equations, they are usually formulated in the Lagrangian coordinate as well. Here we denote by x the

reference coordinates of the solid and y ¼ xþ uðx; tÞ, the position after deformation, with u being the displacement. Then the
dynamics of a solid system can be described by the equation of elasto-dynamics,
q0
@2u
@t2 ¼ r � r;

q0
@e
@t ¼ �r � J;

(
ð4Þ
where q0 is the initial density, r is the first Piola–Kirchhoff stress tensor, e is the energy, and J is the energy flux. Although the
current paper only focuses on problems at zero temperature, in which case the energy equation is not needed, it is still in-
cluded here so that we can discuss the extension to more general cases.

In a multiscale setting, it is important that the continuum equation be consistent with the underlying atomistic model.
For dynamics at zero temperature, the equations of elasto-dynamics have been derived for perfect crystals, for which the
atomistic model can be viewed as difference equations. Therefore, continuum equations in the form of PDEs can be found
by assuming that the solution is smooth. This is pursued by E and Ming [19], Arnd and Griebel [3], Tang et al. [53] and Chen
and Fish [10].

For computational purposes, we rewrite the equation in the form of a set of conservation laws,
@tA�rxv ¼ 0;
q0@tv �rx � r ¼ 0;
q0@teþr � J ¼ 0;

8><
>: ð5Þ
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Here A ¼ I þru is the deformation gradient, v is the velocity. The first equation in (5) describes the time evolution of the
deformation; the second is the conservation of momentum.

In the following section, we will describe how to combine these two models to develop a multiscale method.

3. Coupling condition of the atomistic and continuum models

Here we discuss how the two models can be integrated to describe multiscale material processes across physical scales.
The heterogeneous multiscale method [13,14] distinguishes two types of coupling: Type B problems where there is scale
separation between the fine and coarse scales, and type A problems, in which the coarse scale model is refined to fine scale
model in areas where the fine scale events need to be resolved explicitly, creating an interface between the two models.

For the current problem, both of these ideas will be implemented. To begin with, the entire computational domain is
decomposed into two subdomains: an atomistic region, denoted by XI , in which molecular dynamics is used to resolve local
defects, and a continuum region, denoted by XJ , away from the defects in which the system is modeled by the continuum
model. This is illustrated in Fig. 1.

In each subdomain, the problem is treated as follows:

1. Within the continuum region, the problem is regarded as a type B problem, and the role of the MD is to provide the con-
stitutive relation directly based on the atomistic model and the continuum equation in turn imposes constraints on the
atomistic model.

2. Within the atomistic region, we keep track of the trajectories of the constituent atoms for the entire simulation period.
3. At the interface, an explicit coupling condition will be used to provide boundary conditions for both the continuum model

and the atomistic system. Namely, it is treated as a type A problem.

This will be discussed in full details in the following sections.

3.1. Atomistic/continuum coupling in the continuum region: Atomistic-based constitutive modeling

In the continuum region, the MD model will be coarse-grained to the continuum model (5) with the average momentum
and energy as the main variables. In this case, the coupling procedure has been discussed in [13,34,57], and we will briefly
describe some main components here. First, based on the Irving–Kirkwood formula [24], one can show that the MD model
can be reformulated into a set of conservation law, similar to the continuum model (4). More specifically, let q0 be the den-
sity at reference state, and we define the local momentum and energy,
Fig. 1.
modele
q0 ~vðx; tÞ ¼
P

i
mi _xiðtÞdðx� RiÞ;

~eðx; tÞ ¼
P

i
mi

1
2 v2

i þ Vi
� �

dðx� RiÞ:

8><
>: ð6Þ
Continuum

Atomistic

An example of the decomposition of the domain for a system with an opening crack: a subdomain is selected near the crack tip which will be
d atomistically. The surrounding region is modeled by continuum elasto-dynamics.
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As a result, the total momentum and energy in a control volume can be easily computed by an integral. Furthermore, one can
derive conservation laws for the local momentum and energy,
Fig. 2.
the stre
q0@t ~v �r � ~r ¼ 0;

q0@t~eþr �~j ¼ 0:

(
ð7Þ
where,
~rðx; tÞ ¼ 1
2

P
i–j

f ij � ðRi � RjÞ �
R 1

0 dðx� ðRj þ kðRi � RjÞÞÞdk;

~jðx; tÞ ¼ 1
4

P
i–j
ðvi þ vjÞ � f ij � ðRi � RjÞ �

R 1
0 dðx� ðRj þ kðRi � RjÞÞÞdk:

8>><
>>: ð8Þ
We are now in a position to describe the multiscale coupling method. The coupling strategy is quite straightforward: we
first pick a macro solver for the macroscale Eq. (5). Here a shock-capturing scheme is used, which has been a central topics
for solutions of hyperbolic conservation laws [20,29]. Examples include the central schemes and discontinuous Galerkin
methods. They have been implemented in our previous work [34,57]. They have the advantage of correctly predicting shock
waves, and minimizing spurious oscillations. For dynamics of solid, this is extremely important in studying the impact of
shock waves on local defects. Most of these shock-capturing schemes can be written in a conservative form, with numerical
solutions defined at the cell centers as cell averages and numerical fluxes defined at the cell interfaces. In this paper, we will
choose the Roe scheme to compute the numerical fluxes. The idea is to linearize the equations at each cell edge using the left
and right states. In computing the numerical flux, one starts with the flux function from one side of the interface, and then
corrections are made based on the wave characteristics of the linearized equation. The details of the linearization for the
elasto-dynamics model (5) are given in the Appendix A.

