
Abstract. The paper is concerned with a non-cooperative differential game
for two players. We first consider Nash equilibrium solutions in feedback
form. In this case, we show that the Cauchy problem for the value functions is
generically ill-posed. Looking at vanishing viscosity approximations, one can
construct special solutions in the form of chattering controls, but these also
appear to be unstable.

In the second part of the paper we propose an alternative ‘‘semi-cooper-
ative’’ pair of strategies for the two players, seeking a Pareto optimum instead
of a Nash equilibrium. In this case, we prove that the corresponding Ham-
iltonian system for the value functions is always weakly hyperbolic.
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1. Introduction

A differential game models a situation where two or more individuals operate
in a same environment, with different (possibly conflicting) goals. We shall
assume here that the game has finite duration in time, and that the payoff of
each player depends on the state of the system during the game or at the
terminal time, and on the cost incurred while implementing his strategy.

For example, consider two companies which expect to launch on the market
the same type of product, at a future time T . Let xðtÞ 2 ½0; 1� be the market share
of the first company at time t 2 ½0; T �, while 1 � xðtÞ is the market share of the
second. Calling u1ðtÞ, u2ðtÞ the intensity of advertising by the two companies, the
change in time of this market share may be described by the differential equation

d
dt
xðtÞ ¼ xð1 � xÞ½u1ðtÞ � u2ðtÞ�:
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The profits of two companies will depend on their share of the market at the
time T , minus the cost of advertising, say

J1¼: g1ðxðT ÞÞ �
Z T

0

h1ðu1ðtÞÞdt; J2¼: g2ð1 � xðT ÞÞ �
Z T

0

h2ðu2ðtÞÞdt;

where g1; g2; h1; h2 are positive, increasing functions of their arguments. No-
tice that here the relevant state of the system, i.e. the market share, is de-
scribed by the one-dimensional variable x ¼ xðtÞ.

In this context, the goal of mathematical analysis is to identify ‘‘optimal’’
or at least ‘‘rational’’ strategies for the various players, and predict actual
behavior in real-life situations. A major step in the understanding of non-
cooperative games with several players was provided by the concept of non-
cooperative equilibrium, introduced by J. Nash [Na]. We recall that a profile
of strategies for the various players constitutes a Nash equilibrium if,
whenever one single player modifies his strategy, his own payoff will not
increase.

This concept was first formulated in the context of static games, where no
time-evolution is involved. It is natural to explore the relevance of Nash
equilibria also in connection with differential games. We remark that in this
case the information available to the players is a crucial aspect of the game. If
each player has knowledge only of the initial state of the system, then his
strategy must be a function of time only, say ui ¼ UiðtÞ. Such strategies are
called open-loop strategies. On the other hand, if the players can directly
observe the state xðtÞ of the system at every time t 2 ½0; T �, then they can
adopt feedback strategies: ui ¼ Uiðt; xÞ also depending on x. For the two cases
of open-loop and feedback (closed-loop) strategies, the Nash equilibrium
solutions can be substantially different.

Results on the existence of open-loop strategies can be found in [F1], [VZ].
In the present paper, we analyze the existence and stability of Nash equilib-
rium strategies in feedback form. Assuming that the dynamics of the system
and the payoffs are given by smooth functions, the problem can be attacked
using tools from partial differential equation (P.D.E.) theory. As in the
standard theory of optimal control, the basic objects of our study are the
value functions Vi. Roughly speaking, Viðs; yÞ denotes the payoff expected by
the i-th player, if the game were to start at time s, with the system in the state
xðsÞ ¼ y. As shown in [F1], these value functions satisfy a system of first order
partial differential equations, with data specified at the terminal time t ¼ T . In
turn, from the gradients of these value functions one can recover the Nash
feedback strategies for the various players.

The key question is whether this system of Hamilton-Jacobi equations for
the value functions admits a solution. Moreover, is this solution unique? How
is it affected by small perturbations of the data? Classical P.D.E. theory
provides conditions under which the Cauchy problem is ‘‘well-posed’’, i.e. it
admits a unique solution depending continuously on the initial data. The
basic requirement is that the system should by hyperbolic. For a given system
of P.D.E’s, hyperbolicity amounts to an algebraic condition on the matrices
of coefficients and could be checked in practice.

We mention that the special case of two-players, zero-sum games has been
widely studied. In this case, the value functions satisfy V1ðt; xÞ ¼ �V2ðt; xÞ.
Hence the system of P.D.E’s reduces to a single scalar Hamilton-Jacobi

182/0180/2 A. Bressan and W. Shen



equation for V1, which is now well understood thanks to the theory of vis-
cosity solution of Crandall and Lions, see [BC].

In [BS] we studied the Nash equilibrium of differential games where the
state of the system is described by a one-dimensional variable. We identified
sufficient conditions for the corresponding system of conservation laws to be
hyperbolic. In the hyperbolic case, we proved that the Cauchy problem of
conservation laws is well-posed, and its solution would in turn yield a Nash
equilibrium for the differential games.

In the present paper we show that, when the state space is multi-dimen-
sional, the corresponding system of P.D.E’s is generically not hyperbolic, and
the Cauchy problem is not well-posed. We study in detail a particular one-
dimensional example where hyperbolicity fails, and construct a family of
unstable, highly oscillatory solutions. Our conclusion is that the concept of
Nash equilibrium is not appropriate for the study of feedback strategies for
differential games in continuous time. Indeed, solutions are extremely sensitive
to small perturbations of the data, so that the mathematical model has no
predictive power.

To replace the situation, one possibility is to introduce some stochasticity
in the system [F2,Mn]. The presence of random inputs, in the form of white
noise, has a well known stabilizing effect since it transforms the system into a
parabolic one. Another possibility, explored in the present paper, is to allow
some degree of cooperation among the players. As proved by Smale in
connection with the repeated prisoner’s dilemma [Sm], even if the players do
not communicate with each other, over a period of time they can devise
strategies converging to a Pareto optimum. In the setting of differential games
we prove that, if these semi-cooperative strategies are implemented, then the
system of P.D.E’s for the value functions turns out to be always hyperbolic, at
least in a weak sense. Partial cooperation thus removes the most severe
instabilities found among Nash non-cooperative equilibrium solutions.

2 Outline of the paper

We study feedback solutions for a non-cooperative differential game
involving two players. The evolution of the system is governed by a differ-
ential equation of the form

_xðtÞ ¼ f1ðx; u1Þ þ f2ðx; u2Þ; ð2:1Þ
with initial data

xðsÞ ¼ y 2 Rm: ð2:2Þ
Here

t 7!uiðtÞ 2 Ki is the control implemented by the i-th player (i ¼ 1; 2). We
assume that each Ki is a subset of some Euclidean space Rn. Together with
(2.1) we consider the payoff functionals

Ji ¼ Jiðs; y; u1; u2Þ¼
:
gi
�
xðT Þ

�
�
ZT
s

hi
�
xðtÞ; uiðtÞ

�
dt; ð2:3Þ

consisting of a terminal payoff gi and a running cost hi. The goal of the i-th
player is to maximize Ji. We recall that a pair of feedback strategies

Semi-cooperative strategies for differential games 182/0180/3



u1 ¼ U�
1 ðt; xÞ; u2 ¼ U�

2 ðt; xÞ;
is called a Nash equilibrium solution if the following holds. For each i ¼ 1; 2, if
the i-th player chooses an alternative strategy Ui while the other player sticks
to his previous strategy U �

j , then the payoff for the i-th player does not
increase. Namely

J1ðs; y;U1;U �
2 Þ � Jiðs; y;U �

1 ;U
�
2 Þ; J2ðs; y;U �

1 ;U2Þ � Jiðs; y;U�
1 ;U

�
2 Þ;

ð2:4Þ
for every alternative strategies U1;U2. Assume that a value function
V ¼ ðV1; V2Þ exists, so that Viðt; xÞ is the payoff for the i-th player, when the
game starts from the position x at time t and everyone plays optimally but no
cooperation is allowed. Under suitable regularity conditions (see [F1], p.292),
the function V provides a solution to the system of Hamiltonian equations

@

@t
Vi þ Hiðx;rV1;rV2Þ ¼ 0; ð2:5Þ

with terminal data

ViðT ; xÞ ¼ giðxÞ: ð2:6Þ
The Hamiltonian functions Hi are defined as follows. Assume that, for any
given gradient vectors p1; p2 2 Rn, there exist optimal control values u�j ðx; pjÞ,
j ¼ 1; 2, such that

pj � fi x; u�j ðx; pjÞ
� �

� hj x; u�ðx; pjÞ
� �

¼ max
x2Kj

�
pj � fjðx;xÞ � hjðx;xÞ

�
:

ð2:7Þ
Then

Hiðx; p1; p2Þ ¼ pi �
h
f1 x; u�1ðx; p1Þ
� �

þ f2 x; u�2ðx; p2Þ
� �i

� hi x; u�i ðx; piÞ
� �

:

ð2:8Þ
In the one dimensional case, differentiating (2.5) w.r.t. x one obtains a system
of conservation laws for the gradient functions pi¼: Vi;x, namely

pi;t þ Hiðx; pÞx ¼ 0: ð2:9Þ
In the earlier paper [BS], the authors derived conditions which guarantee that
the system (2.9) is hyperbolic. If this happens, it was proved that the weak
solution to this system of conservation laws yields a Nash equilibrium solu-
tion to the differential game.

The present paper is mainly concerned with the alternative case, where the
system is not hyperbolic. In Section 3 we first observe that hyperbolicity
generically fails for systems of the form (2.5), whenever the state x lies in a space
of dimension n � 2. This has severe implications for the existence of a Nash
equilibrium feedback, because the Cauchy problem (2.5)-(2.6) is then ill-posed.
Notice that the present situation is quite different from the case of two-person,
zero-sum differential games, where the value function can be characterized as
the unique viscosity solution of a scalar Hamilton-Jacobi equation (see [BC]).

