
Available online at www.sciencedirect.com
ScienceDirect

J. Differential Equations 261 (2016) 627–653

www.elsevier.com/locate/jde

On the Cauchy problems for polymer flooding 

with gravitation

Wen Shen

Mathematics Department, Penn State University, United States

Received 5 November 2015; revised 23 February 2016

Available online 6 April 2016

Abstract

We study two systems of conservation laws for polymer flooding in secondary oil recovery, one with 
gravitation force and one without. For each model, we prove global existence of weak solutions for the 
Cauchy problems, under rather general assumptions on the flux functions. Approximate solutions are con-
structed through a front tracking algorithm, and compactness is achieved through the bound on suitably 
defined wave strengths. As the main technical novelty, we introduce some new nonlinear functionals that 
yield a uniform bound on the total variation of the flux function.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study two models for enhanced secondary oil recovery by polymer flooding 
in two phases without adsorption terms. In the first model we neglect the effect of the gravitation 
force. The model takes the form of a 2 × 2 system of conservation laws,{

st + f (s, c)x = 0 ,

(cs)t + (cf (s, c))x = 0 ,
(1.1)
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associated with the initial data {
s(0, x) = s̄(x) ,

c(0, x) = c̄(x) .
(1.2)

Here s ∈ R is the saturation of the water phase and c ∈ R is the fraction of the polymer. For any 
fixed c, the mapping s �→ f (s, c) is typically s-shaped. When c remains constant, the two equa-
tions in (1.1) are the same, and the system reduces to a scalar Buckley–Leverett equation [12]. 
We refer to (1.1)–(1.2) as the non-gravitation model.

In the second model, we consider the effect of the gravitation force. The model takes the same 
form as (1.1), but with a different flux function. We have{

st + F(s, c)x = 0 ,

(cs)t + (cF (s, c))x = 0 ,
(1.3)

where the flux function F(s, c) is

F(s, c) = f (s, c)(1 − Kgλ(s, c)) . (1.4)

Here f (s, c) is the same as the fractional flow in (1.1), Kg ≥ 0 is a constant that reflects the 
effect of the gravitation force, and λ(s, c) denotes the mobility of the oil phase. We referred to 
(1.3)–(1.2) as the gravitation model. For a detailed derivation of the models, see e.g. [27,37,9].

The systems demonstrate many interesting properties. It is observed in [49] that if the initial 
data c̄(x) is smooth, then c(t, x) remains smooth for all t > 0. Such special features can be 
viewed more conveniently in a Lagrangian coordinate. Following Wagner’s construction [50], 
one can introduce a coordinate change (t, x) → (ψ, φ), where (ψ, φ) denote the Lagrangian 
coordinates defined as {

φx = −s , φt = f (s, c) ,

ψ = x .
(1.5)

Here φ can be viewed as the potential of the first equation in (1.1). The Eulerian system (1.1)
now takes an interesting form in the Lagrangian coordinates, for s > 0 and f (s, c) > 0,⎧⎪⎪⎨⎪⎪⎩

∂

∂ψ

(
1

f (s, c)

)
− ∂

∂φ

(
s

f (s, c)

)
= 0 ,

∂c

∂ψ
= 0 .

(1.6)

Note that we obtain a triangular system in (1.6), where the second equation is decoupled. Thus 
the value c remains constant in the time variable ψ . Therefore, if the initial data c(0, φ) is smooth, 
it will remain smooth for all ψ > 0. Thanks to the classical result of Wagner [50] on the equiva-
lence between the Eulerian and Lagrangian equations, the weak solutions for (1.1) and (1.6) are 
equivalent for s ≥ so > 0.

For the triangular system (1.6), solutions can be constructed by solving the second equation 
for c, which is constant in “time” ψ but possibly discontinuous in the “space” φ, and plugging it 
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back in the first equation. This procedure results in a scalar conservation law with discontinuous 
flux function.

The system (1.1) and its variations have been studied by many authors. In earlier works, 
solutions of Riemann problems were extensively studied. Johansen, Tveito and Winther [30–32]
constructed global Riemann solver for a model for polymer flooding with adsorption, under the 
additional monotonicity assumption fc < 0, and conducted numerical simulations with front 
tracking. Isaacson and Temple [28] studied the Riemann problem of the non-gravitation polymer 
flooding model. A model for a multicomponent chromatography in two-phase environment is 
studied in [21].

Scalar conservation laws with discontinuous coefficient have large applications, and have been 
studied by many authors. A complete list of references and a comprehensive review is out of 
the scope of this paper. Other models include traffic flow models (see e.g. [13]), models for 
sedimentation of suspensions (see e.g. [15]), elasticity models (see e.g. [36]), and models for 
three phase flow in porous media (see e.g. [34]). See also [1,2,5,4,14,17,18,21,23,25,28,30–33,
36,37,44,49] and the references therein for a more complete list.

For nonlinear hyperbolic systems, it is well known that some additional entropy condition 
needs to be imposed to obtain a unique weak solution. These include the Lax condition [39], 
the Liu condition [40] and the vanishing viscosity limit [10,11], each defined for suitable cases. 
However, it is well known that the triangular system (1.6) is of mixed type. There exist curves in 
the domain where the two eigenvalues and eigenvectors coincide, and the system is parabolic de-
generate along such curves. For such non-hyperbolic systems, there have been several definitions 
of entropy conditions, all confined to the one-dimensional case. Keyfitz & Kranzer [36] proposed 
a “generalized Lax condition” for a model of elasticity. Gimse & Risebro [26,27] proposed the 
“minimum-jump” condition, which is closely related to the Oleinik (E) condition [41]. This was 
further analyzed by Diehl [22,23], known as the minimal variation condition and �-condition, 
which coincides with the vanishing viscosity limit. Other conditions include entropy conditions 
[35], vanishing capillarity limit [5], admissibility conditions via adapted entropies [8,16] or via 
admissible jumps description at the interface [2]. See also [7] for an overview and further refer-
ences.

In recent years, the field of conservation laws with discontinuous flux functions received fo-
cused attention and witnessed exciting advancement. Adimurthi et al. [1] observed that infinitely 
many different, though equally mathematically consistent, notions of solution may coexist. This 
suggests that the choice of the solution notion should be closely related to the modeling proce-
dure. See e.g. [5] for a study on the vanishing capillarity limits of the Buckley–Leverett equation. 
Clearly, the choice of the entropy condition leads to the corresponding Riemann Solver. Garavello 
et al. [24] identified the class of Riemann solvers which leads to existence and uniqueness of the 
corresponding weak entropic solutions. A huge number of works are dedicated to the vanishing 
viscosity limit solutions, see e.g. [26,22,23,48,43,35,16,42,6] and references therein. A partial 
list of other related literatures is included in the reference section of this paper.

