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Abstract: We consider a 2n × 2n system of conservation laws with stiff
relaxation terms. The system arises from the modelling of multicomponent
chromatography, and the zero relaxation limit is a n×n system of conserva-
tion laws of Temple class. For initial data which are small in BV, we establish
an a priori bound on the total variation of the solution of the relaxation sys-
tem. Moreover, we show that this solution depends Lipschitz continuously
on the initial data in L1. These estimates are uniform w.r.t. the relaxation
parameter. Finally, we prove the convergence towards equilibrium as the
relaxation time tends to zero. The proof of the uniform BV estimates relies
on the application of probabilistic techniques. This provides a first example
where BV estimates and convergence are proved for general solutions to a
class of 2n× 2n systems with relaxation.

1 Introduction and preliminary

In this paper we consider the system of multicomponent chromatography:




ut + ux = −1
ε
(F (u)− v),

vt =
1
ε
(F (u)− v),





u(0, x) = u0(x),

v(0, x) = v0(x).
(1)

The system describes the following chemical process: A liquid flows with unit
speed over a solid bed. Several chemical substances are partialy dissolved
in the liquid which travels with unit speed, partialy deposited on the solid
bed which has speed 0. The main unknowns of the system are the vectors
u = (u1, . . . , un) and v = (v1, . . . , vn), which denote the concentrations in
the fluid and the solid phase respectively. A particle might pass from the
fluid phase to the solid phase, and viceversa. The relaxation time ε measures
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the rate of this exchange. For the equlibrium relation v = F (u) we consider
the Langmuir isotherm (cf. [11])

Fi(u) .=
kiui

1 + k1u1 + · · ·+ knun
, 0 < k1 < · · · < kn. (2)

For initial date with small total variation, when the relaxation parameter
ε → 0, we prove that the relaxation system (1) converges to the following
system:

(u + F (u))t + ux = 0, (3)
v = F (u). (4)

Onserve that, with F defined at (2), the limit system (3) is of Temple class.
Our results apply also to more general functions F : Ω 7→ IRn which satisfy
the following assumptions:

(A1) Let A(u) .= DF (u) be the Jacobian matrix. Then, for each u ∈ Ω,
A(u) has n real, positive, distinct eigenvalues 0 < η1(u) < · · · < ηn(u).

(A2) Every characteristic field is either linearly degenerate or genuinely non-
linear.

(A3) All the integral curves of the eigenvectors of A are straight lines.

All of the above assumptions are clearly satisfied by the F in (2).
Our first main result is concerned with the BV bound and the Lipschitz
continuous dependence on the initial data.
Theorem 1. For every compact set K ⊂ Ω and ε > 0, there exist constants
L, δ0 > 0, a closed domain D ⊂ L1

loc(IR; IR2n) and a continuous semigroup
Sε : D × [0,∞[ 7→ D with the following properties.

(i) The domain D contains every initial data (u0, v0) such that

Tot.Var.{u0}+ Tot.Var.{v0} ≤ δ0,

u0(x̄) ∈ K,
∣∣∣F (u0(x̄))− v0(x̄)

∣∣∣ ≤ δ0 for some x̄ ∈ IR.

(ii) Each trajectory of the semigroup: t 7→ (u(t), v(t)) = Sε
t (u0, v0) is the

solution of the corresponding Cauchy problem (1).

(iii) For every pair of initial data (u0, v0), (ũ0, ṽ0) ∈ D and every t ≥ 0 one
has

‖Sε
t (u0, v0)−Sε

t (ũ0, ṽ0)‖L1(IR;IR2n) ≤ L ·‖(u0, v0)−(ũ0, ṽ0)‖L1(IR;IR2n) .
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The constants L, δ0 and the domain D do not depend on ε.
In our second theorem we establish the limit of the trajectories of (1), as
ε → 0.
Theorem 2. In the same setting as Theorem 1, for every (u0, v0) ∈ D and
ε > 0, call t 7→ (uε(t), vε(t)) the corresponding solution of (1). Then, as
ε → 0, for each t > 0 one has the convergence

uε(t) → u(t), vε(t) → v(t) in L1
loc(IR; IRn).