In Section 4 we focus our attention on a particular one-dimensional sys-
tem, in a region where hyperbolicity fails. In an attempt to recover some
stability, we first add a small viscosity and obtain the parabolic system
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p1;t � ðp2
1=2 þ p1p2Þx ¼ ep1;xx;

p2;t � ðp2
2=2 þ p1p2Þx ¼ ep2;xx:



ð2:10Þ

Here the main interest is in the region where p1p2 < 0. By Fourier analysis,
one easily checks that the constant solutions

p1ðt; xÞ ¼ �p1; p2ðt; xÞ ¼ �p2

are unstable w.r.t. low frequency perturbations. We shall prove the existence
of solutions of (2.10) in the form of periodic travelling waves. From the
computations in the Appendix, it also follows the existence of special solu-
tions which initially lie arbitrarily close to a constant state, but converge to a
periodic travelling wave for t ! 1. Letting the viscosity coefficient e ! 0þ, a
periodic travelling wave of (2.10) yields a measure-valued solution of the
corresponding system without viscosity (see [FL] for a similar approach to
conservation laws inside an elliptic region). From the point of view of dif-
ferential games, this limit represents a pair of Nash equilibrium strategies of
chattering nature. The two players implement periodic controls uiðtÞ which
oscillate with higher and higher frequency as e ! 0. A further analysis,
however, shows that even these periodic travelling wave solutions are
unstable. More general instability results can be found in [OZ1,OZ2,S2]. In
regions of ellipticity, the behavior of vanishing viscosity solutions thus ap-
pears to be extremely irregular. The eventual conclusion of our analysis is
that, except for a few special cases, the concept of Nash non-cooperative
equilibrium is not appropriate to study differential games in continuous time.
Indeed, it generically leads to ill-posed Cauchy problems. The highly unstable
nature of the solutions does not allow one to extract any useful information
from the mathematical model.

In an attempt to readdress this situation, in the second part of the paper
we propose some alternative strategies for the two players. These will be
different from the Nash equilibrium strategies, and generally lead to well-
posed Cauchy problems for the value functions.

If full cooperation were possible, then the players would simply choose the
strategy that maximizes the sum J1 þ J2 of the two payoffs. In this case, u1; u2

can be regarded as components of one single control function. The optimi-
zation problem thus fits entirely within the framework of optimal control
theory. The only additional feature arising from the differential game is the
possible side payment that one of the players should make to the other, to
preserve some fairness.

In the case where the two players cannot communicate and are not al-
lowed to make side payments, their behavior can still drift away from a Nash
equilibrium and approach a Pareto optimum which improves both of their
payoffs. In connection with the iterated prisoner’s dilemma, a mechanism
which allows this transition was proposed by S. Smale [Sm]. In Section 5 we
observe that these same ideas are appropriate also in continuous time. We call
these strategies ‘‘semi-cooperative’’. At each given time, they seek the unique
Pareto optimum which yields to both players the same improvement, com-
pared with the Nash equilibrium.

When these semi-cooperative strategies are implemented, the equations (5)
for the value functions become different. Indeed, the Hamiltonian functions
Hiðx; p1; p2Þ in (2.8) are now defined in terms of controls u�i ðx; p1; p2Þ attaining
a Pareto optimum instead of a Nash equilibrium. A remarkable fact, proved
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in Section 6, is that with these new Hamiltonians the system (2.5) is always
weakly hyperbolic. This looks promising in connection with the Cauchy
problem (2.5)-(2.6) for the value functions. Indeed, our semi-cooperative
solutions will not experience the severe instabilities of the Nash solutions. It is
thus expected that some existence theorem should hold in greater generality.

Remark 1. Throughout this paper we always consider a system with smooth,
strictly convex running cost functions. This allows us to use basic P.D.E. theory
in the analysis of the value function. On the other hand, earlier studies of
differential games [CP], [O] were concerned with ‘‘degenerate’’ cases, where
the running cost is piecewise affine, possibly taking the value þ1. In these
cases, a Nash equilibrium solution could be constructed ‘‘by hand’’, piecing
together a finite number of trajectories (corresponding to constant controls),
and instabilities would not be easily detected.

Another class of non-cooperative games that have received considerable
attention are those with linear dynamics and quadratic running cost functions,
as in [BO]. In this special case, at each time t the value functions are always
quadratic polynomials w.r.t. the space variables. The backward Cauchy
problem corresponding to (2.5)-(2.6) thus reduces to a finite dimensional
system of O.D.E’s, which always has at least a local solution. This provides
examples of possibly ill-posed Cauchy problems, where solutions are always
found, thanks to the very special form of the data (quadratic polynomials).

3 Generic instability

We begin by recalling some basic results concerning systems of P.D.E’s in
several space dimensions [S1]. Consider the linear system on Rm with constant
coefficients:

@

@t
vþ

Xm
a¼1

Aa
@

@xa
v ¼ 0: ð3:1Þ

Here t is time, x ¼ ðx1; . . . ; xmÞ is the space variable while v ¼ ðv1; . . . ; vnÞ is the
dependent variable. For each vector n ¼ ðn1; . . . ; nmÞ 2 Rm we define the lin-
ear combination

AðnÞ¼:
X

a

naAa:

Definition 1. The system (3.1) is hyperbolic if there exists a constant C such
that

sup
n2IRm

�� exp iAðnÞ
�� � C: ð3:2Þ

Of course, the matrix exponential is defined as

exp iAðnÞ¼:
X1
k¼0

iAðnÞð Þk

k!
:
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The above definition is motivated by the following well known result [S1].

Lemma 1. The initial value problem for the system (3.1) is well-posed in
L2ðRmÞ if and only if the system is hyperbolic.

Indeed, given an initial condition uð0; xÞ, the solution can be computed by
Fourier transform. The vector valued function

ûðt; nÞ ¼ ð2pÞ�m=2

Z
Rm

e�in�xuðt; xÞdx

satisfies the evolution equation

@

@t
ûðt; nÞ ¼ �iAðnÞûðt; nÞ:

Therefore

ûðt; nÞ ¼ exp �itAðnÞð Þûð0; nÞ;

uðt; xÞ ¼ ð2pÞ�m=2

Z
Rm

ein�xûðt; nÞdx:

Observing that tAðnÞ ¼ AðtnÞ, since the Fourier transform is an isometry on
L2, we have

uðtÞk kL2 ¼ ûðtÞk kL2� sup
n2Rm

expð�itAðnÞÞk k � ûð0Þk kL2

¼ sup
n2Rm

exp iAðnÞk k � uð0Þk kL2 :

If (3.2) holds, then for any given time t > 0, the flow map uð0Þ7!uðtÞ is a
bounded linear operator on L2ðRmÞ. Viceversa, if (3.2) fails, for any time t > 0
and any constant M we can find an open set of X � Rm such that

k expð�itAðnÞÞk > M

for all n 2 X. Choosing a suitable initial data uð0Þ whose Fourier transform
ûð0Þ is supported inside the set X, one can thus construct a solution such that

uðtÞk kL2 ¼ ûðtÞk kL2¼
Z ��� expð�itAðnÞÞûð0; nÞ

���2

dn
 �1=2

>

Z
jMûð0; nÞj2dn

 �1=2

¼ M
��ûð0Þ��

L2 ¼ M
��uð0Þ��

L2 :

Since M can be arbitrarily large, we conclude that the solution operator is not
continuous as a linear map within the space L2ðRmÞ.

For an extension of this result to the case of linear systems with variable
coefficients, see [Lx]. A necessary condition for hyperbolicity which can be
easily checked in practice is the following.

Lemma 2. If the system (3.1) is hyperbolic, then for every n 2 Rm the matrix
AðnÞ has n real eigenvalues k1ðnÞ; . . . ; knðnÞ.

Indeed, call qðMÞ the spectral radius of a matrix M . The assumption of
hyperbolicity implies
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sup
n2Rm

q
�

exp iAðnÞ
�
< 1:

Observing that, for every integer k,

exp iAðknÞ ¼
�

exp iAðnÞ
�k
;

we deduce that the spectral radii of the matrices

exp iAðnÞ; exp
�
� iAðnÞ

�
¼
�

exp iAðnÞ
��1

are both ¼ 1. Since the eigenvalues of expM are the exponentials of the
eigenvalues of the matrix M , we conclude that all eigenvalues of iAðnÞ must be
purely imaginary. Hence all eigenvalues of AðnÞ must be real.

The above lemma motivates

Definition 2. The system (3.1) is weakly hyperbolic if, for every n 2 Rm, all
eigenvalues of the matrix AðnÞ are real.

Notice that, by Lemma 2, every linear hyperbolic system is weakly hyper-
bolic. The viceversa does not hold. For example, in one space dimension the
system ut þ Aux ¼ 0 is hyperbolic if and only if the matrix A admits a basis of
real eigenvectors. This condition is strictly stronger than having real eigen-
values. According to the previous lemmas, weak hyperbolicity is thus a nec-
essary (but not sufficient) condition for the Cauchy problem to be well-posed.

Next, consider a nonlinear system. A definition of hyperbolicity can still
be given, by looking at the corresponding linearizations. To fix the ideas,
consider the system of Hamilton-Jacobi equations in m space dimensions

@tVi þ Hiðx;rxV1; . . . ;rxVnÞ ¼ 0 i ¼ 1; . . . ; n: ð3:3Þ
At a given point ðx; p1; . . . ; pnÞ 2 Rð1þnÞm, with

x 2 Rm; pi¼
: rxVi ¼ ðpi1; . . . ; pimÞ 2 Rm;

the linearization of (3.3) takes the form

@vi
@t

þ
X
j;a

@Hi

@pja
ðx; p1; . . . ; pnÞ

� �
� @vj
@xa

¼ 0 i ¼ 1; . . . ; n: ð3:4Þ

Observe that this is a linear system with constant coefficients of the form (3.1),
with

ðAaÞij ¼
@Hi

@pja
ðx; p1; . . . ; pnÞ: ð3:5Þ

Definition 3. The system (3.3) is hyperbolic (or weakly hyperbolic) on a do-
main X � Rð1þnÞm if, for every ðx; p1; . . . ; pnÞ 2 X the linearized system (3.4) is
hyperbolic (weakly hyperbolic, respectively).

To study the stability of a solution to a nonlinear system, a key step is the
analysis of the corresponding linearized system. In view of Lemmas 1 and 2,
and their extension [Lx] to systems with non-constant coefficients, if weak
hyperbolicity fails, small perturbations can be instantly amplified by an
arbitrarily large factor. Hence the Cauchy problem cannot be well-posed.
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In the remainder of this section we consider a system of Hamilton-Jacobi
equations for the value functions in a noncooperative differential game, ob-
tained as a Nash equilibrium. Our following two examples show that, in
several space dimensions, in general this system is never weakly hyperbolic.
Hence the Cauchy problem is not well-posed.