We would like to stress that Isaacson & Temple [28] proved existence of weak solutions for 
(1.1), based on the generalized-Lax condition. In [28] the authors constructed approximation so-
lutions for (1.1) using Glimm’s Randon Choice scheme, removing the monotonicity assumption 
of fc < 0. Furthermore, they proposed a singular mapping to measure wave strength, and ob-
tained a global bound on the total wave strength. This bound in term gives a bound on the total 
variation of the flux function. This estimate provides the necessary compactness for the conver-
gence of the approximate solutions generated by the Glimm’s scheme, establishing the existence 
of weak solutions in L1 . Isaacson & Temple [46,29] also showed that in general total variation 
loc
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of the conserved quantity blows up in finite time due to nonlinear resonance, therefore solutions 
are not in BV.

In this paper, we adopt the minimum-jump condition by Gimse and Risebro [26,27], in a spe-
cific way described in detail in the later sections. We introduce some more general Temple-style 
functionals which can be used to control the total wave strength for more general flux functions. 
We remark that, under the monotonicity assumption fc < 0, Temple’s functional [28] can be 
applied to the solutions satisfying the minimum-jump condition, and existence of solution could 
be established for the Cauchy problem for (1.1). However, in this paper, we remove the assump-
tion fc < 0, and prove a more general result. In particular, we allow the graphs of the mappings 
s �→ f (s, c) for different c values to intersect with each other, therefore the Temple functionals 
in [28] cannot be applied. Wave front tracking algorithm will be used to generate piecewise con-
stant approximate solutions. In order to show convergence of the approximate solutions, the key 
estimate is the bound on the total wave strength, suitably defined for this general case. In [44], 
for a model of slow erosion of granular flow with rough geological data, a new wave strength 
functional is introduced, for the case where the graphs of the flux functions can intersect. This 
functional leads to the uniform bound on the total wave strength. The slow erosion model was 
originally derived and studied in [3,45]. However the flux function in the slow erosion model is 
strictly convex and takes a simpler shape than the Buckley–Leverett flux in (1.1). In this paper, 
such nonlinear mapping is extended to the more complex flux functions.

The main results in this paper are the uniform bounds on the total variations of the flux func-
tions for approximate solutions generated by front tracking algorithm. The main tools of analysis 
are two new nonlinear Temple-style functionals to measure the wave strengths for the two mod-
els in (1.1) and (1.3). Using these new functionals, we show that the total wave strengths is 
non-increasing at any interactions. Following a rather standard compactness argument (see e.g. 
[28]), this leads to the convergence of the approximate solutions, and the establishment of the 
global existence of weak solutions.

Solutions of the Riemann problems for (1.1) are constructed using implicitly the insight in 
(1.6). In order to obtain result also in the case s = 0, we work directly in the Eulerian system 
(1.1), solving implicit Riemann problems for a scalar conservation law with discontinuous flux.

The second model (1.3) with gravitation force was studied by various authors. In [27], the 
Cauchy problem for a scalar conservation law for two-phase flow with gravitation and rough 
permeability function was studied. Under the further assumption that λ = λ(s), and fc < 0, the 
simplified model is studied in [37], where the authors proved the existence and L1 stability of 
the solution. The simplification leads to a key property: there exists an ŝ such that F(ŝ, c) = 0
for all c, and Fc > 0 for s ∈ (0, ̂s), and Fc < 0 for s ∈ (ŝ, 1). Therefore, (ŝ, 0) is the only inter-
section points of the graphs of the functions F(s, c1) and F(s, c2) for any two different values 
of c1, c2. The authors took advantage of this structure and designed a functional to measure 
the wave strength, such that the total wave strength is non-increasing in time, in a suitable La-
grangian coordinate. In this paper, we will remove these simplifications, and study the more 
general model.

The rest of the paper is organized as follows. In Section 2 we study the non-gravitation model. 
After stating the precise assumptions and the main results in Section 2.1, we analyze in some de-
tail the solutions of Riemann problems and the structure of the admissible shocks in both families 
in Sections 2.2–2.3. A new wave strength functional is introduced in Section 2.4, and interaction 
estimates are derived in Section 2.5. The front tracking algorithm is defined in Section 2.6, as 
well as the convergence. In Section 3 we study the gravitation model, following a similar struc-
ture. Finally, several concluding remarks are provided in Section 4.
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2. The non-gravitation model

2.1. Assumptions, preliminaries and main results

We denote the domain for the solutions as

D =̇
{
(s, c)

∣∣∣ 0 ≤ s ≤ 1, 0 ≤ c ≤ 1
}

. (2.1)

The fractional flow f (s, c) satisfies the following assumptions:

• For every c, the mapping s �→ f (c, s) is monotone increasing. Furthermore, we have

f (0, c) = 0, f (1, c) = 1, fs(0, c) = 0, fs(1, c) = 0.

• For every c, there exists a unique value ŝ(c) (depending on c), such that fss(ŝ(c), c) = 0. 
Furthermore, it holds: {

fss(s, c) > 0, for 0 ≤ s < ŝ(c),

fss(s, c) < 0, for ŝ(c) < s ≤ 1.
(2.2)

Note that we do not have any monotonicity assumption on the mapping c �→ f . This allows the 
graphs of s �→ f with different c values to intersect with each other, possibly multiple times, on 
the interval 0 < s < 1.

We define the function

g(s, c) =̇ f (s, c)

s
. (2.3)

Straight computation gives the following relations:

g(0, c) = fs(0, c), gs(0, c) = 1

2
fss(0, c). (2.4)

The assumptions on f (s, c) lead to the following assumptions on the function g(s, c):

• For every c we have

g(0, c) = 0, g(1, c) = 1, gs(0, c) > 0.

• For every c, there exists a unique value sM(c) where the mapping s �→ g attains its maxi-
mum value with gs(sM(c), c) = 0 and gss(sM(c), c) < 0. Furthermore, the mapping s �→ g

is strictly increasing for 0 < s < sM , and strictly decreasing for sM < s < 1.
• For every c, there exists a unique value sE(c) such that 0 < sE < 1 and g(sE(c), c) = 1.

Again, the graphs of s �→ g with different c values may intersect with each other, and the inter-
section points are the same as those for s �→ f .

We now define a function �(s, c) which will be used later to measure the wave strength. For 
every c, we let
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Fig. 1. Typical plots for the functions f , g, � for a fixed c.

�(s, c) =̇
s∫

0

|gs(σ, c)| dσ. (2.5)

Clearly, the mapping s �→ � is non-decreasing for every c. Illustrative plots of the three functions 
f (s, c), g(s, c) and �(s, c) for a given c can be found in Fig. 1.