In the multiscale setting, the stress and energy flux in each cell, which will appear in the numerical fluxes, are obtained
directly from the atomistic model, either from a direct MD simulation, or from an asymptotic approximation. On the other
hand, the macroscale variables, including the deformation gradient, momentum and energy, will be used to constrain the
atomistic system. This procedure can be demonstrated from Fig. 2. Within each cell, we first initialize an atomistic system
with atoms positioned at the lattice sites. This paper only focuses on zero temperature case, in which case there is no
finite size effect. So only the atoms in one unit atomic cell is needed. Second, using the deformation gradient, A, one
deforms the atomic cell uniformly. One can then compute the stress using a periodic boundary condition with respect
to the deformed box. This is the standard Cauchy–Born approximation. It estimates the local stress at that point. For prob-
lems at finite temperature, one can apply a thermostat to bring the system to the desired temperature, and then sample
the stress by time averaging (see discussion in [34]). An alternative is to use the harmonic approximation, in which the
Cauchy–Born rule becomes the leading term [28]. Comparing to the conventional numerical procedure, we have used
atomistic model as a supplemental component in each cell to supply the constitutive data. In the continuum region,
the mesh size can be much larger than the atomic spacing, offering a great deal of computational savings. The overall
method is demonstrated in Fig. 2.

3.2. Atomistic/continuum interface condition: From atomistic to continuum

We now turn to the interface between the atomistic and continuum regions. To achieve a consistent overall coupling con-
dition, we start with the full atomistic model for the entire sample. We will adopt a finite volume formulation, similar to the
derivation of traditional continuum mechanics models and the finite volume method in the previous section. We divide the
entire computational domains, X, into a number of cells: X ¼ [aCa. For any cell Ca, we define the average momentum and
energy,
F(U  )

U

U

j

j+1

j

U
j−1 j−1

j

j−1 j+1

F(U    ,U  )j

F(U    ) F(U    )

F(U  , U    )j+1

An illustration of the coupling method in the continuum region. A finite volume discretization is used. For each cell, we compute the flux FðUjÞ (e.g.
ss) based on the atomistic model, which will then be used in the calculation of the numerical fluxes, FðUj;Ujþ1Þ.
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pa ¼
1
jCaj

X
i2Ca

mivi;

Ea ¼
1
jCaj

X
i2Ca

Vi þ
1
2

miv2
i

� �
:

ð9Þ
Substituting (1) into the equation above, we find that,

d
dt

pa ¼
1
jCaj

X
i2Ca
jRCa

f ij;

d
dt

Ea ¼
1
jCaj

X
i2Ca
jRCa

1
2

f ij � ðvi þ vjÞ:
ð10Þ
This is reminiscent of the finite volume formulation of continuum mechanics models, and the terms on the right hand
side can be viewed as the discrete analog of the momentum and energy fluxes.

Near the local defects, we retain the full atomistic description and Eq. (10) does not yield additional information. Near the
interface, we compute the fluxes based on the following strategy. For the cell edges at the interface, the fluxes are computed
directly based on the atom position and velocity using (10), averaged over the time interval ðt; t þ DtÞ; Dt is the step size for
the continuum model. This procedure is shown in Fig. 3. For the cell edges inside the continuum region, the fluxes are com-
puted from the shock-capturing method, in which the stress are obtained directly from MD. Since the problem is assumed to
be at zero temperature, the Cauchy–Born approximation can be used.

To better illustrate the coupling method, let us consider a two-dimensional domain, which is divided into rectangular
cells. Let vJþ1

2;Kþ
1
2

be the volume average of the velocity,
q0vJþ1
2;Kþ

1
2
¼ 1
jCJK j

X
i2CJK

mivi; ð11Þ
in the (J,K) th cell, denoted by CJK . jCJK j ¼ DxDy.
Using (1), one finds that,
d
dt

q0vJþ1
2;Kþ

1
2
¼ 1
jCJK j

X
i2AJK
jRAJK

f ij: ð12Þ
j j+1

k

k+1

t= nσ .

t= nσ .

t= nσ .