The limit function u can be characterized as the unique entropic solution of
the system of conservation law (3) with initial data u(0, ·) implicitly defined
by

F (u(0, x)) = v(0, x), u(0, x) + v(0, x) = u0(x) + v0(x).

Moreover, for each t > 0, one has v(t, x) = F (u(t, x)) for a.e. x ∈ IR.
The main step of the proof is the derivation of a priori estimates on the
total variation of u, v, which are obtained from uniform L1 bounds on the
derivatives ux, vx. The evolution equations for ux, vx take the form of n
coupled 2 × 2 systems of balance laws. The key property of these systems
is that the L1 norm of the components ui

x, vi
x can increase only as a result

of the coupling terms, and these terms are uniformly integrable in space-
time because they are only due to interactions between waves of different
families. These results can be regarded as a counterpart of those proved in
[1] for vanishing viscosity limits.
For more details of the mathematic modelling of chromatography see [11,
12, 13]. Hyperbolic systems of conservation laws with relaxation effects
were first studied by Liu in a fundamental paper [8]. More recent results
on related topic can be found in [5, 4, 9, 10] and the references therein.
For the model of single component chromatography, convergence towards
equilibrium and error estimates for BV solutions were studied in [15, 16] for
one-dimensional cases, and in [14] for the two-dimensional cases.
The plan of the paper is as follows: In Section 2 we derive some preliminary
estimates on the integral of the product of transversal terms. The main
BV bounds are proved in Section 3, while the stability estimate is given in
Section 4. Finally, in Section 5 we show the convergence towards the zero
relaxation limit. Details of all the proofs can be found in [3].

2 A priori estimates on transversal terms

In this Section we prove the a priori estimates on the integral of the product
of the transversal terms. Toward this goal, we consider the more general
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linear system {
ξt + ξx = −a(t, x)ξ + b(t, x)ζ,

ζt = a(t, x)ξ − b(t, x)ζ,
(5)

assuming that the coefficients are uniformly bounded:

0 < a− ≤ a(t, x) ≤ a+, 0 < b− ≤ b(t, x) ≤ b+.

The system describes the following stochastic process (see [17], pp.15-17).
A medium is composed by particles that can move with random speed 0 or
1. The speed of a particle can switch from 1 to 0 with rate a and from 0 to
1 with rate b. At any given time t, the functions ζ(t, ·) and ξ(t, ·) yield the
density of particles travelling with speed 0 and 1 respectively.
The fundamental solution Γji(t, x; t0, x0), i, j ∈ {0, 1} is the density of prob-
ability that a particle, which initially is at x0 at time t0 with speed i, reaches
the point x at time t > t0 with speed j. We first study the special cases
where the switching rates a, b are constant

{
ξt + ξx = −αξ + βζ,

ζt = αξ − βζ,
(6)

where the fundamental solution G is invariant under time and space trans-
lation,

Γji(t, x; t0, x0) = Gji(t− t0, x− x0) i, j ∈ {0, 1}.
Let P (t) denote the position of a particle at time t. Observe that

lim
t→∞

P (t)
t

= λ
.=

β

α + β
with probability 1.

One can thus regard λ as the average speed of the random particle P . We
now consider a second linear system with constant coefficients

{
ξt + ξx = −α∗ξ + β∗ζ,

ζt = α∗ξ − β∗ζ,
(7)

and call G∗
ji the corresponding kernels. We assume the average speed λ∗ of

(7) is strictly smaller than that of (6), i.e.,

0 < λ∗ .=
β∗

α∗ + β∗
< λ

.=
β

α + β
< 1. (8)

Lemma 1. If (8) holds, then the following double integral is bounded

E0
.=

∫ ∞

0

∫ ∞

−∞
G01(t, x) ·G∗

10(t, x) dxdt < ∞. (9)
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This Lemma can be intepreted as the following: Let P and P ∗ be the “fast”
and the “slow” particles, described by the systems (6) and (7) respectively.
Then, E0 yields the expected number of crossing where P ∗ overtakes P ,
assuming P ∗ starts at the origin with speed 0 and P with speed 1. Since
the average speeds are strictly different, the two particles will eventually go
away from each other, and thus the number of crossing is finite. A rigorous
proof of this ffact can be derived from the properties of sums of indeoendent,
identically distributed random variables [7]. See [3] for details.
In the case of variable coefficients, similar estimate can be obtained by a
comparison arguement. Together with (5), we consider a second system for
“slow” particles

{
ξt + ξx = −a∗(t, x)ξ + b∗(t, x)ζ,

ζt = a∗(t, x)ξ − b∗(t, x)ζ,
(10)

where
0 < a∗− ≤ a∗(t, x) ≤ a∗+, 0 < b∗− ≤ b∗(t, x) ≤ b∗+.