Example 1. Consider a game for two players in m space dimensions, with
dynamics

_x ¼ f0ðxÞ þ u1 þ u2; u1; u2 : ½0; T �7!Rm: ð3:6Þ
As remarked in Section 6 of [BS], a larger class of games can be reduced to the
form (3.6), by a suitable reparametrization. We consider the same initial data
and payoff functionals as in (2.2)-(2.3). We assume that every function hi is
uniformly convex w.r.t. ui, so that the Hessian D2hi is strictly positive definite
at every point. Call pi¼: rxVi the gradient of the i-th value function Vi. The
Nash equilibrium strategies are obtained as

u�i ðx; piÞ ¼ arg max
x

�
pi � x � hiðx;xÞ

�
:

Note that, in the above expression, x is allowed to range over the whole space
Rm. Since the gradient vanishes at a point of maximum, the above implies

pi �rhi x; u�i ðx; piÞ
� �

¼ 0: ð3:7Þ
The system of Hamilton-Jacobi equations for the value functions takes the
form

V1;t þ p1 � f0ðxÞ þ u�1ðx; p1Þ þ u�2ðx; p2Þ
� �

� h1ðx; u�1ðx; p1ÞÞ ¼ 0;

V2;t þ p2 � f0ðxÞ þ u�1ðx; p1Þ þ u�2ðx; p2Þ
� �

� h2ðx; u�2ðx; p2ÞÞ ¼ 0:

8><>:
In order to check hyperbolicity, we need to compute the eigenvalues of the
matrix AðnÞ, for any unit vector n 2 Rm. For notational simplicity, we con-
sider here the case n ¼ e1, where e1 is the first vector in an orthonormal basis.
One finds

A1 ¼ Aðe1Þ ¼
@H1

@p11

@H1

@p21

@H2

@p11

@H2

@p21

0@ 1A:

Writing u�i ¼ ðu�i1; � � � ; u�imÞ 2 Rm and f0 ¼ ðf01; � � � ; f0mÞ 2 Rm, using (3.7) we
obtain

Aðe1Þ ¼
f01 þ u�11 þ u�21 p1 � Du�2 � e1;

p2 � Du�1 � e1 f01 þ u�11 þ u�21

0@ 1A:

Here Du�i denotes the Jacobian matrix of first order derivatives of u�i w.r.t. pi.
The matrix Aðe1Þ will have complex eigenvalues if and only if

p1 � Du�2 � e1

� �
� p2 � Du�1 � e1

� �
< 0:

We now observe that, up to a rotation of the standard basis, any unit vector
can be taken as e1. In particular, under the generic assumption that the two
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vectors p1 � Du�2 and p2 � Du�1 are not parallel, one can find a unit vector e1 such
that

p1 � Du�2 � e1 < 0; p2 � Du�1 � e1 > 0:

Therefore, the system (3.6) is not weakly hyperbolic.

Example 2. Let f0; f1; f2 be smooth vector fields on R
m and consider a game for

two players with dynamics

_x ¼ f0ðxÞ þ f1ðxÞu1 þ f2ðxÞu2; u1; u2 : ½0; T �7!R: ð3:8Þ
The initial data and the payoff functionals are as in (2.2)–(2.3). In this case,
the optimal controls are found to be

u�i ðx; piÞ¼
:

arg max
x

�
pi � fiðxÞx � hiðx;xÞ

�
:

The value functions Vi now satisfy the system of Hamilton-Jacobi equations

V1;t þ p1 �
�
f0ðxÞ þ f1ðxÞu�1ðx; p1Þ þ f2ðxÞu�2ðx; p2Þ

�
� h1 x; u�1ðx; p1Þ

� �
¼ 0;

V2;t þ p2 �
�
f0ðxÞ þ f1ðxÞu�1ðx; p1Þ þ f2ðxÞu�2ðx; p2Þ

�
� h2 x; u�2ðx; p2Þ

� �
¼ 0:

8<:
Notice that u�1; u

�
2 are now scalar functions. In connection with the unit vector

e1, we find

A1 ¼ Aðe1Þ ¼
ðf0 þ f1u�1 þ f2u�2Þ � e1 ðp1 � f2Þðru�2 � e1Þ

ðp2 � f1Þðru�1 � e1Þ ðf0 þ f1u�1 þ f2u�2Þ � e1

0@ 1A
This matrix has complex eigenvalues if and only if

ðp1 � f2Þðru�2 � e1Þ � ðp2 � f1Þðru�1 � e1Þ < 0:

Under generic conditions, the two inner products ðp1 � f2Þ and ðp2 � f1Þ are
both 6¼ 0. Moreover the two gradients ru�1;ru�2 are not parallel. It is thus
possible to find a unit vector e1 such that

sign
�
ðru�1 � e1Þðru�2 � e1ÞÞ

�
6¼ sign

�
ðp1 � f2Þðp2 � f1Þ

�
:

Again we conclude that the hyperbolicity condition generically fails.

4. A study of vanishing viscosity limits

In this section we study in greater detail an example of a differential game on
a domain where hyperbolicity fails. Consider a two-persons non-cooperative
differential game in one space dimension, with the simple dynamics

_x ¼ u1 þ u2; xðsÞ ¼ y; ð4:1Þ
and payoff functionals

Ji ¼ Jiðs; y; u1; u2Þ ¼ gi
�
xðT Þ

�
�
ZT
s

u2
i

2
dt i ¼ 1; 2: ð4:2Þ
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Here ui is the control implemented by the i-th player, while gi is his terminal
payoff. Let V1, V2 be the corresponding value functions, and call p1¼: V1;x and
p2¼

: V2;x their spatial derivatives. The corresponding optimal feedback control
u�i for the i-th player is

u�i ðpiÞ ¼ arg max
x

�
pi � x � ðx2=2Þ

�
¼ pi; ð4:3Þ

and the Hamiltonian functions are

Hiðp1; p2Þ ¼ ðp1 þ p2Þpi � p2
i =2; i ¼ 1; 2:

Therefore p ¼ ðp1; p2Þ satisfies a 2 � 2 system of conservation laws, solved
backward in time

pi;t þ Hiðp1; p2Þx ¼ 0; piðx; T Þ ¼ gi;xðxÞ:
Setting s ¼ T � t, and still using t as time variable, we obtain a more standard
Cauchy problem, to be solved forward in time:

p1;t � ðp2
1=2 þ p1p2Þx ¼ 0;

p2;t � ðp2
2=2 þ p1p2Þx ¼ 0;

(
ð4:4Þ

with the initial data

p1ð0; xÞ ¼ g1;xðxÞ; p2ð0; xÞ ¼ g2;xðxÞ: ð4:5Þ
The system (4.4) can be written in quasi-linear form

pt � AðpÞpx ¼ 0; AðpÞ¼: p1 þ p2 p1

p2 p1 þ p2

 �
: ð4:6Þ

The eigenvalues of the matrix AðpÞ are real if p1p2 � 0, and complex if
p1p2 < 0. In particular, if the initial data are such that

g1;xðxÞ > 0; g2;xðxÞ > 0

for all x 2 R, then by the analysis in [BS] a Nash equilibrium feedback
solution can be obtained by solving the hyperbolic system of conservation
laws (4.4). Throughout the following, we instead focus our attention on
solutions with p1p2 < 0. As a first step, we add a small viscosity and consider
the parabolic system

pe
t � AðpeÞpe

x ¼ epe
xx: ð4:7Þ

This system is related to a stochastic differential game with dynamics

dx ¼ ðu1 þ u2Þdt þ edx;

where x denotes a standard Brownian motion, as in [F2]. Observe that
pe ¼ ðpe

1; p
e
2Þ provides a solution to (4.7) if and only if

peðt; xÞ ¼ pðt=e; x=eÞ;
where p ¼ ðp1; p2Þ solves the system with unit viscosity

p1;t � ðp2
1=2 þ p1p2Þx ¼ p1;xx;

p2;t � ðp2
2=2 þ p1p2Þx ¼ p2;xx:

(
ð4:8Þ

To achieve an understanding of solutions of (4.7) it thus suffices to study the
system (4.8). An interesting class of solutions of (4.8) are the travelling waves,
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having the form pðt; xÞ ¼ P ðx� rtÞ. The function P : R 7!R2 must then satisfy
the second order O.D.E.

P 00 ¼ �½AðP Þ þ rI �P 0 ð4:9Þ
where A ¼ DH is the Jacobian matrix in (4.6) and I denotes the 2 � 2 identity
matrix. In the following subsections we study the existence and stability of
these travelling wave solutions, and discuss their significance in connection
with the vanishing viscosity limit.

4.1. Periodic viscous travelling waves.

Integrating the equation (4.9) once, we obtain

P 0 ¼ ðHðPÞ þ rP Þ �
�
HðP Þ þ rP

�
;

where P ¼ ð�p1; �p2Þ is some constant vector. We are particularly interested in
periodic solutions of the O.D.E.

p01 ¼ ð�p1�p2 þ �p2
1=2Þ � ðp1p2 þ p2

1=2Þ � rðp1 � �p1Þ;
p02 ¼ ð�p1�p2 þ �p2

2=2Þ � ðp1p2 þ p2
2=2Þ � rðp2 � �p2Þ;



ð4:10Þ

taking values inside the elliptic region where p1p2 < 0. Linearizing (4.10) at
the equilibrium point ð�p1; �p2Þ one gets

z01 ¼ �ð�p1 þ �p2 þ rÞz1 � �p1z2;
z02 ¼ ��p2z1 � ð�p1 þ �p2 þ rÞz2:



ð4:11Þ

Notice that, if one chooses r ¼ �r ¼: � �p1 � �p2, then the two eigenvalues

k1; k2 ¼ �ð�p1 þ �p2 þ rÞ � i
ffiffiffiffiffiffiffiffiffiffiffiffi
��p1�p2

p
are purely imaginary. By the Hopf bifurcation theorem [P], for every d > 0
sufficiently small there exists a value r ¼ rðdÞ � �r such that the corre-
sponding system (3.10) has a periodic orbit passing through the point
ð�p1 þ d; e�p2Þ. More details of this construction can be found in the Appendix.

In this way, we obtain a family of periodic orbits for the system (4.10),
depending on the parameters �p1; �p2 and d. If s 7!

