
MATH 436 Final Exam Study Guide Part 2

Final Exam will take place on Monday, 5/1, 4:40-6:30 p.m. in 112 Chambers.

In the second part of the exam, covering the new material, you will be asked to

• State or complete definitions and theorems from the sections listed above.

• Give examples related to the definitions.

• Answer True/False questions.

• Solve problems similar to homework problems.

Review questions.

6.A: Give the definition of an inner product on V .
Give the formula for the Euclidean inner product on Fn.
Give a formula for another inner product on Fn.
Give a formula for an inner product on P(R).
List basic properties of an inner product.

Give the definition of the norm on an inner product space.
List basic properties of the norm.
Give the definition of orthogonal vectors.
State the Pythagorean Theorem.
State the Cauchy-Schwarz inequality and give two examples.
State the Triangle Inequality.

6.B: Give the definition of an orthonormal list.
Give examples of orthonormal lists.
State the theorem about the norm of an orthonormal linear combination.
Recall that every orthonormal list is linearly independent.
Recall how to write a vector as a linear combination of an orthonormal basis.
Describe the Gram-Schmidt procedure.
Recall that every finite-dim’l inner product space V has an orthonormal basis
and that every orthonormal list in V extends to an orthonormal basis.
State Riesz Representation Theorem. Recall how to find the vector u.

6.C: Give the definition of the orthogonal complement of a subspace.
List basis properties of the orthogonal complement.
State the theorem about expressing V as U ⊕ U⊥.
State the corollary about the dimension of U⊥.
State the theorem about (U⊥)⊥.
Recall that the two theorems above do not hold for infinite dim’l U .

Give the definition of the orthogonal projection.
List properties of the orthogonal projection.
State the theorem about minimizing the distance to a subspace.
Recall how to find u ∈ U that is closest to v.
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7.A: Give the definition of the adjoint of T .
List the properties of the adjoint.
How are M(T ) and M(T ∗) with respect to an orthonormal basis related?

Give the definition of a self-adjoint operator.
Describe the matrix of a self-adjoint operator with respect to an orthonormal basis.
What can you say about eigenvalues of a self-adjoint operator?
State the theorems about 〈Tv, v〉 = 0 for all v implying T = 0.
Give an equivalent condition for T on complex V to be self-adjoint.

Give the definition of a normal operator.
Recall that every self-adjoint operator is normal.
Give an example of normal operator that is not self-adjoint.
Give an equivalent condition for T to be normal.
For a normal T , what can you say about eigenvectors of T and T ∗?
For a normal T , what can you say about eigenvectors corresponding to distinct eigenvalues?

7.B: State the Complex Spectral Theorem.
Give an example illustrating this theorem.
Give an example showing that this theorem does not hold for real V .
Recall that self-adjoint operators have eigenvalues.
State the Real Spectral Theorem.
Give an example illustrating this theorem.

7.C: Give the definition of an isometry.
Give several examples of isometries.
Give several equivalent conditions for S to be an isometry:

preservation of the inner product, and conditions involving S∗.
Describe the matrix of an isometry with respect to an orthonormal basis.



True/False questions. Answer True or False. Make sure that you can justify your answers.
If a statement is False in general, but True under an additional assumption, state the assumption.
On the exam, you will only be asked to answer True or False.

We will go over the T/F questions on Wednesday, 4/26. Bring the list with your answers to class.

In the True/False questions, V is an inner product space over F and T ∈ L(V ).

(1) 〈f, g〉 = f(0)g(0) + f(1)g(1) is an inner product on the space of continuous functions
from [0, 1] to R.

(2) For any c1, . . . , cn ∈ R, 〈x, y〉 = c1x1y1 + · · ·+ cnxnyn is an inner product on Rn.

(3) For any x1, . . . , xn ∈ Rn, |x1 + · · ·+ xn|2 ≤ n(x21 + · · ·+ x2n).

(4) For any u, v ∈ V , ‖u− v‖ ≤ ‖u‖+ ‖v‖.

(5) If v = a1e1+ · · ·+amem, where e1, . . . , em is an orthonormal list, then ‖v‖2 = a21+ · · ·+a2m.

(6) If Gram-Shcmidt procedure is applied to an orthonormal list, the list does not change.

(7) There exists q ∈ P5(R) such that
∫ 1
0 p(x)ex dx =

∫ 1
0 p(x)q(x) dx for all p ∈ P5(R).

(8) If PU is the orthogonal projection onto a subspace U of V , then (PU )10 = (PU )3.

(9) If U is a subspace of V , then V = U ⊕ U⊥.

(10) For any two subspaces U1, U2 of V , (U1 + U2)
⊥ = U⊥1 ∩ U⊥2 .

In the questions below, V is assumed to be finite-dim’l and non-zero.

(11) (λT )∗ = λT ∗ for all λ ∈ F.

(12) If 〈Tv, v〉 = 0 for all v ∈ V , then T = 0.

(13) Let V be real. If the matrix of T with respect to some basis of V is diagonal,
then T is self-adjoint.

(14) Let V be real. If V has an orthonormal basis consisting of eigenvectors of T ,
then T is normal.

(15) Let V be real. If T is normal, then V has an orthonormal basis consisting of
eigenvectors if T .

(16) Every self-adjoint operator on V has an eigenvalue.

(17) If S1, S2 ∈ L(V ) are isometries, then S1S2 is also an isometry.

(18) If T is diagonalizable and each eigenvalue of T has absolute value 1, then T is an isometry.