Definition 2.1. The functions (s, c) are called a weak solution of (1.1)–(1.2), if the equation is 
satisfied in a distributional sense, such that

∞∫
−∞

∞∫
0

(sφt + f (s, c)φx) dx dt +
∞∫

−∞
φ(x,0)s̄(x) dx = 0 , (2.6)

∞∫
−∞

∞∫
0

(scφt + cf (s, c)φx) dx dt +
∞∫

−∞
φ(x,0)s̄(x)c̄(x) dx = 0 , (2.7)

for every test function φ ∈C
1
0.

Our first main theorem provides the existence of weak solutions for the Cauchy problems for 
the non-gravitation model.

Theorem 2.2. Assume that the initial data (s̄, c̄) has bounded total variation. Then, there exists 
a weak solution (s(t, x), c(t, x)) for the Cauchy problem (1.1)–(1.2).

The rest of this section is devoted to the proof of this theorem.

2.2. Basic analysis

The system (1.1) can be written in the quasi-linear form[
s

c

]
+

[
fs(s, c) fc(s, c)

0 f (s, c)/s

] [
s

c

]
= 0, (2.8)
t x
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Fig. 2. Integral curves of the eigenvectors for the c-family for the non-gravitation model.

where the coefficient matrix has two eigenvalues

λ1 = fs(s, c), λ2 = f (s, c)/s, (2.9)

and the corresponding two right-eigenvectors

r1 =
[

1
0

]
, r2 =

[ −fc(s, c)

fs(s, c) − f (s, c)/s

]
. (2.10)

Note that the wave families are not labelled according their wave speeds. We refer to the first 
family as the s-family, and the second one as the c-family. For the s-family, the integral curves 
of the eigenvectors are horizontal lines, while for the c-family, they are shown in Fig. 2.

The directional derivative of λ2 along the integral curves of the eigenvector r2 is

∇λ2 · r2 =
[

fs/s − f/s2

fc/s

]
·
[ −fc

fs − f/s

]
= 0.

Thus the second family is linearly degenerate, and every jump in this family is a contact disconti-
nuity. Note that for both families, the shock curves and the rarefaction curves coincide, therefore 
the system is a Temple class. However, it is known that the system is not hyperbolic. Along the 
curve where fs(s, c) = f (s, c)/s, we have λ1 = λ2, and r1 is parallel to r2, thus the system is 
parabolic degenerate. This curve goes through the point on the c-integral curve where it reaches 
a horizontal tangent.

There are two families of waves, referred to as the s-waves and the c-waves. Along an s-wave, 
the c-value remains constant. Consider the Riemann data (sL, c̃) and (sR, c̃) as the left and right 
states. Then, the solution of the Riemann problem consists of only s-waves, which are simply 
the solution of the Riemann problem for a scalar conservation law

st + f (s, c̃)x = 0 , s(x,0) =
{

sL, x < 0 ,

sR, x > 0 .

Since the mapping s �→ f is S-shaped, the solution of the Riemann problem may consist of 
multiple s-waves.

Along a c-wave, both s and c values will vary. Let (sL, cL) and (sR, cR) denote the left and 
right states of a c-wave. The wave speed σc must satisfy the Rankine–Hugoniot jump conditions
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Fig. 3. Connecting the left and right states of a c-wave. Left plot: function f (s, c). Right plot: g(s, c).

σc(s
L − sR) = f (sL, cL) − f (sR, cR) ,

σc(c
LsL − cRsR) = cLf (sL, cL) − cRf (sR, cR) .

Simple computation shows that the wave speed must satisfy

σc = f (sR, cR)

sR
= f (sL, cL)

sL
. (2.11)

For simplicity of the notations, we denote the functions

f L(s) = f (s, cL) , f R(s) = f (s, cR) .

This shows that, two states (sL, cL) and (sR, cR) can be connected by a c-wave, if on the graphs 
of the functions f L and f R , the extension of secant line connecting the left and right states goes 
through the origin. Furthermore, the slope of the ray is exactly the speed of the c-wave. See the 
left plot in Fig. 3. This fact was observed in various previous literature, e.g. [28,49].

2.3. Solutions of the Riemann problems

Generally speaking, solutions to scalar conservation laws with discontinuous flux

ut + f (α(x),u)x = 0 (2.12)

where α(x) contains discontinuities can be obtained as limits of two combined approximations:

(i) Approximate the discontinuous function α(·) by a sequence of smooth functions αn(x).
(ii) Add a viscosity term εnuxx on the right hand side of the equation.

In the case of a triangular system, this leads to adding two different viscosities εn and ε′
n to the 

first and second equations. In general, the two limits do not commute, and different ratios of the 
viscosities γn =̇ ε′

n/εn could yield different limits. Only in special cases, with further assumptions 
on the flux function f , the double limit converges to a unique function.
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For (2.12), assuming that αn approaches α much faster than εn → 0, the vanishing viscosity 
limit is equivalent to the minimum jump condition for solutions of the Riemann problems, see 
[26,22]. In terms of the triangular system, this means that the ratio γn = ε′

n/εn is sufficiently 
small or approaches 0. In this work, we adapt an approach in this direction. We assume that the 
viscosity in the fraction function c is much smaller than that in the saturation function s. Viewed 
in the Lagrangian coordinate, this implies heuristically that the diffusion in the thermodynamics 
is much smaller than that in the hydrodynamic process. Formally, we consider the viscous system{

st + f (s, c)x = εsxx,

(cs)t + (cf (s, c))x = εc sxx.
(2.13)

In the Lagrangian coordinate (ψ, φ) defined in (1.5), the second equation in (1.6) remains un-
changed for the viscous system (2.13).

We remark that our choice of the “entropy condition” is mainly for the convenience of the 
mathematical analysis, and it might not be rigorously correct in the physical sense. The choice is 
only intuitively motivated, while a detailed justification is lacking.

From the discussion in the previous section, we see that to solve a Riemann problem with any 
given Riemann data (sL, cL) and (sR, cR), the key step is to locate the path of the c-wave. Once 
this path is located, then one can find the remaining s-waves by solving a scalar conservation law. 
This leads to the following Riemann problem for a scalar conservation law with an implicitly 
discontinuous flux function, i.e.,

st + f̃ (s, x)x = 0, where f̃ (s, x) =
{

f L(s), x < σct,

f R(s), x > σct,
(2.14)

with Riemann data

s(x,0) =
{

sL, x < 0,

sR, x > 0.
(2.15)

Note that σc is the speed of the c-wave, which is unknown and will be solved together as we 
locate the c-wave path. This makes the Riemann problem implicit.

Motivated by (2.13), we seek the vanishing viscosity limit for the Riemann problem in (2.14), 
i.e., the limit solution of the viscous equation

sε
t + f̃ (sε, c(x − σct))x = εsε

xx, (2.16)

as ε → 0+. Here c(x − σct) has a shock with speed σc.
Assuming now the c-shock speed σc is given, we introduce a coordinate change

y = x − σct, τ = t.