t= Σ f ij

Continuum Region Atomistic Region

A schematic of the atomistic/continuum coupling strategy: a finite volume method is applied to a cell next to the interface. For the edges that are
he continuum region, the fluxes, e.g. the traction t, are computed from the continuum model by an approximate Riemann solver; At the edge
n the atomistic and continuum regions, the flux is computed directly from molecular dynamics.
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Fig. 4. An illustration of the multiscale method. The circles represent the atoms in the atomistic region. The stars are the atoms at the interface that need to
be reconstructed to provide the boundary condition for the atomistic model.
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Similarly, we have,
d
dt

EJþ1
2;Kþ

1
2
¼ 1

2jCJK j
X
i2AJK
jRAJK

f ij � ðvi þ vjÞ: ð13Þ
From these calculations, we find the momentum flux (traction) and energy flux across the cell interface. Integrating (12) in
time, one gets,
q0vJþ1
2;Kþ

1
2
ðt þ DtÞ ¼ q0vJþ1

2;Kþ
1
2
ðtÞ þ Dt

Dx
F Jþ1;Kþ1

2
� F J;Kþ1

2

� �
þ Dt

Dy
F Jþ1

2;Kþ1 � F Jþ1
2;K

� �
: ð14Þ
Here F corresponds to the net fluxes across each cell interface within the time interval ðt; t þ DtÞ.
This coupling method has the following advantage: (1) it is formulated directly based on conservation laws, which are

consistent with the continuum model and (2) we avoid the usage of stress at the interface, whose definition has been rather
controversial.

The remaining question is how to impose the boundary condition to the atomistic region. The interface condition should
reconstruct the displacement and velocity of the atoms at the interface so that the forces on the atoms in the atomistic region
can be computed. This will be discussed in the next section.

3.3. Atomistic/continuum interface condition: From continuum to atomistic

The next step in the coupling procedure is to impose boundary condition for the atomistic region. Ideally the boundary
condition should take into account the atoms that are already in the atomistic region, and the atoms that have been removed
in the continuum region.

For this purpose, we will divide the atoms into two groups: the set XI , including those atoms in the atomistic region, and
the set XJ , which contains the surrounding atoms lying in the continuum region. For clarity, we will denote the displacement
of those two groups of atoms as uI and uJ , respectively. Similarly, we define MI and MJ as the mass matrices.

Since the displacement uJ in the continuum region is not explicitly involved in the computation, they have to be recon-
structed from their average displacement and velocity by interpolation. In practice, since most atomic potentials have a short
cut-off distance, only the atoms close to the interface need to be reconstructed. The reconstructed values at the current time
step tn are denoted by �uJ and �vJ , respectively. Similarly we define �uI and �vI as the interpolation from the cell averages, and ~uI

and ~vI as the remaining parts. Here �u is regarded as the coarse scale component, which depends on the mesh size, the ~u is the
fine scale component.

An schematic illustration of the coupling of the continuum and atomistic models is given in Fig. 4. The mesh size for the
continuum region equals to a few atomic spacings, Dx ¼ Kdx. As a result, each cell overlaps with several atom units. In addi-
tion, the step size for the continuum region is equal to a number of MD time steps, Dt ¼ Mdt. Therefore, during a macro time
step t 2 ðtn; tnþ1Þ, the coupling of the two models is follows: In order to apply the finite volume method in the continuum
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region, one needs to compute the fluxes at the interface, which depend on the coordinate and momentum of the atoms there.
On the other hand, to evolve the atoms in the atomistic region, the position of those atoms in the continuum region that are
close to the interface have to be reconstructed.

In principle, the interface condition can be obtained from solving the following initial value problem: For t 2 ðtn; tnþ1Þ,
MJ €uJ ¼ �ruJ V

MI €uI ¼ �ruI V

�
ð15Þ
with initial conditions,
uJðtnÞ ¼ �uJ; vJðtnÞ ¼ �vJ :
The initial condition for uI and vI are obtained from the previous MD step. Since we are only computing the displacement
and velocity at the interface for a short time period Dt, the boundary conditions for uJ at the remote boundaries are
neglected.

This is another similarity to the continuum model: It is similar to the Godunov scheme for the continuum PDEs [21],
where at each time step, one first reconstructs the solution, and then solves an initial values problem to find the flux func-
tions at each cell interface (a Riemann problem). In particular, here in the continuum region, we will neglect waves of smaller
wavelength at each macro time step, as is done in finite volume methods for conservation laws.

