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Abstract

In this paper we review some results on a model for the erosion
of mountain profile caused by small avalanches. The equation is a
scalar conservation law with a non-local flux. Under suitable as-
sumptions on the erosion rate, the mountain profile develops three
types of singularities, namely kinks, shocks and hyper-kinks. En-
tropy weak solutions to the Cauchy problem can be constructed
globally in time, taking limits of piecewise affine approximate solu-
tions. Pairs of entropy and entropy flux functions are introduced,
and the Lax admissibility condition is established.

1 Introduction and Main Results

Let u(t, x) describe the height of a mountain profile at time t, depending
on a one-dimensional space variable x. Assuming that the slope does
not change sign, say ux > 0, the following model describing the erosion
of the mountain profile by small avalanches was proposed in [19]

ux − Fx = 0 , F = exp

∫ ∞
x

f(ux(y)) dy , u(0, x) = ū(x) . (1.1)

Here the function f denotes the erosion rate per unit length of distance
covered by a unit size avalanche. The basic assumptions on f are

f(1) = 0, f ′ ≥ η0 > 0, f ′′ < 0, lim
w→0+

f(w) = −∞ . (1.2)

Then, f is positive if the slope ux > 1, and negative if ux < 1. The model
(1.1) describes the following phenomenon. Granular matter is poured at
unit rate from x = ∞ (or from an uphill location outside the interval
of interest), and slides downhill along the mountain slope, from right
to left. As it flows downhill, if the slope ux is less than 1, part of the
granular matter is deposited. If the slope is greater than 1, then the size
of the avalanche grows, putting more granular matter in motion. The
(normalized) critical slope is 1, where no erosion or deposition occurs.
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The model can be derived formally as follows. Let m(a) be the size
of the avalanche as it reaches x = a. We have

m(a) = exp

∫ ∞
a

f(ux(t, y)) dy .

Hence, for any interval [a, b], we have

d

dt

∫ b

a

u(t, x) dx = m(b)−m(a)

= exp

∫ ∞
b

f(ux(t, y)) dy − exp

∫ ∞
a

f(ux(t, y)) dy .

This formally leads to equation (1.1).
The model (1.1) was first derived in [2], with

f(w) = (w − 1)/w , (1.3)

as the slow erosion limit of a 2× 2 model proposed by [13]{
ht = (hux)x − (1− ux)h ,

ut =
(
1− ux)h .

(1.4)

Here u and h are the heights of the standing and moving layers, re-
spectively. Note that the f in (1.3) does not satisfy the assumption
(1.2), because limw→+∞ f ′(w) = 0. In this case, the slope ux remains
bounded globally. The only type of singularities are the kinks in the
mountain profile (jumps in the slope). Well-posedness of solutions with
such functions f is studied in [3].

In [19] we study a wider class of functions f(ux), leading to the
formation of different types of singularities. The assumptions (1.2) imply

lim
w→+∞

f ′(w) = η0 . (1.5)

Therefore f(w) grows at a linear rate for large w, and the following holds∫ ∞
2

f−2(w) dw < ∞ . (1.6)

Besides the assumptions (1.2), we assume further the following decay
property for f ′′:

lim sup
w≥κ0

|f ′′(w)|w2+δ < ∞ , δ > 0 . (1.7)

This rapid decay of f ′′ implies that f approaches an asymptote as w →
+∞,

lim
w→+∞

|f(w)− wη0| <∞ .

Under the assumptions (1.2) and (1.7), the mountain profile u(·) can
exhibit three types of singularities:
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• Kinks: where the mountain profile is continuous but its slope has
distinct right and left limits: 0 < ux(x−) < ux(x+) <∞.

• Hyperkinks: where the mountain profile u is continuous but its
slope has an infinite limit from the right: ux(x+) = +∞.

• Jumps: where the mountain profile has an upward discontinuity:
u(x−) < u(x+).

We seek solutions in a suitable class of strictly increasing functions.
It is important to control the total variation of the characteristic speed
f ′(ux)F , or f ′(ux). Observe that f ′(ux) changes very little for large ux
and approaches constant η0 as ux → +∞. This motivates the definition
of the following auxiliary function

ζ(w)
.
=


(w − 2)/f2(2), if w < 2 ,∫ w

2

f−2(s) ds, if w ≥ 2 .
(1.8)

We see that ζ(w) is a strictly increasing function, but remains bounded
because of (1.6), and ζ ′(w)→ 0 as w → +∞.

Solutions of the Cauchy problem will be obtained within the classW
consisting of all functions u : IR 7→ IR satisfying the following properties:

(W1) There exists a constant κ0 > 0 such that

u(x)− u(y) ≥ κ0(x− y), ∀x > y . (1.9)

(W2) There exists an interval I = [a, b] such that ux = 1 outside I.