Call Γ∗ the corresponding kernel. We assume that the coefficients of the
systems (6), (7) and (5), (10) can be compared as follows:

a(t, x) ≤ α, b(t, x) ≥ β, a∗(t, x) ≥ α∗, b∗(t, x) ≤ β∗ for all t, x.
(11)

Call Q and Q∗ the particles described by (5) and (10) respectively. From
the relation in (11) one sees that the particles P ∗ are even faster than P ,
since their speed is more likely to switch from 0 to 1 than from 1 to 0, and
the particles Q∗ are even slower than Q. Consequently, with the same initial
states, Q and Q∗ will cross each other a smaller number of time than P and
P ∗. This leads to the following lemma (see again [3] for details).
Lemma 2. Let E0 be the double integral defined at (9). Under the assump-
tions (11), for every τ0, x0, one has

E](τ0, x0)
.=

∫ ∞

τ0

∫ ∞

−∞
Γ01(t, x; τ0, x0) · Γ∗10(t, x; τ0, x0) dxdt ≤ E0,

3 The BV bounds

In this section we obtain the bound on the total variation for the relaxation
system (1). By the linear rescaling t′ = t/ε, x′ = x/ε, it is not restrictive to
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consider the case where ε = 1
{

ut + ux = −F (u) + v,
vt = F (u)− v.

(12)

Let ri(u), li(u), i = 1, · · · , n be the sets of normalized right and left eigen-
vectors of A(u)

|ri(u)| = 1, li(u) · rj(u) =

{
1 if i = j,
0 if i 6= j.

The directional derivative of a function u 7→ ϕ(u) in the direction of a vector
v ∈ IRn is written as

v • ϕ(u) .= lim
h→0

ϕ(u + hv)− ϕ(u)
h

.

With the above normalization, the assumption (A3) can be written in the
form

ri • ri ≡ 0 i = 1, . . . , n.

For a given smooth solution of (12), we define the components of the gradi-
ents ux, vx w.r.t. the basis of eigenvectors ri(u) as

ui
x

.= li(u) · ux, vi
x

.= li(u) · vx, i = 1, . . . , n.

Differentiating (12) we obtain
{

uxt + uxx = −A(u)ux + vx,
vxt = A(u)ux − vx.

(13)

After some computation, one finds that the components ui
x, vi

x, i = 1, · · · , n
satisfy the system of 2n scalar equations





(ui
x)t + (ui

x)x = −ηiu
i
x + vi

x −
∑

j

Giju
j
x

(vi
x)t = ηiu

i
x − vi

x +
∑

j

Gijv
j
x +

∑

j 6=k

Hijkv
j
xuk

x

(14)

where

Gij(u, v) .= li ·
(
(F (u)− v) • rj

)
, Hijk(u, v) .= li · (rj • rk). (15)
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Note that if the terms involving Gij and Hijk are integrable, then by Duhamel’s
principle the integrals of ux and vx are bounded, and we achieve the BV
bound of u and v. For Hijk, we have the simply estimate

|Hijk(u, v)| = O(1), (16)

where the Landau symbol O(1) denotes a function whose absolute value
remains uniformly bounded. For Gij , we get the following estimate

|Gij(t, x)| = O(1)·e−t
∣∣∣(F (u)−v)(0, x)

∣∣∣+O(1)·
∫ t

0
es−t

∑

k 6=j

|uk
x(s, x)| ds. (17)

Motivated by (14), (15), (16) and (17), we now consider a semilinear system
of 2n equations for the variables ξi, ζi, i = 1, . . . , n:

ξi
t + ξi

x + ηi(t, x)ξi − ζi = C
∑

j


ρ0e

−t +
∑

k 6=j

∫ t

0
es−tξk(s, x) ds


 ξj ,

ζi
t − ηi(t, x)ξi + ζi = C

∑

j


ρ0e

−t +
∑

k 6=j

∫ t

0
es−tξk(s, x) ds


 ζj + C

∑

j 6=k

ξjζk.