Similar to a Riemann problem, it is usually difficult to find the exact solution, and a proper linearization is often needed to
obtain an approximate solution. For instance for the Roe scheme [42], one starts with the flux function from one neighboring
cell, and makes corrections based on the wave characteristics, to properly take into account waves in the upwind/downwind
direction. For the MD model, we will retain the nonlinear atomic interaction in the atomistic region, which is needed to de-
scribe local defects, and linearize the interaction involving atoms in the continuum region. In this case, the traditional har-
monic approximation around the reference state for the entire system (e.g. see [4,7]) is not applicable. For example, the
atoms around an open crack are usually displacement far from the reference positions, and the conventional harmonic
approximation would lead to large error at the interface. Our main idea is to introduce a harmonic approximation near a
mechanical equilibrium. We first define the following mapping
u�J ¼ SðuIÞ
where u�J satisfies
ruJ VðuI;u�J Þ ¼ 0: ð16Þ
Namely, the continuum region is at a mechanical equilibrium. In principle, one can also choose other mechanical equilibrium
states using different boundary conditions at the remote boundaries.

In practice, it is difficult to compute SðuIÞ directly. A linear approximation will be used, which is given by
SðuIÞ � BJIuI; BJI ¼ �D�1
JJ DJI: ð17Þ
Here the matrix DJJ contains the force constant associated with the atoms in XJ , and DJI contains the force constant associated
with the atoms lying one different sides of the interface. The matrix BJI , usually sparse, can be computed efficiently using
lattice Green’s functions [32]. It can be viewed as an extrapolation. In particular, when the atoms in XI is uniformly de-
formed, it should produce the exact solution.

Next we approximate the potential energy around this equilibrium state,
VðuI;uJÞ � VðuI;BJIuIÞ þ
1
2
ðuJ � BJIuIÞT DJJðuJ � BJIuIÞ: ð18Þ
Similar to the standard harmonic approximation, this approximation is valid when the displacement field in the continuum
region is smooth.

This approximate energy will be used to replace the potential energy in the Hamiltonian. Using the Hamilton’s principle,
we obtain the following equations,
MJ €uJ ¼ �DJJðuJ � BJIuIÞ ð19Þ
and,
MI €uI ¼ �ruI VðuI;BJIuIÞ þ BIJDJJðuJ � BJIuIÞ: ð20Þ
Eqs. (19) and (20) constitute the basis for deriving the interface condition. We first separate out the ‘continuum part’ of the
solution. Let �uIðtÞ ¼ �uIðtnÞ þ ðt � tnÞ�vIðtnÞ, and
wJðtÞ ¼ BJI �uIðtÞ: ð21Þ
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This will be regarded as part of the solution, which can be computed on-the-fly from the atomistic region. Let the remaining
part be qJ ,
qJ ¼ uJ �wJ: ð22Þ
In addition, we let
Subtracting Eq. (21) from (19), we find,
MJ €qJ ¼ �DJIðuI � �uIÞ � DJJqJ

qJðtnÞ ¼ �uJ � BJI �uI;

_qJðtnÞ ¼ �vJ � BJI �vI:

8><
>: ð23Þ
We will further decompose it into two separate problems
MJ €q
ð1Þ
J ¼ �DJJq

ð1Þ
J

qð1ÞJ ðtnÞ ¼ �uJ � BJI �uI;

_qð1ÞJ ðtnÞ ¼ �vJ � BJI �vI;

8>><
>>: ð24Þ
and
MJ €q
ð2Þ
J ¼ �DJJq

ð2Þ
J � DJI ~uI;

qð2ÞJ ðtnÞ ¼ 0; _qð2ÞJ ðtnÞ ¼ 0:

(
ð25Þ
The total displacement is then qJ ¼ qð1ÞJ þ qð2ÞJ .
It follows directly from (24) that,
qð1ÞJ ¼ K�1=2
JJ sin K1=2

JJ ðt � tnÞ
� �

ð�vJ � BJI �vIÞ þ cos K1=2
JJ ðt � tnÞ

� �
ð�uJ � BJI �uIÞ: ð26Þ
Here KJJ ¼ M�1
J DJJ . The motivation of such a decomposition is two fold. First, if initially the continuum region is at equilib-

rium, then qð1ÞJ ¼ 0. Namely this accounts for the mechanical imbalance between the two regions. Secondly since the initial
condition is given by �u and �v, the coarse scale part of the solution, we expect that qð1ÞJ can be approximated by a Taylor
expansion,
qð1ÞJ � ½�uJ � BJI �uI� þ ðt � tnÞ½�vJ � BJI �vI� �
1
2
ðt � tnÞ2KJJ ½�uJ � BJI �uI�: ð27Þ
Notice that all these terms on the right hand side can be computed locally near the interface, whereas in (26), all atoms in the
continuum regions are involved.

Meanwhile, for (25), the solution can be written as,
qð2ÞJ ¼
Z t�tn

0
aðsÞ~uIðt � sÞds; ð28Þ
where the Laplace transform of the function a is given be,
âðkÞ ¼ �ðk2I þ KJJÞ�1KJI; ð29Þ
in which KJI ¼ M�1
J DJI. This is usually how an absorbing boundary condition is formulated [2,25,35,55]. Namely, one assumes

that the surrounding region is initially at rest or at a mechanical equilibrium. One then finds the interface condition which
implicitly takes into account the effect of the surrounding atoms.