In the new coordinate (τ, y), the viscous equation (2.16) becomes

sε
τ +

(
f̃ (sε, c(y)) − σcs

)
= εsε

yy, (2.17)

y
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where the jump in c is stationary. The vanishing viscosity limit solution for the Riemann problem 
will be the minimum jump solution with the left and right flux functions

f̂ L =̇ f̃ (sε, cL) − σcs, f̂ R =̇ f̃ (sε, cR) − σcs, (2.18)

under the further constraint that the horizontal path for the c-wave passes the origin, i.e.,

f̂ L = f̂ R = 0. (2.19)

We now denote the functions gL(s) = g(s, cL) and gR(s) = g(s, cR). Note that (2.10) implies

σc = gR(sR) = gL(sL). (2.20)

We observe that, on the graphs of the functions gL and gR , the c-wave path is also a horizontal 
line. See the right plot in Fig. 3. The speed of the c-wave is precisely the g-value of this horizontal 
line.

A simple topological argument shows that the minimum jump path using the flux functions 
gL(·) and gR(·) would give exactly the minimum jump path using the flux functions f̂ L(·) and 
f̂ R(·). See Remark 2.5. Furthermore, the constraint (2.19) is automatically satisfied. Thus, we 
will locate the path of the c-wave as the minimum jump path using the flux functions gL(·) and 
gR(·).

To facilitate the readability of this paper, as well as the clarity of the wave interaction estimates 
later in Section 2.5, we describe in some detail the construction of the minimum jump procedure 
for our models. For a more detailed discussion for the general construction, we refer to [26,22].

We denote by I−(sL, gL) the set of ŝ values where the solution of the Riemann problem

st + gL(s)x = 0, s(x,0) =
{

sL, x < 0 ,

ŝ, x > 0 ,

consists of only non-positive waves. The set I−(sL, gL) can be constructed manually. We have

I−(sL, gL) =

⎧⎪⎨⎪⎩
{sL}, 0 ≤ sL < s1,

{sL} ∪ [s̃L,1], s1 ≤ sL < sM,

[sM,1], sM ≤ sL ≤ 1.

Note that the set may include an isolate point {sL}. See Fig. 4 for an illustration. This gives us 
the set that contains candidates for the left state of the c-wave path. We observe that, restricted 
to the set I−(sL, gL), the function gL is decreasing.

Similarly, we denote by I+(sR, gR) the set of ŝ values where the solution of the Riemann 
problem

st + gR(s)x = 0, s(x,0) =
{

ŝ, x < 0,

sR, x > 0,

consists of only non-negative waves. Again, the set I+(sR, gR) can be constructed by hand. We 
have
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Fig. 4. The set I−(sL,gL) where the Riemann problem consists of only non-positive waves.

Fig. 5. The set I+(sR,gR) where the Riemann problem consists of only non-negative waves.

I+(sR, gR) =
{

[0, sM ], 0 < sR < sM,

[0, s̃R] ∪ {sR}, sM ≤ sR ≤ 1.

Note that the set could include an isolated point {sR}. See Fig. 5 for an illustration. The set 
I+(sR, gR) contains candidates for the right state of the c-wave path. We observe that, restricted 
to the set I+(sR, gR), the function gR is increasing.

Given the Riemann data (sL, cL) and (sR, cR), the path of the c-wave must be a horizontal 
line that connects the two points, one on the graph of gL restricted to the set I−(sL, gL) and 
the other on the graph of gR restricted to the set I+(sR, gR). Following the minimum-jump 
condition, this path is chosen such that the jump in the c-value along this path is minimized. 
Thanks to the monotone properties of the g-values on the sets I− and I+ for the function gL

and gR , respectively, the path always exists and is unique. In the case where one or two isolated 
points are on the path, then the path with the most isolated points will be chosen. We call such 
c-waves and their paths as admissible.

Thus, we have proved the following lemma.

Lemma 2.3. There exists a unique global solution for the Riemann problem of (2.14)–(2.15).

Discussions on admissible c-wave paths. Let (sL, cL) and (sR, cR) be the left and right states
of a c-wave, respectively, with g(sL, cL) = g(sR, cR), and write gL(s) = g(s, cL) and gR(s) =
g(s, cR). We also denote by GL , GR the maximum values of the functions gL, gR , respectively.
M M
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Fig. 6. The admissible paths of the c-wave, where (2.21) is not satisfied, and gL
M

< gR
M

.

We define the conditions:

There exists an ŝ such that gL(ŝ) = gR(ŝ) and (gL)′(ŝ) < 0, (gR)′(ŝ) > 0. (2.21)

We remark the close relation between the condition (2.21) and the so-called “crossing condi-
tion” in earlier literatures such as [35,48].

Here is an immediate technical lemma.

Lemma 2.4. For any given values of c1 �= c2, there exists at most one intersection point ŝ for the 
graphs s �→ g(s, c1) and s �→ g(s, c2) that satisfies

gs(ŝ, c1) · gs(ŝ, c2) ≤ 0. (2.22)

Thus, for any (cL, cR), there exists at most one ŝ that satisfies (2.21). We discuss two cases, 
depending on whether (2.21) is satisfied.

Case 1. If (2.21) is not satisfied, then the c-wave path must lie below the smaller value of gL
M

and gR
M . Say, if gL

M < gR
M , then the g-value of the c-wave path must be less than gL

M , and the path 
must connect the parts of graphs where the slopes are of the same sign. See Fig. 6. In the left plot, 
admissible c-wave paths are illustrated. In the middle plot, the path is admissible but its location 
is unstable with respect to perturbation. Adding a small perturbation such that gL(sL) �= gR(sR), 
the resulting c-wave path will be in the region in the left plot, depending on the perturbation. 
Such an unstable path will not be part of any Riemann solution except when this is the Riemann 
data at t = 0. If this occurs, we will add some small perturbation to avoid it. Finally, in the right 
plot the path is not admissible, and the actual c-wave path would be at the line where g = gL

M .
The case where gL

M > gR
M is totally similar, and is illustrated in Fig. 7.

We observe that, the stable admissible c-wave path can only connect the points on graphs of 
gL and gR where the slopes are of the same sign, i.e., (gL)′(sL)(gR)′(sR) ≥ 0.

Case 2. If (2.21) holds, then the g-value for any c-waves must be smaller than the g value at the 
intersection point, i.e., g ≤ gL(ŝ) = gR(ŝ). In Fig. 8, the left plot indicates the admissible c-wave 
paths. Note that the intersection point is an admissible path. In the middle plot we show some 
admissible paths whose locations are unstable with respect to perturbation. The path in the right 
plot is not admissible, and the actual path will be at the intersection point. Note that in this case, 
the intersection point acts as an “attractor” for many c-wave paths. In fact, if gL(sL) ≥ gL(ŝ)

and gR(sR) ≥ gR(ŝ), then the c-wave path will be at this intersection point.
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Fig. 7. The admissible paths of the c-wave, when (2.21) is not satisfied, and gL
M

> gR
M

.