�
p1ðsÞ; p2ðsÞ

�
is any such orbit,

then�
p1ðt; xÞ; p2ðt; xÞ

�
¼:
�
p1ðx� rtÞ; p2ðx� rtÞ

�
ð4:12Þ

yields a solution of the parabolic system (4.8) in the form of a periodic
travelling wave. In turn, the functions�

pe
1ðt; xÞ; pe

2ðt; xÞ
�
¼ p1

� x� rt
e

�
; p2

� x� rt
e

�� �
ð4:13Þ

provide a solution to the system (4.7) with small viscosity.
We now recall that, by (4.3), the corresponding dynamic of the system is

_xðtÞ ¼ u�1 þ u�2 ¼ p1

� x� rt
e

�
þ p2

� x� rt
e

�
In our construction,

p1 þ p2 � �p1 þ �p2 6¼ r � ��p1 � �p2:
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As the viscosity parameter e ! 0þ, along each trajectory the controls
ðu�1; u�2Þ ¼ ðpe

1; p
e
2Þ are periodic functions of time with fixed amplitude and with

period approaching zero. Because of this oscillatory behavior, there is no
strong limit in L1. Yet, a weak limit exists and can be represented in terms of
Young measures [S1]. These oscillatory limits can now be interpreted as chat-
tering feedback controls. The limit trajectories cover the whole t-x plane. They
all have the same constant speed, determined by the weak limit of pe

1 þ pe
2.

4.2. Instability of steady states and periodic travelling waves.

In the elliptic region where p1p2 < 0, all constant solutions of (4.4) are
unstable. Yet, relying on the above analysis, one may hope to recover
some well-posedness for the non-linear system (4.4) by working with
measure-valued solutions: in particular, the Young measures obtained as
vanishing viscosity limits of periodic travelling waves. We remark that a
similar approach was considered in [FL]. See also [KY] for numerical
experiments in this direction. The following analysis, however, shows that
viscous travelling waves of (4.8) have almost the same instability properties
as the constant states. The eventual conclusion is that the use of measure-
valued solutions is not of much help in connection with our ill-posed
problem.

We begin our analysis by linearizing the viscous system (4.8) around a
constant state ~p ¼ ð~p1; ~p2Þ, assuming ~p1; ~p2 < 0. This yields

zt � Að~pÞzx ¼ zxx: ð4:14Þ
Working within a space of periodic functions with period L, this linear system
can be solved by means of Fourier series. Let

zðt; xÞ ¼
X
k

zkðtÞ � eik�ð2px=LÞ

be the expansion of a periodic solution of (4.14). Then each coefficient
t 7!zkðtÞ 2 C2 is a complex, vector valued function, satisfying the O.D.E.

dzk
dt

¼ ik
2p
L
Að~pÞ � k2 4p2

L2
I

 �
� zk¼

: Bkzk:

Here I is the 2 � 2 identity matrix. Therefore

zkðtÞ ¼ expðBktÞzkð0Þ:
The stability of zk clearly depends on the spectrum of the complex valued
2 � 2 matrix Bk. Indeed, if Bk has an eigenvalue kðBkÞ with positive real part,
then the norm of zkðtÞ can grow exponentially in time. By (4.6), the matrix
A ¼ Að~pÞ has eigenvalues

kðAÞ ¼ ~p1 þ ~p2 � i
ffiffiffiffiffiffiffiffiffiffiffi
j~p1~p2j

p
:

Therefore, setting eL¼: 2p=
ffiffiffiffiffiffiffiffiffiffiffi
j~p1~p2j

p
, we find

Re
�
kðBkÞ

�
¼ Re ik

2p
L
� ð~p1 þ ~p2 � i

ffiffiffiffiffiffiffiffiffiffiffi
j~p1~p2j

p �
� k2 4p2

L2
¼ 2kp

L
�2peL � 2kp

L

 �
:

ð4:15Þ
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Therefore, all components zk with 0 < jkj < L=eL are unstable. In particular, ifeL < L, then at least one unstable mode exists (namely:z1) and the steady state
solution is unstable w.r.t. spatially periodic perturbations of period L.

Next, we linearize the equation around a periodic travelling wave. Let p be
a travelling wave of the form (4.12), corresponding to a small periodic orbit
bifurcating from the steady state �p ¼ ð�p1; �p2Þ, with an average value
~p ¼ ð~p1; ~p2Þ. An infinitesimal perturbation z will now satisfy the following
linearized evolution equation:

zt � AðpÞzx �
�
z � AðpÞ

�
px ¼ zxx; ð4:16Þ

where the symbol ‘‘�’’ denotes a directional derivative:

z � AðpÞ¼: lim
h!0

Aðp þ hzÞ � AðpÞ
h

:

Weassumethat s 7!pðsÞ is aperiodicorbitof (4.10), saypassing through thepoint
ð�p1 þ �

ffiffiffiffiffiffiffiffi
j �p2j

p
�p2Þ, with r ¼ rð�Þ � �ð�p1 þ �p2Þ (see the detailed computations in

the Appendix). In the following we shall write p ¼ pð�Þ to emphasize the depen-
dence on the bifurcation parameter � (not to be confused with the viscosity
coefficient e in (4.7) and (4.13)). Call Lð�Þ the period of this orbit, as in (4.8). The
time period of the travelling wave pð�Þ ¼ pð�Þðt; xÞ in (4.12) is therefore

T ð�Þ ¼ Lð�Þ=
��rð�Þ��:

It will thus be convenient to work within the space of periodic functions
having period N Lð�Þ, for some integer N . For a fixed � > 0, define the linear
operator Zð�Þ by setting

Zð�Þ/¼: z
�
T ð�Þ

�
;

where z is the solution of the linear Cauchy problem

zt � Aðpð�ÞÞzx �
�
z � Aðpð�ÞÞ

�
pð�Þx ¼ zxx; zð0; xÞ ¼ /ðxÞ:

Here / is any periodic function with period NLð�Þ. From the standard theory
of parabolic equations, it is clear that Zð�Þ is a compact linear operator on the
space L2 ½0;N Lð�Þ�;R2

� �
.

Proposition 1. For every � > 0 sufficiently small, the operator Zð�Þ has an
eigenvalue with strictly positive real part, on the space of periodic functions with
period N Lð�Þ, N � 2.

Proof. Call Zð0Þ the solution operator zð0Þ 7! zðeT Þ for the linear system with
constant coefficients (4.14), with ~p ¼ ð�p1; �p2Þ, eT ¼ 2p=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j�p1; �p2j

p
. By the analysis

at (4.15), when L ¼ NeL, N � 2, the operator Zð0Þ has some isolated eigen-
values with strictly positive real part. To conclude the proof, we would like to
say that for � > 0 small the operator Zð�Þ is a small perturbation of Zð0Þ, hence
it still has an eigenvalue with positive real part. To make this argument
rigorous, we have to cope with the difficulty that the operators Zð�Þ are defined
on spaces of periodic functions of period Lð�Þ, changing with �. As a pre-
liminary, for each � > 0 we thus re-scale the space variable according to
~x ¼ ðeL=Lð�ÞÞx. The corresponding operators eZð�Þ are then defined all on the
same space of functions with period NeL. As � ! 0, one now has the con-
vergence Zð�Þ ! Zð0Þ in the operator norm. We now recall the analysis at
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(4.15), with L ¼ N eL. When N � 2, the operator Zð0Þ has a point spectrum
containing isolated eigenvalues with finite multiplicity and strictly positive
real part. By a standard perturbation argument, the same holds for every
suitably small perturbation eZð�Þ. This achieves the proof.

5. Transition from Nash equilibrium to a Pareto optimum

According to the previous analysis, the non-cooperative Nash equilibrium
strategies are in general extremely unstable. In the present section we explore
the possibility of some partial cooperation among the two players. For a
game modelling an iterated prisoner’s dilemma, in [Sm] Smale introduced a
class of ‘‘good’’ strategies, which induce the other player to cooperate.
Asymptotically for large times, the outcome of the game thus drifts away
from the Nash equilibrium, approaching a Pareto optimum. It is remarkable
that these strategies do not require any direct communication among the
players. Aim of the present section is to show that a similar approach works
well also in the context of differential games.

To keep the discussion as simple as possible, we start by looking at the
game with payoffs

Y1ðu1; u2Þ ¼ p1ðu1 þ u2Þ � u2
1=2;

Y2ðu1; u2Þ ¼ p2ðu1 þ u2Þ � u2
2=2;

ð5:1Þ

where p1; p2 2 R are given constants. Notice that this is not a differential
game. The players simply choose numbers u1; u2 and achieve the payoffs
Y1; Y2, respectively. Following [A], we say that the pair ðu�1; u�2Þ 2 R2 achieves a
Pareto optimum if there exists no other pair ðu1; u2Þ such that

Y1ðu1; u2Þ > Y1ðu�1; u�2Þ;
Y2ðu1; u2Þ > Y2ðu�1; u�2Þ:

In other words, the two players cannot simultaneously improve their gains by
implementing any other strategy. It is well known that Pareto optima are not
unique. Indeed, for every s > 0 the strategies

Y1

Y2

N

P

C

0

Fig. 1. Semi-cooperative strategy: N is the Nash equilibrium, C is full cooperation and P is the
semi-cooperative Pareto optimum with fairness condition
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UP
1 ¼ p1 þ

p2

s
; UP

2 ¼ sp1 þ p2

yield a Pareto optimum, maximizing the combined payoff sY1 þ Y2. To re-
move this ambiguity, one may invoke some fairness condition and single out
the unique Pareto optimum which brings an equal improvement to both
players compared with the Nash strategy. Namely, let us denote by

UN
i ¼ pi; Y Ni ¼ pi � ðp1 þ p2Þ �

p2
i

2
;

respectively the constant controls and the payoffs corresponding to the Nash
equilibrium. A unique Pareto optimum can then be determined by the condition

Y P1 � Y N1 ¼ Y P2 � Y N2 : ð5:2Þ
In the following, we assume that some Pareto optimum has been chosen, and
write

UP
i ; Y Pi ¼ pi � ðUP

1 þ UP
2 Þ �

ðUP
i Þ

2

2
;

respectively for the controls and the payoffs of the two players. Instead of
(5.2), we shall only require the much weaker condition

Y P1 > Y N1 ; Y P2 > Y N2 : ð5:3Þ
Otherwise stated, both players gain something in the transition from the Nash
equilibrium to the Pareto optimum.