Now we return to (20), which can be written as,
MI €uI ¼ �ruI VðuI;BJIuIÞ � DIJqJ � DIJD
�1
JJ DJI ~uIðtÞ; ð30Þ
Substituting qð2ÞJ into the equation above, we have,
�DIJq
ð2Þ
J ¼

Z t�tn

0
bðsÞ~uIðt � sÞds;
where,
b ¼ �DIJa:
The memory kernel can be further simplified using an integration by parts,
�DIJq
ð2Þ
J ¼ �

Z t�tn

0
hðsÞ~vIðt � sÞdsþ hð0Þ~uI � hðt � tnÞ~uIðtnÞ;
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where,
hðtÞ ¼
Z þ1

t
bðsÞds: ð31Þ
One can verify that,
hð0Þ ¼ DIJD
�1
JJ DJI:
Therefore, we have the following coupling condition, in the form of a generalized Langevin equation (GLE),
MI €uI ¼ �ruI VðuI;BJIuIÞ �
Z t�tn

0
hðsÞ~vIðt � sÞds� hðt � tnÞ~uIðtnÞ þ fex

; ð32Þ
where,
fex ¼ �DIJq
ð1Þ
J ;
models the effect of the existing elastic field in the continuum region. It can be combined with the first term on the right
hand side of (32). Namely,
�ruI VðuI; BJIuIÞ � DIJq
ð1Þ
J � �ruI V uI;q

ð1Þ
J þ BJIuI

� �
:

In order to solve the GLE at the interface, the matrix BIJ and the function hðtÞ have to be computed a priori. An important
practical problem is that they are nonlocal in that all the atoms at the boundary are correlated. For the kernel function
hðtÞ, the correlation is also nonlocal in time. Since the memory term has to be evaluated at each time step, this often leads
to considerable computational overhead. Therefore, it is desirable to find local boundary conditions with reasonable accu-
racy. Since each entry of these matrices are associated with two atoms at the boundary, we can look for a local boundary
condition by forcing,
Bij ¼ 0; hijðtÞ ¼ 0;
if jRi � RjjP rc, or t P tc. Here rc and tc are pre-selected parameters. To find such a local approximation that has the best
accuracy, we follow our previous approach of the variational boundary condition method (VBC) [31,33,30,35]. One way to
define an objective function is to use the Green’s function. The observation is quite simple: If the atoms at the boundary
of the atomistic region are displaced according to a Green’s function, then the displacement of the atoms outside the atom-
istic region should be given by the same Green’s function, provided that the boundary condition is exact. Therefore a residual
function can be defined when the approximation boundary condition is substituted. Finally, the optimal local approximation
will be obtained by minimizing the residual. For more details, see [31].

Remarks:

1. This approach is built on a statics problem. When the system is initially uniformly deformed with a constant velocity,
such state will be preserved by the interface condition. This is an important consistent property.

2. One key point here is that we perform the linearization around a mechanical equilibrium. As a result, there is no force
term in the harmonic approximation. Comparing to the work Wagner and Liu [56], the interface condition is much easier
to implement.

3. At finite temperature, a similar GLE can be derived with an additional forcing term, representing the phonons from the
surrounding atoms [30].

4. It can be shown that the memory and the external force terms vanish when the distance to the interface is greater than
the cut-off distance, and the GLE is reduced to the equation of MD. Therefore, the GLE can be viewed as an intermediate
model bridging the atomistic and continuum descriptions.

We summarize the computational procedure as follows. For each macro time step ðtn; tnþ1Þ:

1. Compute the numerical fluxes at the cell edges inside the continuum region using the Roe scheme (38).
2. Use an interpolation procedure to compute �uJ; �vJ and �vI .
3. For the MD time steps
	 Solve the Eq. (32) using the results from the previous step as the initial condition.
	 Save ~vI at the same time to compute the memory term at the following steps.
	 Compute the fluxes at the atomistic/continuum interface using (10).
	 At the last step, average the fluxes to obtain the mean fluxes.
4. Use the conservative scheme (37) to update displacement and velocity in the continuum region.
5. Now the system has been evolved to t ¼ tnþ1. Go to (1) unless the final time has been reached.
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4. Numerical experiments

4.1. Shock propagation in a one-dimensional chain

As an example, we first consider a one-dimensional model of a linear chain connect by nonlinear springs,
m€uj ¼ u0ðujþ1 � ujÞ �u0ðuj � uj�1Þ: ð33Þ
The function u gives the energy stored in each spring. For the interface condition, we may assume that the atomistic region
contains those atoms for which j P 0, and the rest of the atoms on the left are in the continuum region. In this case, BJI ¼ 1.
The GLE is given by,
m€u0 ¼ u0ðu1 � u0Þ �
R t�tn

0 hðt � sÞ _v0ðsÞds� hðt � tnÞ~u0ðtnÞ þ f ex;

m€uj ¼ u0ðujþ1 � ujÞ �u0ðuj � uj�1Þ; j > 0:

(
ð34Þ
The simulation starts with an existing shock, which will propagate through the interface. In the first experiment, the
shock is inside the atomistic region and later moves into the continuum region, see Fig. 5. In the second experiment, the
shock is initially in the continuum region, and later enters the atomistic region, see Fig. 6. One can see that despite the large
gradient of the stress wave, the interface condition allows the shock waves to move through.
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Fig. 5. A shock propagating from the atomistic region to the continuum region.
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Fig. 6. A shock moving into the atomistic region from the continuum region.
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4.2. Crack propagation in Iron-alpha

We now consider an opening crack in b.c.c. a-Fe. The atomic potential used here is the EAM potential developed by Shas-
try and Farkas [45]. The system studied consists of a 3D rectangular sample, with the three orthogonal axes being along
[110], ½1 �10� and [001] directions, respectively. Along the third direction the system is assumed to be homogeneous, en-
forced by a periodic boundary condition. Therefore, the full continuum model can be reduced to a two-dimensional problem.

We start with an opening crack with elliptical shape, with displacement computed from the anisotropic linear elasticity
solution [50], in which the elastic constants are computed directly from the EAM potential [45]. Initially the crack tip is
placed at the center of the sample. The stress intensity factor is chosen based on the Griffith criterion, and the surface energy
for [110] plane of a-Fe calculated from the EAM potential is c ¼ 0:104 eV Å

�2
, which is close to the experimentally observed

value [11].
The entire domain is discretized into a 200 � 200 mesh, of which, the 16 � 16 cells at the center overlap with the atomistic

region. For the mesh size, we choose Dx ¼ 4dx, and dx ¼
ffiffiffi
2
p

a0 with a0 being the lattice constant. We also choose Dt ¼ 4dt.
We examine two types of problems to check the coupling of two models. The first problem is the relaxation of the crack.

And in the second problem, we examine the crack behavior under dilative loading applied at the boundary of the continuum
region.

4.2.1. Relaxation of the crack tip region
First we investigate the relaxation process of a crack. A macroscopic traction boundary condition was applied such that

the magnitude of the traction equals that of the solution of the linear elasticity problem, with the stress intensity factor
kI ¼ 1:0kc

I , where kc
I is the critical stress intensity factor calculated from the Griffith criteria.



Fig. 7. Relaxation of the crack tip viewed in the MD region. The left figures: t ¼ 5 ps; right figures: t ¼ 8 ps. Two types of waves were emitted from the tip
with square and elliptic profile, respectively. Majority of the two wave were transmitted to the continuum region through the interface coupling condition.
Only small fraction of the waves were reflected back to the atomistic region due to the finite size of variational boundary condition used.

Fig. 8. Crack relaxation viewed in the overall computational domain, colored according to the second component of the velocity field. Values within the
atomistic region were calculated from averaging. Snapshot was taken when t ¼ 45 ps. The two types of wave fronts emitted from the MD region were
preserved and kept propagating towards the outmost boundary.
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In the MD region, as the crack started to relax, there are both high frequency and low frequency waves emitted from the
crack tip. Most of the high frequency waves were absorbed by the MD boundary condition. These are waves that cannot be
resolved by continuum resolution. However, small reflections can still be seen at the MD boundary. This can be attributed to
the fact that in deriving the coupling condition (15), the fine scale displacement in the continuum region has been ignored,
and that the size of the velocity history in the GLE (32) is limited by the size of the macro time step. For the low frequency
waves, two types of the wave fronts can be seen: one is of diamond shape, typical in materials of cubic structure, and the
other is elliptical, see Fig. 7.

As the system continues to relax, one can observe elastic waves emitted from the crack tip and propagate through the
atomistic/continuum interface toward the continuum region. The two types of wave fronts were also observed in the con-
tinuum region, see Fig. 8.

Upon close inspection, the crack did not open in this example.

4.2.2. Crack under dilative loading
We also studied the case when dilative traction boundary condition for the continuum region is applied. Same as the pre-

vious example, the crack was initialized according to equilibrium elasticity solution with critical stress intensity factor
kI ¼ 1:0kc

I for the whole simulation sample.
Meanwhile a dilative traction boundary condition corresponding to a specific stress intensity factor, kI ¼ 2:0kc

I , was
applied at the boundary of the continuum region. Shock waves are generated from the top and bottom boundary, and
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Fig. 9. First row: snapshots of velocity waves propagation from the top and bottom boundaries to the interior when dilative loading were applied. Snapshot
were colored according to the second components of the velocity field. Waves came across and canceled out each other ahead of the crack tip and bounded
back on the crack faces behind the crack tip. Values within the atomistic region were calculated by averaging; Second row: plots for the second components
of displacements and velocities along a vertical line 3 macroscopic cell ahead of the crack tip. Red star dots represent values calculated in the atomistic
region by averaging. Shock waves in velocity propagated from the two ends toward the center. The displacements increased linearly before the crack
opened and separated from the center afterwards; Third row: snapshots of the crack tips viewed in the atomistic region. Crack stayed still before the shock
waves arrived and the crack starts to open afterwards.
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subsequently propagated to the interior of the simulation sample. After the two wave fronts collide, they bounce off each
other and travel to the opposite boundaries.