Fig. 8. The admissible paths of the c-wave, where (2.21) holds.

Remark 2.5. We observe that, for an admissible c-wave paths (both stable and unstable), we 
have

(i) If sL < sR , then the upper envelope of the graphs of the functions gL and gR lies above the 
c-wave path on the interval sL < s < sR .

(ii) If sL = sR , then this intersection point can be an admissible path.
(iii) If sL > sR , then the lower envelope of the graphs of the functions gL and gR lies below the 

c-wave path on the interval sL < s < sR .

We remark its resemblance to the classical Oleinik (E) condition [41]. See Diehl [22] on this 
connection for more general flux functions.

Thus, it is obvious that the minimum jump path using the flux functions gL, gR is the same 
as the path using the functions f̂ L, f̂ R in (2.18), since this generalized Oleinik condition is 
equivalent in these two cases.

2.4. Definitions of wave strengths

The wave strength of an s-wave is defined through the function � in (2.5). Let (sL, ĉ) and 
(sR, ĉ) be the left and right states of an s-wave. Then its strength is

|s| =̇
∣∣∣�(sL, ĉ) − �(sR, ĉ)

∣∣∣ . (2.23)
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Fig. 9. The location of (ŝ, ĝ) for various cases.

The strength of the c-waves needs to be defined carefully. Let (sL, cL) and (sR, cR) be the left 
and right states of a c-wave, and let gL(s) = g(s, cL) and gR(s) = g(s, cR) be the flux functions
at the left and right sides of the wave. We denote by sL

M and sR
M the points where gL and gR reach 

their max values, respectively, and denote their max values by gL
M = gL(sL

M) and gR
M = gR(sR

M).
First, we locate the unique point (ŝ, ĝ) as follows.

• If the conditions in (2.21) are satisfied, then we let ŝ be the intersection point, and let ĝ =
gL(so) = gR(so).

• Otherwise, ŝ will be the point where gL or gR attains its maximum values, whichever has 
the smaller maximum value. To be precise, we let

(ŝ, ĝ) =
{

(sL
M,gL

M), if gL
M ≤ gR

M,

(sR
M,gR

M), if gL
M ≥ gR

M.
(2.24)

See Fig. 9 for an illustration.
By the properties of the function g(s, c), the existence and uniqueness of the values (ŝ, ĝ) is 

obvious. Now we define two non-negative quantities (see Fig. 10):

ML = gL
M − ĝ, MR = gR

M − ĝ. (2.25)

The strength of the c-wave is defined as:

|c| =̇

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2ML + 2MR, if (gL)′(sL) ≤ 0 and (gR)′(sR) ≥ 0,

2ML + 4MR, if (gL)′(sL) ≤ 0 and (gR)′(sR) ≤ 0,

4ML + 2MR, if (gL)′(sL) > 0 and (gR)′(sR) ≥ 0,

(unstable), if (gL)′(sL) > 0 and (gR)′(sR) < 0.

(2.26)

Note that the case (gL)′(sL) ≤ 0 and (gR)′(sR) ≥ 0 happens only at: (i) an intersection 
point satisfying (2.21); or (ii) one of the extreme point of gL and gR is in the path, i.e., either 
(gL)′(sL) = 0, or (gR)′(sR) = 0, or both.

For the unstable case with (gL)′(sL) > 0 and (gR)′(sR), it can only occur in the initial dis-
cretization, but never as part of the solution of a Riemann problem. Two approaches could be 
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Fig. 10. The definition of ML and MR in two cases.

adopted. (i) The case will be avoided by an arbitrarily small perturbation in the initial data, 
which is commonly used in wave front tracking algorithm. (ii) Consider this unstable c-wave 
as the composition of an s-waves and a stable c-wave, where both waves are stationary. In this 
paper, we adopt the commonly used approach in (i).

Remark 2.6. If the conditions in (2.21) do not hold, then the definition in (2.26) is equivalent to 
the functional proposed by Temple [47].

2.5. Interaction estimates and the bound on the total wave strength

In this section we prove the following interaction estimates.

Lemma 2.7. At any wave interaction for the non-gravitation model, the total wave strength 
measured in (2.23) and (2.26) is non-increasing. Thus, the total wave strength is non-increasing 
in time.

Proof. When two s-waves interact, they must have the same c values, say c = ĉ. This interaction 
is the same as that of the scalar conservation law

st + g(s, ĉ)x = 0.

Clearly, the total wave strength is non-increasing.
Since all c-waves are contact discontinuities, they will never interact with each other.
It remains to consider the interactions between a c-wave and an s-wave. We study two cases.

Case 1: when (2.21) does not hold. Here the wave strength is the same as Temple’s function [47], 
therefore the interaction estimates are the same as those in [28], and the wave strength is non-
increasing after interaction. The proof follows also a similar argument as the case below. We skip 
the details.
Case 2: when (2.21) holds. Let (ŝ, ĝ) be the intersection point of the graphs of gL, gR . There are 
several types of interactions.

• If the paths of the incoming and outgoing c-waves are on the same side of the intersection 
point, then the total wave strength is clearly unchanged.
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Fig. 11. Interaction estimates for Case 2.

• It can happen that, after interaction, the c-wave path is moved to the intersection point, either 
from the left or from the right. See Fig. 11, plots (1a) and (1b) for all the cases. Let L, Min and 
R denote the three states of the incoming waves. In plot (1a), the incoming c-wave path is on 
the left of and below the intersection point, and it interacts with an s-rarefaction which comes 
from the left, and L lies above the intersection point. After interaction, the intermediate state 
of the out-going waves Mout is located at the intersection point, and we have three waves 
coming out: an s-shock from L to Mout, a c-wave at Mout, and an s-rarefaction from Mout

to R. The total strength of the incoming waves are:

Win = |sin| + |cin| =
[
�L(sL) − �L(sMin)

]
+

[
4ML + 2MR

]
.

The total strength of the 3 outgoing waves are:

Wout = ∣∣sin,1
∣∣ + |cin| +

∣∣sin,2
∣∣

=
[
�L(sMout ) − �L(sL)

]
+

[
2ML + 2MR

]
+

[
�R(sMout) − �R(sR)

]
.

Since

�L(sMout) − �L(sL) ≤ 2ML and �R(sMout ) − �R(sR) ≤ �L(sL) − �L(sMin),

we have Wout − Win ≤ 0. The case in plot (1b) is totally similar.
• An incoming c-wave at the intersection can also be moved to a different location after the 

interaction, as illustrated in plots (2a) and (2b) in Fig. 11. In plot (2a) an incoming s-shock 
interacts with a c-wave which is at the intersection point, where the point L is on the left of 
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and below the intersection point, and R coincide with Min. After the interaction, the c-wave 
path is moved to the left. We have

Win = |sin| + |cin| =
[
�L(sMin) − �L(sL)

]
+

[
2ML + 2MR

]
,

and

Wout = |cout| + |sout| =
[
4ML + 2MR

]
+

[
�R(sR) − �R(sMout )

]
.