We now consider the corresponding game in continuous time, with payoffs

Ji ¼
1

T

Z T

0

n
piðu1 þ u2Þ �

u2
i ðtÞ
2

o
dt: ð5:4Þ

Taking the point of view of the first player, our main interest is to devise
strategies of the form

_u1 ¼ /1ðu1; u2Þ; ð5:5Þ
which will eventually steer the game toward the Pareto optimum. According
to (5.5), the response u1 thus changes in time. It is determined by an
O.D.E. whose right hand side depends continuously on u1 and u2.

In analogy with [Sm], we say that the Lipschitz continuous function /1 in
(5.5) is a good strategy for player 1 if the following three conditions hold.

(C1) If the gain of the first player is smaller than what he gets by playing the
Nash strategy, then he leans back toward UN

1 . Namely

/1ðu1; u2Þ � ðu1 � UN
1 Þ < 0 if Y1ðu1; u2Þ < Y N1 :

(C2) If the second player is gaining more than his due profit Y P2 , then the first
player should again lean back toward UN

2 . More precisely

/1ðu1; u2Þ � ðu1 � UN
1 Þ < 0 if Y2ðu1; u2Þ > Y P2 :

(C3) If the second player is cooperating, then the first player should approach
the Pareto strategy. More precisely:

/1ðu1; u2Þ � ðu1 � UP
1 Þ < 0 if Y1ðu1; u2Þ; Y2ðu1; u2Þð Þ 2 X1;
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where

X1¼
: ðY1;Y2Þ;Y1 > Y N1 ;

Y1 �Y N1
Y P1 �Y N1

� Y2 �Y N2
Y P2 �Y N2


 "
[fhY P þð1�hÞY N ;0< h< 1g:

Notice that the first two conditions say that player 1 should play ‘‘tough’’
whenever the other player is taking advantage of him. The last condition
implies that he should play ‘‘soft’’ when the game goes in his favor or when
the other player is cooperating.

For a given Pareto optimum ðUP
1 ;U

P
2 Þ, the definition of a good strategy

for player 2 is completely analogous. One can now envision a situation where
each player adopts a partially cooperative strategy, based on the behavior of
the other player. The game thus evolves according to

_u1 ¼ /1ðu1; u2Þ;
_u2 ¼ /2ðu1; u2Þ:



ð5:6Þ

The next result shows that if both players adopt good strategies, then the
outcome of the game will approach the Pareto optimum.

Theorem 1. Let a Pareto optimal pair ðUP
1 ;U

P
2 Þ be given, satisfying (5.3).

Assume that the functions /1;/2 are ‘‘good strategies’’, so that the corre-
sponding conditions (C1), (C2) and (C3) hold. Then the point ðUP

1 ;U
P
2 Þ is an

equilibrium for the dynamical system (5.6). Its basin of attraction contains the
entire open rectangle

C¼:
n
ðu1; u2Þ; u1 2�UN

1 ;UP
1 ½; u2 2�UN

2 ;UP
2 ½
o
: ð5:7Þ

Proof. To fix the ideas, we consider the case where p1; p2 > 0. If p1 < 0 or
p2 < 0, the proof is entirely similar. Notice that, in the degenerate case where
p2 ¼ 0, the Nash equilibrium coincides with the unique Pareto optimum:
ðUN

1 ;U 2
N Þ ¼ ðUP

1 ;U
2
P Þ ¼ ðp1; 0Þ, and the analysis is trivial.

From the assumption p1; p2 > 0 we deduce that, for some s > 0,

p1 þ
p2

s
¼ UP

1 > UN
1 ¼ p1; sp1 þ p2 ¼ UP

2 > UN
2 ¼ p2: ð5:8Þ

The flow of (5.6) on the rectangle C and on its image under the map
ðu1; u2Þ 7! ðY1; Y2Þ is illustrated in Figure 2. For convenience we write

N¼: ðUN
1 ;UN

2 Þ; P¼: ðUP
1 ;U

P
2 Þ; A¼: ðUN

1 ;UP
2 Þ B¼: ðUP

1 ;U
N
2 Þ:

The positive invariance of C is easily checked:

� On the segment NA joining N with A, the payoff of player 1 is Y1 > Y N1 , while
Y2 < Y N2 . Hence by (C3) it follows _u1 > 0, while (C1) implies _u2 < 0.
Across this part of the boundary, the flow thus moves inward, as indi-
cated in Figure 2.

� On the segment NB one has Y2 > Y N2 , while Y1 < Y N1 . Therefore _u2 > 0 and
_u1 < 0. Again, the flow points inward.

� On the segment PA one has Y1 > Y N1 while Y2 < Y N2 . Hence

Y1 � Y N1
Y P1 � Y N1

> 0 >
Y2 � Y N2
Y P2 � Y N2

:
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By condition (C3) it follows _u1 > 0 while (C1) implies _u2 < 0. The flow thus
points inward as indicated in Figure 2.

� On PB we have Y2 > Y N2 while Y1 < Y N1 . Hence _u2 > 0, _u1 < 0 and the flow
points inward.

Looking at the signs of the components /1;/2 along the boundary of the
rectangle C, by continuity we conclude that N and P are equilibrium points
for the system (5.6). On the other hand, at A and at B the flow is strictly

N

PA

B

G

E

H

u1

u2

Γ

N

P

A

B

E

G

H

Y2

Y1

Fig. 2. The flow the O.D.E. in u-coordinates (above) and in Y -coordinate (below). Here, the same
letters are used to denote a point in the u-domain and its image in the Y -domain
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inward. We remark that, since there are no equilibrium points inside C, the
flow cannot contain any periodic orbits either.

It remains to show that every trajectory starting inside C eventually
approaches the Pareto optimum P ¼ ðUP

1 ;U
P
2 Þ. Toward this goal, consider the

curve c : h 7!
�
u1ðhÞ; u2ðhÞ

�
implicitly defined as

Y u1ðhÞ; u2ðhÞð Þ ¼ hY P þ ð1 � hÞY N :
By the implicit function theorem, this is certainly well defined, at least when
h 2 ½0; e� with e > 0 small. We now observe that, on the segment

u1 ¼ u1ðhÞ; u2 2 ½u2ðhÞ;UP
2 �

by (C3) there holds _u1 > 0. On the other hand, on the segment

u2 ¼ u2ðhÞ; u1 2 ½u1ðhÞ;UP
1 �

again by (C3) one has _u2 > 0. The above shows that, for every h > 0 suffi-
ciently small, the rectangular region

Ch¼:
n
ðu1; u2Þ; u1 2�u1ðhÞ;UP

1 ½; u2 2�u2ðhÞ;UP
2 ½
o

is positively invariant for the flow (5.6). Therefore, no trajectory starting
inside C can approach the Nash equilibrium UN as t ! 1.

Now consider any trajectory t 7! uðtÞ ¼
�
u1ðtÞ; u2ðtÞ

�
taking values inside

C. Consider its x-limit set, i.e. the set of all points �u such that there exists a
sequence of times tn ! 1 such that

lim
n!1

uðtnÞ ¼ �u:

By the previous analysis, this set cannot contain the Nash equilibrium UN .
Moreover, it cannot contain any periodic orbit, because in the region
bounded by a periodic orbit the vector field / should have a zero, and no such
zeroes exist inside C. Since we are dealing with a dynamical system on the
plane, we can now use the Poincare-Bendixon theorem (see [HS], [P]) and
conclude that this x-limit set consists of the single point UP , completing the
proof.

If both players adopt a strategy tending to the same Pareto optimum, by
the previous theorem the game will asymptotically converge to that point, as
expected. In this connection, two natural questions arise:

1. What happens if the two players adopt ‘‘good’’ strategies, but geared
toward different Pareto optima? For example, the first player might
consider fair the payoffs ðY P1 ; Y P2 Þ, while the second player might consider
fair another Pareto optimum, say ðeY P1 ; eY P2 Þ.

2. Assume that the first player adopts a good strategy, expecting the payoffs
ðY P1 ; Y P2 Þ. Can the second player use a smarter strategy and gain more
than Y P2 , on average ?

We start by discussing the second problem. To fix the ideas, assume
p1; p2 > 0. Let _u1 ¼ /1ðu1; u2Þ be a good strategy for player 1, satisfying the
conditions (C1)–(C3). If player 2 cooperates, after a while the system will thus
move toward the Pareto optimum P .

At this stage, however, player 2 can quickly change his control, setting it
close to the Nash equilibrium. The payoffs ðY1; Y2Þ will thus move from a
point Y D close to the Pareto optimum to a point Y E, with Y E2 > Y P2 , Y E1 < Y P1 .
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Of course, player 1 does not like this behavior, so he will decrease u1,
approaching the Nash equilibrium UN

1 . As a consequence, the payoff of the
second player will decrease, continuously in time. When the payoffs reach a
point Y F such that Y F2 ¼ Y P2 , player 2 decides to cooperate again, setting his
control back up to UP

2 , reaching the point G. The new payoffs ðY G1 ; Y G2 Þ are
now in favor of the first player, which is again willing to cooperate. The point
ðY D1 ; Y D2 Þ close to a Pareto optimum is reached once again, and the whole
cycle can be repeated. See Figure 3 for an illustration.

Notice that in this periodic strategy, the transitions from Y D to Y E, and
from Y F to Y G are very quick. Along the arc connecting Y E with Y F player 2
gains more than his fair share Y P , while along the arc connecting Y G with Y D

player 2 gains less than Y P . Overall, his strategy will be profitable if the time
spent along the first arc is large compared with the time spend on the latter.

Based on this analysis, it is now easy to suggest suitable countermeasures
for the first player. In order to discourage the above behavior, the first player
should quickly go back to his Nash strategy when the other player is not
cooperating, and only slowly approach the Pareto optimum in the coopera-
tive case. In other words, if the other player tries to cheat, player 1 should not
be too quick in restoring cooperation.

Motivated by the previous considerations, we shall say that
/1 ¼ /1ðu1; u2Þ is a smart strategy for player 1 if the conditions (C1), (C2),
(C3) are satisfied together with the additional condition

(C4) /1ðu1; u2Þ � c
�
Y P2 � Y2ðu1; u2Þ

�
, for some constant c > 0 and all u1; u2.

The following theorem shows that, if player 1 adopts a smart strategy, then in
the long run player 2 cannot achieve anything more than Y P2 .