Fig. 9 shows a series of snapshots for the process. The three column corresponds to different time steps when the snap-
shots were taken (n ¼ 200;n ¼ 300, and n ¼ 450). The first row shows the second component of the velocity field of the
whole simulation sample, including both the atomistic region and continuum region. The values in the atomistic region were
calculated by averaging over the atoms within each cell. In the first snapshot, the shock wave fronts parallel to the crack face
propagate from the continuum boundary toward the centerline of the while simulation sample as in the second snapshot.
After the two wave fronts reach the centerline, they behave differently behind and ahead of the crack tip. On the right half
of the computational domain (ahead of the crack tip), the two wave fronts come across and cancel out each other, while on
the left half of the domain (behind the crack tip), the two fronts hit the corresponding crack faces which play the role of free
boundaries, and rebound to increase its own magnitude within the belonging region as in the third snapshot.

The second row shows the second components of displacements and of velocities along a vertical line that lies 3 macro-
scopic cells ahead of the original crack tip at the same time steps. The blue dots show values from the continuum finite vol-
ume scheme and the red dots show the average values from atomistic region. In the displacement plots, a dilative
deformation with the shape of a slope propagates from the two ends towards the midpoint of the line, which correspond
to two shock wave fronts of the velocity plots. In the first figure of this row, the left shock (velocity) travels from the left
to the right and the right one travels from the right to the left. They came across each other in the second figure of this
row. Up to this point, the displacement line was continuous, which means the corresponding atoms were close to each other
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at that location. But in the last snapshot, a discontinuity is created, which implies that the crack tip has passed through this
point.

The third (bottom) row shows the snapshots of the MD region at different time steps. The crack stayed still in the first two
figure, but started to open in the third figure. This is caused by the two stress waves. In addition, one can see that the crack
was brittle is in case.

We also tried different values kI for the same type of loading condition. In particular, the crack opens when the magnitude
of the stress reaches some threshold. Our simulations have shown that the lowest stress intensity factor kI for which the
crack opens is kI ¼ 1:23kc

I , which is bigger than the value predicted by the Griffith criteria. In this sense, the Griffith criteria
only works locally as a successful criteria.

5. Conclusions and further discussions

We have presented a multiscale method for coupling the molecular dynamics model and continuum elasto-dynamics un-
der the HMM framework to study the dynamics of crystalline solids at zero temperature. The method is based on a domain
decomposition idea. Away from local defects, the time evolution of the mechanical deformation is modeled by nonlinear
elasto-dynamics, in which the standard Cauchy–Born rule is used to provide atomistic-based constitutive data. Near local
defects, we refine the model to a full atomistic description. An interface condition is proposed to provide appropriate bound-
ary conditions for the atomistic and continuum models so that the two time integration can alternate between the two
regions.

The advantage of this approach is that it naturally decouples the time scales. However, several issues still remain. One
issue is the thermal fluctuations. In this paper, we have only focused on the zero temperature case. At finite temperature,
a similar interface condition can be derived [31]. In addition, energy flux can be computed at the interface to couple with
the energy balance equation in the continuum model. However, the size of the time step at the interface, Dt, is usually
too small to be able to filter out the noise in the fluxes. As a result, the solution of the continuum model will be quite noisy.
These issues will be further studied in separate works.

There are a number of other issues that need to be addressed. The first is the issue of time steps. Although one main
advantage of the formulation presented in [34] and adopted here is that it allows a natural treatment of the disparate macro
and micro time scales, this has not been adequately explored. The problem is that near the crack, the continuum solution has
a near singularity and therefore small spatial grids have to be used. In the current method, since we are using explicit finite
volume methods, this dictates that we use small time steps. More general treatment of the continuum model is clearly
needed.

The second related issue is the use of adaptive meshes in the continuum region. This is related to the problem discussed
above: Since the solution in the continuum region is nearly singular near the crack tip – the singularity is regularized by the
atomistic model, an adaptive strategy is clearly more advantageous.

Appendix A

A.1. Roe’s scheme for elasto-dynamics model

Our basic macroscopic model is a set of conservation laws. We use Roe’s linearization method as the macroscopic solver
for the equation of conservation laws, see for example [20,29], for a complete description of the method. For convenience, we
rewrite the conservation laws in the generic form,
@

@t
wþr � fðwÞ ¼ 0; ð35Þ
where w denotes the conserved quantities, and f is some (unknown) flux function. In our elasto-dynamics problem, w in-
volves the deformation gradient and momentum, and f contains the velocity and stress.