Since

�L(sMin) − �L(sL) = 2ML +
[
�R(sR) − �R(sMout)

]
,

we have Wout = Win. Also, the case in plot (2b) is totally similar.
• Finally, the c-wave path can move from one side of the intersection point to the other after 

waves interact, as shown in plots (3a) and (3b) in Fig. 11. In plot (3a), a c-wave on the left 
interacts with a large s-shock on the right, and produce a left-going s-shock and a c-wave. 
We have

Win = |sin| + |cin| =
[
4ML + 2MR

]
+

[
�R(sR) − �R(sMin)

]
,

and

Wout = |sout| + |cout| =
[
�L(sMout ) − �L(sL)

]
+

[
2ML + 4MR

]
.

Since [
�R(sR) − �R(sMin)

]
− 2MR =

[
�L(sMout) − �L(sL)

]
− 2ML,

we conclude Wout = Win. Again, the case in plot (3b) is totally similar.

This completes the proof for Lemma 2.7. �
2.6. Front tracking approximations and the convergence

We generate piecewise constant approximate solutions using a front tracking algorithm. Let 
ε > 0, and we construct two finite sets G = {gi} and C = {ci}, such that

ci < ci+1, gi < gi+1, gi+1 − gi ≤ ε, ci+1 − ci ≤ ε.

Furthermore, we ensure that the set G includes the maximum values g(sM(ci), ci) for every i, 
as well as the g values at the intersection points of the graphs of the functions s �→ g(s, ci) and 
s �→ g(s, cj ) that satisfies the conditions in (2.21), for every i �= j . This can be achieved by 
generating the set C first, and then the set G accordingly.
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For each ci ∈ C, the flux function g[i](s) =̇g(s) is approximated by a piecewise polygonal 
function following Dafermos [20], where the endpoints of the polygonal lines take values only 
in the set G. We denote these flux functions by g[i],ε(s).

The initial data (s̄, c̄) are approximated by piecewise constant functions (s̄ε, c̄ε), as follows. 
We first discretize c̄, taking the discrete values only in the set C. Then, for each cj ∈ C, a piece-
wise polygonal function for the flux g[i],ε(s) is formed, as described above. Finally, s̄ is discretize 
accordingly. For each ci value, the value si is chosen such that the discrete flux g(si, ci) lies in 
the set G. We denote the final discrete flux by gε(s̄ε, c̄ε), and the corresponding � function by 
�ε(s̄ε, c̄ε).

Furthermore, the following estimates hold, for some bounded constants M , M ′:

‖s̄(·) − s̄ε(·)‖L1 ≤ Mε, ‖c̄(·) − c̄ε(·)‖L1 ≤ Mε ,

and

TV
{
c̄ε

} ≤ TV {c̄} , TV
{
�ε(s̄ε, c̄ε)

} ≤ M ′ .

Here the constant M depends on the total variations of s̄, c̄, and M ′ depends on TV{�(s̄, c̄)}
and on the discretization ε. By the assumption on the total variation of the initial data, this 
discretization is well-defined.

Let X = {xi} denote the set of the jumps in either s̄ε or c̄ε . At t = 0, we solve a Riemann 
problem at every xi . Rarefaction waves are represented by a series of small fronts whose size is 
bounded by ε. All fronts travel with Rankine–Hugoniot speed. As time evolves, the fronts will 
interact and new Riemann problems will be solved. The process continues until the final time T
is reached.

The convergence, and consequently the existence of weak solutions, is a direct consequence 
of the bound on the total wave strength. Since the initial data (s̄ε, c̄ε) have bounded variation, the 
initial total wave strength is bounded. Thanks to the wave interaction estimates in Section 2.5, 
the total wave strength remains non-increasing in time. Thus, the total variation of the flux 
g(sε(·, t), cε(·, t)) is uniformly bounded for all t > 0. A straight application of the arguments 
in Temple [47] or Gimse & Risebro [27] leads to the convergence of a subsequence of (sε, cε)

to a weak solution (s(·, t), c(·, t)) in L1
loc as ε → 0+, proving the existence of solutions for the 

Cauchy problem for the non-gravitation model.

3. The model with gravity

3.1. Assumptions, preliminaries and main result

For the gravitation model (1.3), we assume that the oil mobility function λ(s, c) satisfies

λ(0, c) = 1, λo(1, c) = 0, for all c, (3.1)

and for every (s, c) ∈D, we have

λ(s, c) ≥ 0, λs(s, c) ≤ 0, λss(s, c) ≥ 0. (3.2)

We defined the functions
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Fig. 12. The function F(s, c), G(s, c) and �(s, c) for a given c.

G(s, c) =̇ F(s, c)

s
and �(s, c) =̇

s∫
0

∣∣∣∣∂G

∂s
(s̄, c)

∣∣∣∣ ds̄. (3.3)

If 0 < Kg ≤ 1, then the flux F(s, c) > 0 for 0 < s ≤ 1, and the model is equivalent to the 
non-gravitation model. For the rest, we assume Kg > 1, such that F(s, c) < 0 for small values 
of s. See Fig. 12 for an illustration for the plots of the three functions s �→ F(s, c), s �→ G(s, c), 
and s �→ �(s, c) for a given c, if Kg > 1.

By the assumptions on f (s, c) and λ(s, c), it is easy to verify that the function G(s, c) has the 
following properties:

• G(0, c) = 0, G(1, c) = 1, and Gs(0, c) < 0 for every c.
• For every c, there exist two values sm(c) and sM(c) (depending on c) with 0 < sm < sM < 1, 

such that the mapping s �→ G(s, c) attains the minimum and maximum values Gm(c) and 
GM(c), respectively. Also, we have Gss(sm(c), c) > 0 and Gss(sM(c), c) < 0.

• Gs < 0 for s ∈ (0, sm) ∪ (sM, 1), and Gs > 0 for s ∈ (sm, sM).
• For every c, there exists a unique value s0(c) ∈ (0, 1) such that G(s0(c), c) = 0, and another 

unique value s1(c) ∈ (0, 1) such that G(s1(c), c) = 1, with s0 < s1.

See the middle plot in Fig. 12 for an illustration of these notations.
The definition of a weak solution of (1.1)–(1.2) is similar to that of the non-gravitation model.

