
MATH 436 Exam 2 Study Guide

Exam 2 will take place on Monday, April 3, in class.

It will cover Sections 3.D-F, 4, 5.A-C, 10.A,B. For Sections 10.A,B we did not follow
the book and the material is available on the course web page (see Schedule, 3/20,22,24).

No books, notes, phones, calculators, or other electronic devices will be allowed on the exam.

You will be asked to

• State or complete definitions and theorems from the sections listed above.

• Give examples related to the definitions.

• Answer True/False questions (see examples below).

• Solve problems similar to homework problems. Make sure that you know how to solve all
homework problems, the practice problems and the ones that were collected. Also, you should
understand the proofs of the theorems as the problems use similar ideas and techniques.

Review questions. Make sure that you can answer all of them!

3.D: Give the definition of an invertible linear map. Recall that the inverse is unique.
State an equivalent condition for invertibility.
Give examples of invertible and non-invertible linear maps.

Give the definition of isomorphic vector spaces.
Give a necessary and sufficient condition for isomorphism of finite-dimensional vector spaces.
For finite dim’l V and W , what is L(V,W ) isomorphic to and what is its dimension?

What is an operator on V ?
For finite dim’l V , give equivalent conditions for invertibility of an operator on V .
Does this result hold for infinite dim’l V ?

3.E: Give the definition of the product of two vector spaces.
Let V and W be finite dim’l. Describe a basis of V ×W . Give a formula for dim (V ×W ).

Let U be a subspace of V . Define an affine subset of V parallel to U . Give examples.
When do two affine subsets coincide?
Define the quotient space V/U and the operations on this space.
Suppose V is finite dim’l. Give a formula for dim (V/U).

5.A: Let T ∈ L(V ). Define an invariant subspace of V . Give examples.
Let U be an invariant subspace. Define the restriction and quotient operators T |U and T/U .

More questions on 5.A below.

3.F: Give the definition of a linear functional on V .
Give examples of non-zero linear functionals on Fn, F∞, and P(R).

What is the dual space V ′ of V ? What can you say about its dimension?

Let v1, . . . , vn be a basis of V . Give the definition of its dual basis.

Let T ∈ L(V,W ). Give the definition of the dual map T ′.
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4: Define zeros and factors of polynomials. What is the relation between them?
State the Fundamental Theorem of Algebra.
Does this result hold if C is replaced by R?
Describe factorization of polynomials over C.
What can you say about non-real zeros of polynomials with real coefficients?
Describe factorization of polynomials over R.

5.A: Give the definitions of eigenvalues and eigenvectors of T ∈ L(V ). Give examples.
Give an equivalent condition for λ to be an eigenvalue of T .
What is it also equivalent to in the finite-dimensional case?
What can you say about eigenvectors corresponding to distinct eigenvalues?

5.B: For T ∈ L(V ), define Tm and p(T ), where p ∈ P(F).

What can you say about existence of eigenvalues for operators
(a) on finite dim’l non-zero complex V ,
(b) on infinite dim’l complex V ,
(c) on finite dim’l non-zero real V .

What is an upper triangular matrix? What is a diagonal matrix?
Suppose M(T ) with respect to a basis v1, . . . , vn is upper triangular / diagonal.

What does it mean for T (vj), j = 1, . . . , n ?
Recall that every operator on a on finite dim’l non-zero complex vector space has an

upper triangular matrix.
What can you tell about invertibility and eigenvalues of T from its upper triangular matrix?

5.C: In this section, V is a finite-dimensional non-zero vector space.

Give the definition of a diagonalizable operator.

Let λ be an eigenvalue of T . Define the corresponding eigenspace.
List properties of eigenspaces.

State equivalent conditions for diagonalizability.
State a condition that guarantees diagonalizability.

Give examples of diagonalizable and non-diagonalizable operators.

10: (See lecture notes) In this section, matrices are n× n and dimV = n > 0.

Recall how to compute determinants of 2× 2 and 3× 3 matrices.
Define a permutation of (1, . . . , n) and its sign.
Give the definition of the determinant of an n× n matrix.
List properties of the determinant.

Let V and W be bases of V . Describe the change of coordinates matrix from V to W.
Let T ∈ L(V ) and let A and B be matrices of T with respect to V and W.
How are they related? What can you say about their determinants and traces?

Define the determinant of T . Why does this definition make sense?
Define the characteristic polynomial χT of T . List its properties.
Define the trace of a square matrix and the trace of an operator.

For a complex vector space V , express detT and traceT in terms of its eigenvalues.
Describe what happens when V is a real vector space.

Let T be an operator on R2 or R3. What is the relation between detT and area / volume?



True/False questions. Answer True or False. Make sure that you can justify your answers.

(1) If T ∈ L(V ) is injective, then T is invertible.

(2) If T ∈ L(V ) is not injective, then T has an eigenvalue.

(3) Vector spaces R× P2(R) and P9(R)/P5(R) are isomorphic.

(4) There are infinitely many linear functionals on R3.

(5) For every finite dim’l vector space V , dimV ′ = dimV .

(6) For every finite dim’l vector space V , dimL(V ) = 2 dimV .

(7) Each polynomial of degree 97 with real coefficients has a real zero.

(8) For each T ∈ L(V ), nullT is an invariant subspace of V .

(9) If T ∈ L(R2) and T 2 = I, then T is either I or −I.

(10) If an operator has an upper triangular matrix, then it is diagonalizable.

(11) If V is finite dim’l and T ∈ L(V ) is a scalar multiple of the identity,
then the matrix of T is diagonal with respect to every basis of V .

(12) If T ∈ L(V ) has no eigenvalues, then T has no non-zero invariant subspaces.

(13) Every operator on a non-zero complex vector space has an eigenvalue.

(14) The multiplicity of an eigenvalue λ of T ∈ L(V ) equals dimE(λ, T ).

(15) If V is a real vector space of an odd dimension, then each T ∈ L(V ) has a real eigenvalue.

(16) If A is a matrix with complex entries and Ā is the matrix obtained by conjugating the
entries of A, then det Ā = detA.

(17) If the columns of a square matrix A are linearly independent, then detA 6= 0.

In (19,20) V is a non-zero finite-dimensional complex vector space.

(18) For any S, T in L(V ), χST = χS χT .

(19) If T ∈ L(V ) and χT (z) = zn + an−1z
n−1 + · · ·+ a0, then an−1 = −traceT

and a0 = (−1)ndetT .