(W3) The function U(x)
.
= u(x)− x has bounded variation.

(W4) By setting
ζ(ux(x)) = ζ(+∞)

.
= lim
w→+∞

ζ(w)

for x in the support of the singular part of the measure Dxu, the
function x 7→ ζ(ux(x)) has bounded variation.

A definition of entropy weak solutions for (1.1) is now given.

Definition 1.1. A function u : [0, T ] × IR 7→ IR is called an entropy
weak solution for (1.1) with initial data ū(x) ∈ W if u(0, x) = ū(x), and
• u(t, ·) ∈ W for every t ∈ [0, T ].
• For every test function φ ∈ C∞c (IR2), one has the integral identity∫ T

0

∫
IR

(uφt − Fφx) dx dt =

∫
IR

[u(T, x)φ(T, x)− ū(x)φ(0, x)] dx.

• For almost all t > 0, the Lax admissible condition is satisfied at
every singularity. This implies that the characteristic speed f ′(ux)F has
no upward jumps in x.
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The main result of [19] is summarized in next Theorem.

Theorem 1.2. Let T > 0 and an initial data ū ∈ W be given. Then
the Cauchy problem (1.1) admits an entropy weak solution u = u(t, x)
defined for all t ∈ [0, T ].

Other PDE models for granular flows can be found in [4, 17] and
in the book [11]. A mathematical analysis of steady state solutions for
(1.4) was carried out in [9, 10], a numerical study has been performed
in [12]. The analytical properties of time dependent solutions of (1.4)
were first studied in [18], where an existence result for global smooth
solutions was proved. The paper [1] established the global existence to
the Cauchy problem for (1.4) with large data, within a class of func-
tions with bounded variation. Furthermore, in [2] the authors proved
the global existence of large BV solutions for an initial-boundary value
problem for (1.4).

Other examples of scalar conservation laws with integro-differential
terms (involving integral of ux) have been considered in the literature,
and are worth mentioning here. In particular, the variational wave equa-
tion

ut + f(u)x =

∫ x

0

f ′′(u)u2x dy (x > 0)

was studied in [7, 14], while the Camassa-Holm equation

ut +

(
u2

2

)
x

+

[
1

2

∫ ∞
−∞

e−|x−y|
(
u2(y) +

u2x(y)

2

)
dy

]
x

= 0

was analyzed in a large number of papers, e.g. [8, 5, 6]. In both cases,
writing a balance law for the quantity u2x one obtains the a priori bound

‖ux(t, ·)‖L2 ≤ C .

In turn, this implies that the solution u(t, ·) remains Hölder continuous
at all times. No shocks occur in the solutions. This is the main difference
in our case: for (1.1) the solutions develop shocks, and the distributional
derivative ux contains point masses.

2 Basic analysis on singularities

Let w=̇ux denote the slope. For smooth solutions, by the method of
characteristics we have ẋ = Ff ′(w) and

u̇ = (f ′(w)w − f(w))F , (2.1)

ẇ = Ff2(w) . (2.2)
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We observe that the slope w is actually a conserved quantity,

wt − (f(w)F )x = 0. (2.3)

Since f is a non-linear function, different characteristics can meet at a
same point, producing jumps in w. These are kinks in u, and we call
them weak singularities.

Furthermore, by (2.2) w is increasing along a characteristic. Assum-
ing F ≥ F0 > 0, if w(0) > 1, w can blow up in finite time because of
(1.6). Shocks will form in the solutions of u, which we refer to as the
strong singularities.

Wave speeds follow from the Rankine-Hugonoit conditions. We have

λk =
f(w+)− f(w−)

w+ − w−
F , λs =

exp{η0(u+ − u−)} − 1

u+ − u−
F+, (2.4)

for kinks and shocks respectively, at a point x0. Here u±, w± and F±

denote the limits of u(x), w(x) and F (x) as x → x0±, respectively.
Notice that the flux F is continuous at kinks, hence at these points one
has F+ = F− = F .

By the concavity of f , only convex kinks are admissible. In the case
of shocks, the standard Lax admissibility condition [15] requires that
characteristics must flow into the shock. This leads to a constraint on
the relation between the shock size and the slope on the right

exp{η0(u+ − u−)} − 1

u+ − u−
≥ f ′(w(x+0 )) . (2.5)

A third type of singularity, bridging the previous two, is the hyperkink.
This is a convex kink with infinite slope on the right, and it travels with
the speed

λhk = η0F (x0) .

When two singularities interact, if they are of the same type, they will
merge into one; if they are of different types, the weaker one will merge
into the stronger one. No new waves are generated, which is similar to
a scalar conservation law with convex flux.