Denote the deformation gradient by e ¼ ru, then for 2D problems the variables in (35) involve the following
components:
w ¼

e11

e12

e21

e22

q0v1

q0v2

q0e

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

; fx ¼

�v1

0

�v2

0

�r11

�r21

�v1r11 � v2r21

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

; fy ¼

0

�v1

0

�v2

�r21

�r22

�v1r21 � v2r22

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

; ð36Þ
where v1 and v2 are the two components of velocity.
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The computational domain is partitioned into cells or volumes and we approximate the solution by piecewise constant,
each of which is the average of the real solution over each cell. After integrating the equations over each cell and using the
divergence theorem, we get
wnþ1
i �wn

i

Dt
þ
X

i

Fij � n ¼ 0: ð37Þ
To compute the numerical fluxes Fij we restrict the equations to the normal direction. We then arrive at a set of conserva-
tional laws in one dimension,
@twþ @gfðwÞ ¼ 0:
Since we are using piecewise constant construction, it is sufficient to solve the following problem, known as Riemann
problem,
@twþ @gfðwÞ ¼ 0;

wðg; 0Þ ¼
wLg < 0
wRg > 0

�

and compute the flux at g ¼ 0.
The key step of Roe’s method is to linearize the system around these two values. In particular, we look for a matrix

AðwL;wRÞ that satisfies
fðwRÞ � fðwLÞ ¼ AðwR �wLÞ; Aðw;wÞ ¼ rfðwÞ
For instance for rectangular grid, along the x direction the Roe matrix can be constructed as follows,
A ¼ �

0 0 0 0 1=q0 0

0 0 0 0 0 0

0 0 0 0 0 1=q0

0 0 0 0 0 0

a51 a52 a53 a54 0 0

a61 a62 a63 a64 0 0

0
BBBBBBBBBB@

1
CCCCCCCCCCA
:

where
a51 ¼
r11 eR

11 ;e
R
12 ;e

R
21 ;e

R
22ð Þ�r11 eL

11 ;e
R
12 ;e

R
21 ;e

R
22ð Þ

eR
11�eL

11
;

a52 ¼
r11 eL

11 ;e
R
12 ;e

R
21 ;e

R
22ð Þ�r11 eL

11 ;e
L
12 ;e

R
21 ;e

R
22ð Þ

eR
12�eL

12
;

a53 ¼
r11 eL

11 ;e
L
12 ;e

R
21 ;e

R
22ð Þ�r eL

11 ;e
L
12 ;e

L
21 ;e

R
22ð Þ

eR
21�eL

21
;

a54 ¼
r11 eL

11 ;e
L
12 ;e

L
21 ;e

R
22ð Þ�r eL

11 ;e
L
12 ;e

L
21 ;e

L
22ð Þ

eR
22
�eL

22
;

a61 ¼
r21 eR

11 ;e
R
12 ;e

R
21 ;e

R
22ð Þ�r21 eL

11 ;e
R
12 ;e

R
21 ;e

R
22ð Þ

eR
11
�eL

11
;

a62 ¼
r21 eL

11 ;e
R
12 ;e

R
21 ;e

R
22ð Þ�r21 eL

11 ;e
L
12 ;e

R
21 ;e

R
22ð Þ

eR
12�eL

12
;

a63 ¼
r21 eL

11 ;e
L
12 ;e

R
21 ;e

R
22ð Þ�r21 eL

11 ;e
L
12 ;e

L
21 ;e

R
22ð Þ

eR
21�eL

21
;

a64 ¼
r21 eL

11 ;e
L
12 ;e

L
21 ;e

R
22ð Þ�r21 eL

11 ;e
L
12 ;e

L
21 ;e

L
22ð Þ

eR
22�eL

22
;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
Here r ¼ rðeÞ is computed from the Cauchy–Born rule. If the denominator vanishes, the corresponding derivatives should be
used, which is approximated by a divided difference formula.

Once A is obtained, we find its eigenvalues and eigenvectors,
A ¼ U�1KU;U ¼ ½r1; r2; . . . ; rn�:
For elasto-dynamics, the number of negative and positive eigenvalues are the same.
Now let v ¼ U�1w, we have
@tv þK@gv ¼ 0:



3986 X. Li et al. / Journal of Computational Physics 229 (2010) 3970–3987
This is a decoupled system of linear advection equations. If the eigenvalue is positive, the solution at x ¼ 0 for t > 0 will be
given by the left state, otherwise it will be given by the right state. Therefore,
fðwÞ ¼ Aw ¼ fðwLÞ þ
X

k�i vi
R � vi

L


 �
ri ð38Þ
where i indicates the ith component and � selects the negative part.
From the above description of the Roe’s method as the macroscopic solver we can see that the only information we need

from the microscopic model (atomistic model in the current case) is the fluxes at each grid point.
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