Definition 3.1. The functions (s, c) are called a weak solution of (1.3)–(1.2), if the equation is 
satisfied in a distributional sense, such that

∞∫
−∞

∞∫
0

(sφt + F(s, c)φx) dx dt +
∞∫

−∞
φ(x,0)s̄(x) dx = 0 , (3.4)

∞∫
−∞

∞∫
0

(scφt + cF (s, c)φx) dx dt +
∞∫

−∞
φ(x,0)s̄(x)c̄(x) dx = 0 , (3.5)

for every test function φ ∈ C
1.
0
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Fig. 13. Typical integral curves of the eigenvectors for the c-family, the gravitation model

Here is the second main theorem, for the gravitation model.

Theorem 3.2. Assume that the initial data (s̄, c̄) have bounded total variation. Then, the Cauchy 
problem (1.3)–(1.2) admits a weak solution (s(t, x), c(t, x)).

We will prove this theorem in the rest of this section. The proof follows the same setting 
as the one for the non-gravitation model, with different details. The solutions of the Riemann 
problems are slightly different. Furthermore, the functional to measure the strength for c-waves 
will be modified. Finally, the proof of interaction estimates is more complicated. Once we obtain 
these estimates, the convergence of the front tracking approximate solutions and the existence 
of solution of the Cauchy problem for the gravitation model follow in a same way. Below, we 
provide a brief proof, explaining only the new details for this model.

3.2. Basic analysis and solutions of Riemann problems

Replacing the function f (s, c) with F(s, c), the eigenvalues and eigenvectors are computed 
in the same way as in Section 2.2. Due to the more complicated shape of the function s �→ F , 
the integral curves of the eigenvectors for the c-family are different, see Fig. 13 for a typical 
plot.

The c-family is linearly degenerate everywhere. Furthermore, there are two curves in the 
domain with Fs(s, c) = F(s, c)/s where the system is parabolic degenerate. These are the curves 
that pass through the horizontal tangent points in the c-integral curves, one in the region G < 0
and the other in G > 0.

The s-waves are waves that connect two states with the same c-value. The jumps in the 
c-family travel with Rankine–Hugoniot speed (2.11) after replacing f with F . The c-wave path 
in the plots of FL(s), FR(s) will lie on a straight line through the origin, similar to the situation 
in Fig. 3.

By a same argument, the implicit Riemann problem using F(s, c) can be replaced by a “non-
implicit” one using G(s, c) as the flux function. The c-wave paths are horizontal lines in the s–G

plane. The construction of the Riemann problem relies on the sets I−(sL, GL) and I+(sR, GR), 
as in Section 2.3.

For the gravitation model, the sets I−(sL, GL) and I+(sR, GR) are illustrated in Fig. 14 for 
all cases. We have
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Fig. 14. The sets I−(sL,GL) (above) and I+(sR,GR) (below) for the gravitation model.

I−(sL,GL) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

[0, sm], if 0 ≤ sL ≤ sm,

[0, s̃L] ∪ {sL}, if sm < sL ≤ s0,

{sL}, if s0 < sL < s1,

{sL} ∪ [s̃L,1], if s1 ≤ sL < sM,

[sM,1], if sM ≤ sL ≤ 1,

(3.6)

and

I+(sR,GR) =

⎧⎪⎨⎪⎩
{sR} ∪ [s̃R, sM ], if 0 ≤ sR < sm,

[sm, sM ], if sm ≤ sR ≤ sM,

[sm, s̃R] ∪ {sR}, if sM < sR ≤ 1.

(3.7)

Note that, GL(s) is decreasing for s ∈ I−(sL, GL) and GR(s) is increasing for s ∈
I+(sR, GR). Therefore, the minimum jump path exists and is unique, and the Riemann prob-
lem has a unique solution.

The following technical lemma is immediate.

Lemma 3.3. For any given c1 �= c2, the graphs of the mappings s �→ g(s, c1) and s �→ g(s, c2)

can have at most two intersection points that satisfy the conditions in (2.21), one for g < 0 and 
the other for g > 0.

A totally similar analysis as those for the non-gravitation model reveals that, the admissible 
and stable c-wave path for g ≥ 0 remains the same, while for g ≤ 0 it is symmetric to the part 
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Fig. 15. The path for admissible and stable c-wave path, in the region where g ≤ 0.

where g ≥ 1. See Fig. 15 for details. The observation in Remark 2.5 on admissible c-shock path 
also holds for the gravitation model.

The front tracking algorithm follows in the same way as in Section 3.3, after replacing g
with G. Furthermore, the set G now would also include the minimum values G(sm(ci), ci).

3.3. Definitions of wave strengths and interaction estimates

The strength of an s-wave is defined using the function � in (3.3). Let (sL, ĉ) and (sR, ĉ) be 
the left and right states of an s-wave. Its strength is measured as

|s| =̇
∣∣∣�(sL, ĉ) − �(sR, ĉ)

∣∣∣ . (3.8)

We now modify the functional for measuring the strength of c-waves. Let (sL, cL) and 
(sR, cR) be the left and right states of a c-wave, where G(sL, cL) = G(sR, cR). Also we de-
note GL(s) = G(s, cL) and GR(s) = G(s, cR). In the region where G ≥ 0, the values (ŝ, Ĝ) and 
(ML, MR) are defined in the same way as in Section 2.4 for the non-gravitation model, after 
replacing g with G. In the region where G ≤ 0, we locate the values (ŝ−, Ĝ−) as follows.

• If there exists an ŝ such that

GL(ŝ) = GR(ŝ) and (GL)′(ŝ) < 0, (GR)′(ŝ) > 0 ,

then we let ŝ− = ŝ, and Ĝ− = GL(ŝ) = GR(ŝ).
• Otherwise, ŝ− will be the point where GL(s) or GR(s) attains its minimum values, 

whichever has the larger value, i.e.,

(ŝ−, Ĝ−) =
{

(sL
m,GL

m), if GL
m ≥ GR

m,

(sR
m,GR

m), if GL
m < GR

m.
(3.9)

The corresponding non-negative values ML−, MR− are defined as:

ML− = Ĝ− − GL
m, MR− = Ĝ− − GR

m. (3.10)

We are now ready to define the strength for the c-wave.
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• If GL(sL) = GR(sR) ≥ 0, then the wave strength is:

|c| =̇

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
4ML− + 2MR−

) + (
2ML + 2MR

)
, if (GL)′(sL) ≤ 0 and (GR)′(sR) ≥ 0,(

4ML− + 2MR−
) + (

2ML + 4MR
)
, if (GL)′(sL) ≤ 0 and (GR)′(sR) ≤ 0,(

4ML− + 2MR−
) + (

4ML + 2MR
)
, if (GL)′(sL) > 0 and (GR)′(sR) ≥ 0,

(unstable), if (GL)′(sL) > 0 and (GR)′(sR) < 0.