Theorem 2. Let a Pareto optimum ðYP
1 ;Y

P
2 Þ be given, satisfying (5.3). Assume

that player 1 adopts a corresponding smart strategy satisfying conditions (C1),
(C2), (C3) and (C4). Then, for any strategy u2 ¼ u2ðtÞ adopted by player 2,
one has

N

P

B

A

D

E

F

G

Y1

Y2

Fig. 3. A possible ‘‘cheating cycle’’ by player 2
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lim sup
T!1

1

T

ZT
0

Y2

�
u1ðtÞ; u2ðtÞ

�
dt � Y P2 : ð5:9Þ

Proof. By the condition (C4) we have

Y1ðtÞ � Y P1 � � 1

c
_u2:

In turn this yields

ZT
0

Y1ðu1; u2Þ � Y P1
� �

ds � � 1

c

ZT
0

_u2ðtÞdt �
u2ð0Þ � u2ðT Þ

c
:

Since u1ðtÞ 2 ½UN
1 ;UP

1 � for all t, letting T ! 1 we obtain

lim sup
T!1

1

T

ZT
0

Y2ðsÞ � Y P2
� �

ds � lim sup
T!1

u2ð0Þ � u2ðT Þ
cT

¼ 0;

completing the proof.
We now come back to the first question. Assume that both players adopt

smart strategies, but geared toward different Pareto optima, say ðY P1 ; Y P2 Þ and
ðeY P1 ; eY P2 Þ respectively. In the light of the above theorem, the average payoff of
each player will then be no better that what the other player regards as ‘‘fair’’.
More precisely, assume that

Y P1 > eY P1 ; Y P2 < eY P2 :
Then

lim sup
T!1

1

T

ZT
0

Y1

�
u1ðtÞ; u2ðtÞ

�
dt � eY P1 ; lim sup

T!1

1

T

ZT
0

Y2

�
u1ðtÞ; u2ðtÞ

�
dt � Y P2 :

In fact, failure to agree on what the ‘‘fair’’ Pareto optimum should be may
well result in payoffs which are very close to the Nash equilibrium.

In the remainder of this section we sketch a heuristic argument, based on
the previous analysis, that motivates the use of semi-cooperative strategies.
Consider the differential game

_x ¼ f0ðxÞ þ u1 þ u2

with payoffs

Ji ¼ gi
�
xðT Þ

�
�
ZT
0

u2
i ðtÞ
2

dt:

Call Viðt; xÞ the value functions, assumed to be sufficiently smooth. By the
dynamic programming principle, at a given time s, the i-th player seeks to
maximize the quantity
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Vi
�
s þ d; xðs þ dÞ

�
�
Zsþd

s

u2
i

2
dt � Vi

�
s; xðsÞ

�
þ d

h
Vi;t
�
s; xðsÞ

�
þ f0

�
xðsÞ

�
� Vi;x

�
s; xðsÞ

�i
þ
Zsþd

s

Vi;xð
�
s; xðsÞ

�
� ðu1 þ u2Þ �

u2
i

2


 "
dt:ð5:10Þ

Since the first two terms on the right hand side of (5.10) do not depend on
u1; u2, the short-term problem for the i-th player is to maximize the last
integral, over the interval ½s; s þ d�. This integral has the same form as form as
(4), with Vi;x in place of pi and the interval ½s; s þ d� replacing ½0; T �. One can
thus envision a situation where the players implement ‘‘good’’ strategies of
the form

_u1 ¼ e�1/1ðu1; u2Þ;
_u2 ¼ e�1/2ðu1; u2Þ:



ð5:11Þ

Here e > 0 is a small parameter related to the ‘‘response time’’, i.e. the time it
takes to each player to adjust its control ui to the strategy of the other player.
By Theorem 1, if we fix any T > 0 and let e ! 0, the solutions of (5.11) will
approach the Pareto optimum ðUP

1 ;U
P
2 Þ within the time interval ½0; T �. If

e << d, it is thus reasonable to consider a situation where, given the values
p1 ¼ V1;x and p2 ¼ V2;x, both players immediately implement the Pareto
optimal strategies ðUP

1 ;U
P
2 Þ, say in connection with the unique Pareto opti-

mum satisfying the ‘‘fairness’’ condition (5.2). This approximation is appro-
priate whenever the time scale e, measuring the rate of convergence to a local
Pareto optimum, is substantially smaller than the time scale at which the
gradients Vi;x vary along a trajectory.

6. Weak hyperbolicity

In the previous section we defined a semi-cooperative pair of strategies for the
two players, achieving a Pareto optimum. When these strategies are imple-
mented, the value functions will satisfy a different system of Hamilton-Jacobi
equations. We now study this system in more detail and prove that it is always
weakly hyperbolic.

Consider a differential game on Rm with dynamics

_x ¼ u1 þ u2; xðsÞ ¼ y; ð6:1Þ
and payoffs

Ji ¼ giðxðT ÞÞ �
ZT
s

hi
�
uiðtÞ

�
dt i ¼ 1; 2: ð6:2Þ

As usual, we assume that h1; h2 are smooth and strictly convex. Given two
gradient vectors pi ¼ ðpi1; . . . ; pimÞ 2 Rm, i ¼ 1; 2, let us define the instanta-
neous gain functionals Y1; Y2 as
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Y1ðp1; p2; u1; u2Þ ¼ p1 � ðu1 þ u2Þ � h1ðu1Þ;
Y2ðp1; p2; u1; u2Þ ¼ p2 � ðu1 þ u2Þ � h2ðu2Þ:

ð6:3Þ

Here and in the sequel, the dot denotes an inner product.
A natural way to construct a Pareto optimum is to maximize the com-

bined payoff sY1 þ Y2 for some s > 0. More precisely, given p1; p2 2 R and
s > 0, a pair of Pareto optimal controls UP

i ðp1; p2; sÞ, i ¼ 1; 2 is defined by
setting

sY1 p1; p2;UP
1 ðp1; p2; sÞ;UP

2 ðp1; p2; sÞ
� �

þ Y2 p1; p2;UP
1 ðp1; p2; sÞ;UP

2 ðp1; p2; sÞ
� �

¼ max
u1;u2

n
sY1ðp1; p2; u1; u2Þ þ Y2ðp1; p2; u1; u2Þ

o
:

ð6:4Þ
It will be convenient to write

Y Pi
�
p1; p2; sÞ¼: Yi p1; p2;UP

1 ðp1; p2; sÞ;UP
2 ðp1; p2; sÞ

� �
ð6:5Þ

to emphasize the dependence on s of these instantaneous gain functions, when
both players implement Pareto optimal strategies.

Next, assume that the players adopt feedback strategies of the form

u1 ¼ u�1ðp1; p2Þ; u2 ¼ u�1ðp1; p2Þ;
where p1 ¼ rxV1, p2 ¼ rxV2 are the gradients of their value functions. These
functions V1; V2 will then satisfy the system of H-J equations

V1;t þ H1ðrxV1;rxV2Þ ¼ 0;
V2;t þ H2ðrxV1;rxV2Þ ¼ 0;



ð6:6Þ

with

H1ðp1; p2Þ ¼ Y1ðp1; p2; u�1ðp1; p2Þ; u�2ðp1; p2ÞÞ;
H2ðp1; p2Þ ¼ Y2ðp1; p2; u�1ðp1; p2Þ; u�2ðp1; p2ÞÞ:



ð6:7Þ

We now show that the system (6.6) is weakly hyperbolic for a very general
class of strategies u�i ðp1; p2Þ, under the only assumption that they achieve
Pareto optima. In particular, this includes the semi-cooperative strategy
ðu�1; u�2Þ ¼ ðUP

1 ;U
P
2 Þ considered in the previous section.

Theorem 3. As the gradients ðp1; p2Þ of the value functions range in an open
region X � R2m, assume that the players adopt Pareto optimal strategies of the
form

u�i ðp1; p2Þ ¼ UP
i

�
p1; p2; sðp1; p2Þ

�
i ¼ 1; 2; ð6:8Þ

for some smooth function s ¼ sðp1; p2Þ. Then the system (6.6) is weakly
hyperbolic on the domain X.

Proof. For clarity of exposition, we first give a proof in the one-dimensional
case, then extend the arguments to several space dimensions. Let n 7! kiðnÞ be
the increasing function defined by

kiðnÞ ¼ arg max
x

�
n � x � hiðxÞ

�
: ð6:9Þ
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Of course, this implies

h0i
�
kiðnÞ

�
¼ n: ð6:10Þ

Notice that the Nash equilibrium strategies are

uN1 ðp1Þ¼
: k1ðp1Þ; uN2 ðp2Þ¼

: k2ðp2Þ: ð6:11Þ
For any given ðp1; p2Þ 2 X, the assumption of Pareto optimality (6.8) yields

u�1ðp1; p2Þ ¼ k1ðp1 þ p2=sÞ; u�2ðp1; p2Þ ¼ k2ðp2 þ sp1Þ; ð6:12Þ
with s ¼ sðp1; p2Þ. By the optimality condition (6.4), at the point
p1; p2;UP

1 ðsÞ;UP
2 ðsÞ

� �
one has

s
@Y1

@u1
þ @Y2

@u1
¼ s

@Y1

@u2
þ @Y2

@u2
¼ 0: ð6:13Þ

Recalling (6.5) we now write

@Y P1
@s

¼ @Y1

@u1

@UP
1

@s
þ @Y1

@u2

@UP
2

@s
;

@Y P2
@s

¼ @Y2

@u1

@UP
1

@s
þ @Y2

@u2

@UP
2

@s
:

Using (6.13) we obtain the identity

@Y P1
@s

¼ � 1

s
@Y P2
@s

: ð6:14Þ

By (6.12), the Jacobian matrix Aðp1; p2Þ for the system (6.7) is precisely the
Jacobian of the map

ðp1;p2Þ 7!ðY P1 ;Y P2 Þ¼
p1

�
k1ðp1 þp2=sÞþ k2ðp2 þ sp1Þ

�
�h1ðk1ðp1 þp2=sÞÞ

p2

�
k1ðp1 þp2=sÞþ k2ðp2 þ sp1Þ

�
�h2ðk2ðp2 þ sp1ÞÞ

0@ 1A:

ð6:15Þ
In the special case where s is a constant independent of p1; p2, we find

Aðp1;p2Þ¼
k1 þk2 þp1ðk01 þ sk02Þ�h01k

0
1 p1

�
1
s k

0
1 þk02

�
� 1

s h
0
1k

0
1

p2

�
k01 þ sk02

�
� sh02k

0
2 k1 þk2 þp2

�
1
s k

0
1 þk02

�
�h02k

0
2

0B@
1CA:

In the above computation, it is understood that k1; k01 are evaluated at
n ¼ p1 þ p2=s while k2; k02 are evaluated at n ¼ p2 þ sp1. Introducing the
quantity

a¼: p1k02 �
1

s2
p2k01 ð6:16Þ

and using the identity (6.10) we obtain

Aðp1; p2Þ ¼
k1 þ k2 þ sa a

�s2a k1 þ k2 � sa

0@ 1A ¼ ðk1 þ k2ÞI þ A]; ð6:17Þ

where

A] ¼ sa a
�s2a �sa

 �
¼ 1

�s

 �
sa að Þ:
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It is now clear that the matrix A has real eigenvalues.
Next, consider the general case where s varies with p1; p2, say s ¼ sðp1; p2Þ.