3 BV solutions for the Cauchy problem

Existence of solutions is achieved through piecewise affine approximate
solutions that allow discontinuities. Approximate solutions are con-
structed by an algorithm similar to wave front tracking. Each nodal
point xi is treated as a singularity (kink or shock), and it travels with
the corresponding speed. In the end, the algorithm determines a set of
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ODEs for the nodal points xi(t) and for the nodal values ui(t) = u(xi(t)).
Suitable a priori estimates for the approximate solution are established.
As customary, the limit of a convergent subsequence then provides an
entropy weak solution.

To see that the solutions remain in the spaceW, we give some formal
arguments, assuming that solutions remain smooth.

(W1) By (2.2), w is increasing, which gives the lower bound for w.

(W2) The finite wave speed leads to the bound on the support of ux− 1.

(W3) Setting U(x)=̇u(x)− x, the quantity q=̇Ux = ux − 1 satisfies

qt + (f(q + 1)F )x = 0 .

Since sign(q)f(q + 1) = |f(q + 1)| and F > 0, then ‖q(t)‖L1 is
non-increasing, leading to the BV bound for U .

(W4) The evolution of the function ζ along a characteristic follows

ζ̇ = ζt + f ′Fζx = ζ ′(w)f2(w)F =

{
f2(w)F/f2(2) , w < 2 ,
F , w ≥ 2 .

This provides a bound on the total variation for ζ, since F has
bounded variation thanks to (W3). We then have, for some con-
stants C1, C2,

d

dt
TV{ζ(w)} ≤ C1 + C2TV{ζ(w)} .

TV{ζ} can grow exponentially, but remains finite for finite time.

The total variation of x 7→ f ′(ux) can be controlled by the total
variation of x 7→ ζ. Indeed, consider f ′ as a function of ζ. By the Chain
Rule, we have

d(f ′)

d(ζ)
=
f ′′(w)

ζ ′(w)
=

{
f ′′(w)f2(2), w ≤ 2,

f ′′(w)f2(w), w > 2,

Thanks to the decay of f ′′ in (1.7), this is negative and uniformly
bounded for w ≥ κ0. By the Mean Value Theorem, we get

f ′(w̄)− f ′(w̃) ≤ C(ζ(w̃)− ζ(w̄)), w̄ ≤ w̃ . (3.1)

Therefore, the bounded variation for x 7→ ζ(ux) yields the same bound
for x 7→ f ′(ux).

In order to establish the Lax admissible condition, we introduce the
entropy functions P (u,w)

P (u,w) =̇ [u− k]+ · [l − ζ(w)]+ . (3.2)
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Here the operator [·]+ truncates the positive part of the function, and
(k, l) ∈ Ω are two arbitrary constants, where

Ω =̇ {(k, l) : u(0, a) ≤ k ≤ u(T, b) , ζ(κ0) ≤ l ≤ ζ(+∞)} . (3.3)

The corresponding entropy flux is Q(u,w)F , where Q(u,w) is defined
as

Q(u,w)=̇

 [u− k]+ ·
∫ +∞

w

f ′(s)ζ ′(s) ds, ζ(w) < l,

0, ζ(w) ≥ l.
(3.4)

By these definitions, the following holds for all (l, k) ∈ Ω

Qw(u,w) = Pw(u,w) · f ′(w) , lim
w→+∞

Q(u,w) = 0 . (3.5)

Lemma 3.1. The entropy is dissipative at every singularity for all (k, l) ∈
Ω, i.e.,

Pt + (QF )x + (fQ−wQu − fPu + f2Pw)F ≤ 0 in distribution, (3.6)

if and only if the Lax admissible condition is satisfied.

Let uε be the approximate solutions and F ε be the corresponding
approximate flux. Convergence of uε and F ε follows from compactness.
However, to achieve the existence of a weak solution, F ε must converge
to a correct limit, i.e., as uε → u, we must have

exp

{∫ +∞

x

f(uεx(y)) dy

}
→ exp

{∫ +∞

x

f(ux(y)) dy

}
.

This is not straight forward because x 7→ uεx(t, x) is a measure-valued
function. To overcome this technical difficulty, we make a variable
change, and consider x as function of (t, u). By condition (W1), this
variable change is well-defined, and the map u → xε(t, u) is uniformly
Lipschitz for all t. Then, the inverse slope function u → xεu(t, u) is
uniformly bounded with bounded variation. We define

G(s) =̇ sf(
1

s
) , G′(s) = f(

1

s
)− 1

s
f ′(

1

s
) <∞ , (3.7)

This function is Lipschitz. Then, the flux F ε can be redefined as

F ε(t, u) =̇ exp

{∫ ∞
u

G(xεu(t, v)) dv

}
. (3.8)

The map u 7→ F ε(t, u) is uniformly Lipschitz continuous. The a priori
BV estimates on G(uεx) and F ε can then be used to establish the com-
pactness of a subsequence of approximate solutions towards the correct
limits, achieving existence of weak solutions.

We refer to [19] for details of the proof.
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