(18)
If the constant C is chosen sufficiently large, and if the initial data satisfy

ξi(0, x) = ξi
0(x) .= |ux(0, x)|, ζi(0, x) = ζi

0(x) .= |vx(0, x)|,
ηi(t, x) .= ηi(u(t, x)), ρ0

.= sup
x

∣∣∣F (u(0, x))− v(0, x)
∣∣∣,

then a comparison arguement yields

|ui
x(t, x)| ≤ ξi(t, x), |vi

x(t, x)| ≤ ζi(t, x) for all t, x.

Therefore, the total variation of u, v is bounded by the L1 norm of ξ, η.
Using Duhamel’s principle, the L1 norm of ξ, η is bounded if the right hand
side terms of (18) are integrable in x and t. Note that these terms involve
only the product of the transversal terms where j 6= k, and thus they are
integrable by properly applying the lemmas in Section 2. (For details see
[3].) This completes the proof of the uniform BV bounds of the solutions of
(12).

4 Lipschitz continuous dependence

The Lipschitz continuous dependence on the initial data in L1 norm can be
proved in a similarly way as for the BV bounds. Let u, v be a solution of
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(12) with small total variation. Consider a perturbation of the form u+ εU ,
v + εV . Letting ε → 0, the evolution of the infinitesimal perturbations U, V
is described by the linearized system

{
Ut + Ux = −A(u)U + V,

Vt = A(u)U − V.
(19)

As in Section 3, we define the components U i, V i as

U i .= li(u) · U, V i .= li(u) · V, i = 1, . . . , n.

By some computation, we again get a system of 2n scalar equations in the
variables U i, V i:

{
U i

t + U i
x + ηiU

i − V i = −∑
j GijU

j ,

V i
t − ηiU

i + V i = −∑
j 6=k Hijku

k
xV j +

∑
j GijV

j ,
(20)

where Gij and Hijk are defined in (15). By Duhamel’s principle, and using
the a priori estimates in Section 2, we obtain a uniform estimate on the size
of tangent vectors:

‖U(t)‖L1 + ‖V (t)‖L1 ≤ L
(
‖U(0)‖L1 + ‖V (0)‖L1

)
. (21)

Relying on (21), the Lipschitz continuous dependence on the initial data is
now obtained via a homotopy argument, as in [1]. Given the two initial data
(u0, v0) and (ū0, v̄0), we construct the smooth path

θ 7→ (uθ
0, v

θ
0)

.= θ(u0, v0) + (1− θ)(ũ0, ṽ0) θ ∈ [0, 1].

Calling t 7→ (uθ, vθ)(t, ·) the solution of (12) with initial data (uθ
0, v

θ
0), we

can write

‖u(t)− ũ(t)‖L1 + ‖v(t)− ṽ(t)‖L1 ≤ ∫ 1
0

∥∥∥duθ(t)
dθ

∥∥∥
L1

+
∥∥∥dvθ(t)

dθ

∥∥∥
L1

dθ

≤ L
∫ 1
0

∥∥∥duθ(0)
dθ

∥∥∥
L1

+
∥∥∥dvθ(0)

dθ

∥∥∥
L1

dθ = L
(
‖u(0)− ũ(0)‖L1 + ‖v(0)− ṽ(0)‖L1

)
.

Indeed, the tangent vector

(Uθ, V θ)(t, x) .=

(
duθ

dθ
,

dvθ

dθ

)
(t, x)

is a solution of the linearized Cauchy problem (20), hence it satisfies (21)
for every t ≥ 0 and every θ. This completes the proof of Theorem 1.
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5 The convergence to the relaxation limit

In this section we complete the paper with the proof of Theorem 2, i.e.,
we prove that as ε tends to zero, the solutions of (1) converge towards the
solution of (3).
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