In this case we have

Aðp1; p2Þ ¼ ðk1 þ k2ÞI þ A] þ A[;

where

A[ ¼
@Y P

1

@s
@s
@p1

@Y P
1

@s
@s
@p2

@Y P
2

@s
@s
@p1

@Y P
2

@s
@s
@p2

0B@
1CA

Because of the identity (6.14), A[ can be written as a product:

A[ ¼ 1
�s

 �
c; dð Þ; c ¼ @Y P1

@s
@s
@p1

; d ¼ @Y P1
@s

@s
@p2

: ð6:18Þ

Hence

Aðp1; p2Þ ¼ ðk1 þ k2ÞI þ
1
�s

 �
saþ c aþ dð Þ:

A direct computation shows that A has two real eigenvalues

k1 ¼ k1 þ k2; k2 ¼ ðk1 þ k2Þ þ ðc� sdÞ; ð6:19Þ
with corresponding eigenvectors

r1 ¼ aþ d
�sa� c

 �
; r2 ¼ 1

�s

 �
: ð6:20Þ

This proves the theorem in the one dimensional case.
We now extend the proof to several space dimensions. At a given point

ðp1; p2Þ ¼ ðp11; . . . ; p1m; p21; . . . ; p2mÞ, for any a ¼ 1; . . . ;m the matrix Aa in
(3.5) has the form

Aa ¼ ðk1a þ k2aÞI þ A]
a þ A[

a;

where I denotes the 2 � 2 identity matrix and

A]
a ¼

saa aa

�s2aa �saa

 �
¼ 1

�s

 �
saa aað Þ;

A[
a ¼

ca da

�sca �sda

 �
¼ 1

�s

 �
ca; dað Þ;

with

aa¼: ðDk2 � p1Þa �
1

s2
ðDk1 � p2Þa; ca¼:

@Y1

@s
@s
@p1a

; da ¼
@Y1

@s
@s
@p2a

:

To prove the theorem, for every vector n ¼ ðn1; � � � ; nmÞ one needs to show
that the matrix AðnÞ¼:

P
a naAa has real eigenvalues. Writing the inner prod-

ucts in the form

n � ki¼
: Xm

a¼1

nakia; n � a¼:
Xm
a¼1

naaa;
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we compute

AðnÞ¼:
X

a

naAa ¼ ðn � k1 þ n � k2ÞI þ A]ðnÞ þ A[ðnÞ;

where

A]ðnÞ ¼ n � sa n � a
�n � s2a �n � sa

 �
¼ 1

�s

 �
n � sa n � að Þ;

A[ðnÞ ¼ n � c n � d
�n � sc �n � sd

 �
¼ 1

�s

 �
n � c n � dð Þ:

From the above expressions, it is clear that AðnÞ has the two real eigenvalues

k1ðnÞ ¼ n � ðk1 þ k2Þ; k2ðnÞ ¼ n � ðk1 þ k2 þ c� sdÞ: ð6:21Þ
The corresponding eigenvectors are found to be

r1ðnÞ ¼
n � ðaþ dÞ

�n � ðsaþ cÞ

 �
; r2ðnÞ ¼

1
�s

 �
: ð6:22Þ

Remark 2. The above result can be easily extended to a game of the form (3.6),
with running cost functionals depending also on x, as in (2.3).

Remark 3. The ‘‘semi-cooperative’’ Pareto optimal strategies considered at
(5.2) also fit in the present framework. Indeed, they can be written in the form
(6.8), choosing the parameter s ¼ sðp1; p2Þ so that

Y1 p1; p2;UP
1 ðsÞ;UP

2 ðsÞ
� �

� Y1ðp1; p2;UN
1 ;UN

2 Þ
¼Y2 p1; p2;UP

1 ðsÞ;UP
2 ðsÞ

� �
� Y2ðp1; p2;UN

1 ;UN
2 Þ:

ð6:23Þ

The Nash strategies UN
i were defined at (6.11). The map ðp1; p2Þ 7! sðp1; p2Þ is

thus implicitly defined by

p1

h
k1ðp1 þ p2=sÞ þ k2ðp2 þ sp1Þ � k1ðp1Þ � k2ðp2Þ

i
�
h
h1

�
k1ðp1 þ p2=sÞ

�
� h1

�
k1ðp1Þ

�i
¼ p2

h
k1ðp1 þ p2=sÞ þ k2ðp2 þ sp1Þ � k1ðp1Þ � k2ðp2Þ

i
�
h
h2

�
k2ðp2 þ sp1Þ

�
� h2

�
k2ðp2Þ

�i
:

Remark 4. In the one-dimensional case, if c 6¼ sd, then the two eigenvalues are
distinct and the system is strictly hyperbolic. Existence and stability of solutions
can be obtained from the general theory of hyperbolic systems [BB], [L], [S1].
In general, however, the ðp1; p2Þ-plane can contain one or more curves where
c ¼ sd. This happens when @s

@p1
¼ s @s

@p2
. Along these curves the system is only

weakly hyperbolic. We do not expect to find the severe instabilities described in
Section 3. Yet, in this situation the standard hyperbolic theory does not apply. It
is not clear whether a local solution of the Cauchy problem still exists, if the
initial datum crosses one of these curves.
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A Appendix: analysis of viscous periodic orbits

In this section we compute in greater detail the viscous periodic orbits con-
sidered in Section 3. In particular, this more accurate analysis will prove the
existence of solutions of the viscous system (4.8) that start arbitrarily close to a
constant state and converge to a periodic viscous travelling profile as t ! 1.

Two main cases will be considered, the others being similar.

CASE 1: �p1 ¼ ��p2 > 0. Choosing r ¼ 0, all solutions of the O.D.E. (4.10) in
the quadrant fp1 > 0; p2 < 0g are periodic orbits (Fig. 4). This is due to
the symmetry w.r.t. the line p1 þ p2 ¼ 0. Every such periodic orbit yields a
solution of the parabolic system (4.8), constant in time and periodic
w.r.t. the x variable.

CASE 2: �p1 > ��p2 > 0. Choosing r ¼ �r¼: � �p1 � �p2, a subsequent analysis
will show that the trajectories of the O.D.E. spiral outward from the
equilibrium point P ¼ ð�p1; �p2Þ, as in Fig. 5. Therefore, a Hopf bifurcation
occurs as soon as r becomes larger than �r and the point P is turned into a
weak sink. For all r ¼ ��p1 � �p2 þ g, with g 2 ½0; g0� sufficiently small, the
corresponding system (4.10) will thus admit a periodic orbit inside a small
neighborhood of P (see Fig. 6). In turn, this yields a solution of the
parabolic system (4.8) in the form of a periodic travelling wave.

The following computations substantiate the claim made in Case 2, showing
that the point P is a weak source. The small quantity � > 0 will play the role
of a bifurcation parameter. The analysis needs to be a bit careful, because the
lower order expansions do not suffice to reach a conclusion and we need to
consider up to fourth order terms. For convenience, set a¼: �p1 and b¼: � �p2.
Performing the change of variables

X ¼
ffiffiffi
b

p

�
ðp1 � �p1Þ; Y ¼

ffiffiffi
a

p

�
ðp2 � �p2Þ; s ¼

ffiffiffiffiffi
ab

p
t;

–5.15

–5.1

–5.05

–5

–4.95

–4.9

–4.85

4.85 4.9 4.95 5 5.05 5.1 5.15

Fig. 4. Periodic solutions when p1 ¼ �p2. Here the horizontal axis is p1 and the vertical axis is p2
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p1 ¼ �p1 þ �
Xffiffiffi
b

p ; p2 ¼ �p2 þ �
Yffiffiffi
a

p t ¼ sffiffiffiffiffi
ab

p ; ðA:1Þ

and denoting the differentiation w.r.t. s by an upper dot, the system (4.10)
takes the form

_X ¼ �Y � �
a
ffiffi
b

p XY � �
2
ffiffi
a

p
b X

2;

_Y ¼ X � �ffiffi
a

p
b XY � �

2a
ffiffi
b

p Y 2:

8<: ðA:2Þ

It is convenient to work in polar coordinates ðr; hÞ, with X ¼ r cos h,
Y ¼ r sin h. Using the standard relations

_r ¼ ðX _X þ Y _Y Þ=r; _h ¼ ðX _Y � Y _X Þ=r2;

from (A.2) we get

_r ¼ ��r2 � aðhÞ;
_h ¼ 1 � �r � bðhÞ;



ðA:3Þ

where aðhÞ and bðhÞ can be computed directly:

aðhÞ¼: r�3 2X 2Y þ Y 3

2a
ffiffiffi
b

p þ 2XY 2 þ X 3

2
ffiffiffi
a

p
b

� �
¼ 5 sin h þ sin 3h

8a
ffiffiffi
b

p þ 5 cos h � cos 3h
8

ffiffiffi
a

p
b

;

bðhÞ¼: r�3 X 2Y
2

ffiffiffi
a

p
b
� XY 2

2a
ffiffiffi
b

p
� �

¼ sin h þ sin 3h
8

ffiffiffi
a

p
b

þ� cos h þ cos 3h

8a
ffiffiffi
b

p :

–2.1

–2.05

–2

–1.95

4.85 4.9 4.95 5 5.05 5.1 5.15

Fig. 5. The critical point is a weak source. Here the horizontal axis is p1 and the vertical axis is p2