(3.11)

• If GL(sL) = GR(sR) ≤ 0, then the wave strength is:

|c| =̇

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
4ML + 2MR

) + (
2ML− + 2MR−

)
, if (GL)′(sL) ≤ 0 and (GR)′(sR) ≥ 0,(

4ML + 2MR
) + (

2ML− + 4MR−
)
, if (GL)′(sL) ≤ 0 and (GR)′(sR) ≤ 0,(

4ML + 2MR
) + (

4ML− + 2MR−
)
, if (GL)′(sL) > 0 and (GR)′(sR) ≥ 0,

(unstable), if (GL)′(sL) > 0 and (GR)′(sR) < 0.

(3.12)

Note that, if G = 0 for the c-wave, then we must have (GL)′(sL) > 0 and (GR)′(sR) > 0, and

|c| = 4ML + 2MR + 4ML− + 2MR−

from both (3.11) and (3.12).
We now study the interaction estimates. We only need to consider the interactions between an 

s-wave and a c-wave. There are three cases.

Case 1. We consider that the three states of the two incoming waves lie in the region G ≥ 0. In 
this region, the definition in (3.11) is equivalent to (2.26), except that an additional constant term 
is added. Therefore, the interaction estimate remains the same as those for the equation without 
gravitation force. Thus, total wave strength is non-increasing at such interactions.
Case 2. We consider that the three states of the two incoming waves lie in the region G ≤ 0. 
Similarly, we observe that the definition in (3.12) is also equivalent to (2.26), but symmetric 
about the s-axis. Again, the total wave strength is non-increasing at such interactions.
Case 3. We consider the case where the three states of the two incoming waves lie in different 
regions of G ≥ 0 and G ≤ 0. Since the G value is constant along the c-wave, then the incoming 
s-wave must cross the line G = 0.

We first claim that, two neighboring waves, with a c-wave on the left and an s-wave on the 
right while the s-wave crosses the line G = 0, are non-approaching. Indeed, if the c-wave path 
has G < 0, then s-wave must have positive wave speed. Similarly, if the c-wave path has G > 0, 
then the s-wave must also have positive wave speed. Since the c-wave is stationary, the two 
waves are non-approaching and can never interact.

It remains to check the case for two neighboring waves, with a c-wave on the right and an 
s-wave on the left, while the s-wave crosses the line G = 0. It is easy to verify that these waves 
are approaching. Let (sL, cL), (sm, cm), (sR, cR) denote the three states of the two incoming 
waves, where (sL, cL)–(sm, cm) is an s-wave and (sm, cm)–(sR, cR) is a c-wave. Let (sLo, cLo)

be the point where the s-wave crosses the line G = 0. Note that we have cL = cm = cL0 . We 
claim that the solution of the Riemann problem at the interaction is equivalent to the following 
three-step Riemann solver, illustrated in Fig. 16 for a typical situation:
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Fig. 16. Wave interaction for Case 3, a typical example.

(i) We solve the interaction with (sLo, cLo), (sm, cm), (sR, cR) as the three states for the in-
coming waves. This interaction belongs to Case 1, where we proved that the total wave 
strength is non-increasing. We let (sMo, cM0) denote the out-going intermediate state. Note 
that cM0 = cR .

(ii) We solve the interaction with incoming states (sL, cL), (sLo , cLo), (sMo, cM0). This interac-
tion belongs to Case 2, where we proved that the total wave strength is also non-increasing. 
We let (sM, cM) denote the right state of the outgoing v-front. Note that cM = cM0 = cR .

(iii) We treat the two out-going s-fronts from the previous two steps, and “merge” them by 
solving a Riemann problem for a scalar conservation with flux GR, with (sM, cM), (sR, cR)

(and cM = cR) as the left and right states, to generate the outgoing s-fronts. The total wave 
strength is non-increasing with this “merging”, which is the same as the interaction between 
two s-waves.

Indeed, it suffices to show that the location of the outgoing c-wave is equivalent in both 
solvers. We first observe that, for any Riemann data (sL, cL), (sR, cR), since the set I−(sL, GL)

in (3.6) contains only G values that lie on the same side of the line G = 0 as GL = G(sL, cL), 
then the c-wave path must also lie on the same side of G = 0 as GL. Then, for this case, after 
interaction, the c-wave path is moved to the other side of G = 0, i.e., the same side where (sL, cL)

lies.
Furthermore, we observe that, for a fixed left state (sL, cL), the c-wave path is the same for 

the two cases: (i) (sR, cR) strictly on the other side of G = 0, and (ii) (sR, cR) lies on the line 
G = 0. Thus, we conclude that the outgoing c-wave is the same for the normal Riemann problem 
and our three-step Riemann solver.

Finally, since the total wave strength is non-increasing in each of the three steps, it remains 
non-increasing after the interaction. This estimate gives a uniform bound on the total wave 
strength in all time, and in term it gives the convergence of the front tracking approximate solu-
tions and the existence of weak solution for the Cauchy problem for the gravitation model. This 
completes the proof of Theorem 3.2.

4. Concluding remarks

We conclude the paper with several remarks.
(1). It would be interesting to extend the result to a multi-component model where c is a 

vector in Rn−1, such that (1.1) (or (1.3)) is an n × n system. In the Lagrangian coordinate the 
system still becomes decoupled, and (1.6) holds. We have n − 1 decoupled equations, one for 
each component ci . The first equation with s is the only coupled equation that connects s with the 
c values. We denote these linearly degenerate families as the ci-families for i = 1, 2, · · · , n − 1. 
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Thanks to this decoupling property, the ci-waves will never intersect with each other, not even 
among ci -families with different i-values. Much of the analysis could be carried out in a very 
similar way as in this paper, and the same results hold.

(2). The functionals designed here to measure wave strength, in (2.26) and (3.11)–(3.12), are 
unfortunately very “custom-made”. It is rather hard to extend these nonlinear singular mappings 
to general flux functions. It is highly desirable, if possible, to device a more flexible definition 
that allows such extensions.

(3). It is known that in general the double limit of the viscous triangular system{
ut + f (u, v)x = εnuxx

vt = ε′
nvxx

(4.1)

as εn, ε′
n → 0 is not unique. In this case, our results only apply to the case where the ratio ε′

n/εn

is sufficiently small or 0.
It is of interests to identify sufficient conditions on f (u, v) that gives the unique double limit. 

It seems intuitive to conjecture that, the uniqueness of the double limit can be achieved, if the 
mapping v �→ f is monotone, i.e., either strictly increasing or decreasing.

(4). For scalar conservation laws with discontinuous flux, uniqueness results have been 
achieved through different techniques [2,6,8,19,35,42,43,48]. For the polymer flooding model, 
using the triangle system (1.6) in the Lagrangian coordinate and the equivalence result of Wag-
ner [50], uniqueness is proved for the case fc > 0 in [37], through the classical Kruzhkov 
variable-doubling technique with mollifier [38]. A similar approach could be applied here, pos-
sibly utilizing a Kruzhkov-type entropy inequality derived from the vanishing viscosity limit of 
(2.13).
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