–2.1

–2.05

–2

–1.95

–1.9

4.85 4.9 4.95 5 5.05 5.1 5.15 5.2

Fig. 6. Hopf bifurcation: the critical point changes from weak source to weak sink, and a limit
circle appears which gives a periodic solution. Here the horizontal axis is p1 and the vertical axis is p2
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Using (A.3) and expanding dr=dh up to fourth order terms w.r.t. �, we find

dr
dh

¼ ��r2AðhÞ
1 � �r�BðhÞ ¼ ��r2A

h
1 þ ð�rBÞ þ ð�rBÞ2 þ ð�rBÞ3 þ Oð�4Þ

i
: ðA:4Þ

We consider the solution r ¼ rðhÞ of (4.4) such that rð0Þ ¼ 1. This can be
written in the form

rðhÞ ¼ 1 þ �r1ðhÞ þ �2r2ðhÞ þ �3r3ðhÞ þ �4r4ðhÞ þ Oð�5Þ; ðA:5Þ
where r1, r2, r3 and r4 satisfy the following O.D.E’s

d
dh
r1 ¼� a

d
dh
r2 ¼� a 2r1 þ b½ �

d
dh
r3 ¼� a r2

1 þ 2r2 þ b 3r1 þ b½ �
� �

d
dh
r4 ¼� a 2r1r2 þ 2r3 þ b 3r2 þ 3r2

1 þ b½4r1 þ b�
� �� �

All these functions can be computed recursively, by integrations. To under-
stand whether the trajectory is spiraling inward or outward, we need to check
the sign of rð2pÞ, for � small. By direct computations, carried out using
Maple, one finds

r1ð2pÞ ¼ r2ð2pÞ ¼ r3ð2pÞ ¼ 0; r4ð2pÞ ¼ pða� bÞ
96ðabÞ7=2

: ðA:6Þ

Our assumption a ¼ �p1 > ��p2 ¼ b now implies r4ð2pÞ > 0. Recalling the
expansion (4.5) we conclude that, when r ¼ ��p1 � �p2, the orbits of the system
(4.10) are spiraling outward from the equilibrium point ð�p1; �p2Þ, as illustrated in
Fig. 5.

Next, we seek the value of the parameter g ¼ gð�Þ such that, setting
r ¼ ��p1 � �p2 þ g, the system (4.10) has a periodic solution passing through
the point�

p1ð0Þ; p2ð0Þ
�
¼ ð�p1 þ �=

ffiffiffi
b

p
; �p2Þ:

By our change of variables, this corresponds to a periodic solution of

_X ¼ �Y � �
a
ffiffi
b

p XY � �
2
ffiffi
a

p
b X

2 � gð�Þffiffiffiffi
ab

p X ;

_Y ¼ X � �ffiffi
a

p
b XY � �

2a
ffiffi
b

p Y 2 � gð�Þffiffiffiffi
ab

p Y ;

8><>: ðA:7Þ

passing through the point
�
X ð0Þ; Y ð0Þ

�
¼ ð1; 0Þ. Because of (4.6), the per-

turbation g will have an expansion of the form

gð�Þ ¼ c�4 þ Oð�5Þ:
The constant c can be determined as follows. If (A.2) is replaced by (A.7),
instead of (A.4) the evolution equation for the radius ~r becomes

d~r
dh

¼ ��~r2 � aðhÞ � gð�Þ~r=
ffiffiffiffiffi
ab

p

1 � �~r � bðhÞ :
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Writing again

~r ¼ 1 þ �~r1 þ �2~r2 þ �3~r3 þ �4~r4 þ Oð�5Þ;
we clearly have r1 ¼ ~r1, r2 ¼ ~r2, r2 ¼ ~r3, while

~r4ð2pÞ ¼ r4ð2pÞ � 2pc=
ffiffiffiffiffi
ab

p
:

Therefore ~r4ð2pÞ ¼ 0 provided that we choose c ¼ ða�bÞ
192ðabÞ3. By the implicit

function theorem, we conclude that

gð�Þ ¼ 3ða� bÞ
16ðabÞ3

�4 þ Oð�5Þ:

A.1 Length of the period.

We now analyze how the length of the period varies with �. More precisely,
call Lð�Þ the period of the closed orbit of (4.10), with r ¼ ��p1 � �p2 þ gð�Þ,
passing through the point ð�p1 þ �=

ffiffiffi
b

p
; �p2Þ. Equivalently,

ffiffiffiffiffi
ab

p
� Lð�Þ is the

period of the orbit of (A.7) passing through the point ð1; 0Þ. To compute this
period, we observe that the variable s ¼ sðhÞ satisfies the differential equation

ds
dh

¼ 1

1 � �~r � bðhÞ ¼ 1 þ �~rb þ �2~r2 � b2 þ Oð�3Þ:

Writing sðhÞ ¼ h þ �s1ðhÞ þ �2s2ðhÞ þ Oð�3Þ and observing that, by (A.6),
~r ¼ 1 þ �r1 þ �2r2 þ Oð�3Þ, one obtains

ds1

dh
¼ bðhÞ; ds2

dh
¼ r1ðhÞbðhÞ þ bðhÞ2:

By direct computations, again carried out with Maple, we find

s1ð2pÞ ¼ 0; s2ð2pÞ ¼ � pðaþ bÞ
24a2b2

:

Hence

Lð�Þ ¼ 2pffiffiffiffiffi
ab

p � 1 � aþ b
48a2b2

�2 þ Oð�3Þ
� �

: ðA:8Þ

According to (A.8), the period of these orbits is thus a strictly decreasing
function of �.

A.2 Average value of periodic orbits.

We shall also need an estimate on the average value ~pð�Þ ¼
�
~p1ð�Þ; ~p2ð�Þ

�
of

this periodic orbit. Denoting by L ¼ Lð�Þ the length of the period in (A.8) and
recalling (A.1), we compute

~p1ð�Þ ¼ �p1 þ
�ffiffiffi
b

p � 1ffiffiffiffiffi
ab

p
L

Zffiffiffiffiabp
L

0

rðtÞ cosðtÞdt;
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where
ffiffiffiffiffi
ab

p
L is the period of the orbit of (4.7). passing through ð1; 0Þ. To

simplify the computation, it is convenient to integrate w.r.t. the variable h.

~p1ð�Þ ¼ �p1 þ
�ffiffiffi
b

p � 1ffiffiffiffiffi
ab

p
L

Z2p

0

rðhÞ cosðhÞ dt
dh
dh:

Using (A.3), we get

~p1ð�Þ ¼ �p1 þ
�ffiffiffi
b

p � 1ffiffiffiffiffi
ab

p
L

Z2p

0

rðhÞ cosðhÞ
1 � �rðhÞbðhÞ dh:

Expanding in powers of � up to second order, and recalling that
rðhÞ ¼ 1 þ �r1ðhÞ þ Oð�2Þ, we get

~p1ð�Þ ¼ �p1 þ
�ffiffiffi
b

p � 1ffiffiffiffiffi
ab

p
L

Z2p

0

1 þ � � ðr1ðhÞ þ bðhÞÞ þ Oð�2Þ
� �

cosðhÞdh

¼ �p1 þ �2 1

4ab
2pffiffiffiffiffi
ab

p
L
þ Oð�3Þ:

Observing that (4.8) is equivalent to

2pffiffiffiffiffi
ab

p
L
¼ 1 þ �2 � aþ b

48a2b2
þ Oð�3Þ;

we conclude

~p1ð�Þ ¼ �p1 þ �2 1

4ab
þ Oð�3Þ: ðA:9Þ

An entirely similar computation yields

~p2ð�Þ ¼ �p2 � �2 1

4ab
þ Oð�3Þ: ðA:10Þ

A consequence of the above computations is the following. Call eLð�Þ the
period of the closed orbits of the linear system

z01 ¼ �~p1ð�Þz2;
z02 ¼ �~p2ð�Þz1:



ðA:11Þ

Using (A.9)–(A.10) one obtains

~Lð�Þ ¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�~p1ð�Þ~p2ð�Þ

p
¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðaþ �2=ð4abÞÞðbþ �2=ð4abÞÞ
p þ Oð�3Þ

¼ 2pffiffiffiffiffi
ab

p 1 � �2ðaþ bÞ=ð8a2b2Þ
� �

þ Oð�3Þ:

Comparing the constants in front of the second order expansion terms of Lð�Þ
and ~Lð�Þ, for every � > 0 small enough one finds

~Lð�Þ < Lð�Þ: ðA:12Þ
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A.3. A special trajectory.

Proposition 1 shows the instability of all small periodic travelling waves of
(4.8) bifurcating from a steady state solution. Notice that this instability
occurs w.r.t. periodic perturbations having twice (or more generally: N times)
the basic period. On the other hand, if we analyze the flow of the parabolic
system (4.8) within the space of functions having exactly the same period Lð�Þ
as one of the small periodic orbits, an interesting feature appears.

Looking at (4.15) in the case L ¼ eL, we see that B0 has a double zero
eigenvalue, while B1 and B�1 both have an eigenvalue with real part close to
zero, when L � 2p=

ffiffiffiffiffiffiffiffiffiffiffi
j~p1~p2j

p
. All other eigenvalues of the matrices Bk have

strictly negative real parts.
For a fixed � > 0 sufficiently small, by Theorem 6.1.2 in [He], there exists a

local invariant manifold M of dimension 4 containing the periodic solution

pðt; xÞ ¼ pð�Þ
�
x� rð�Þt

�
ðA:13Þ

as well as the constant solution

pðt; xÞ � ~pð�Þ: ðA:14Þ
Here ~pð�Þ is the average value of the orbit pð�Þ, see (A.9)-(A.10). We now
observe that the vector valued integralZL

0

pðt; xÞdx

remains constant in time along every solution of (4.8). We can thus consider
the 2-dimensional invariant sub-manifold M� � M containing all orbits in M
having the same average value ~pð�Þ. Of course, this manifold will contain the
two above solutions. By the inequality (A.12), the constant solution (A.14) is
unstable within M�. Since M� contains the periodic orbit (A.13) but no other
steady state, by the Poincare-Bendixon theory (see [HS]) we conclude that
there exists a solution t 7! pðtÞ 2 M� which approaches the unstable steady
state ~p as t ! �1, and tends to a periodic orbit for t ! 1.
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