
MATH 436 Exam 1 Study Guide

Exam 1 will take place on Monday, February 20, in class. It will cover Sections 1.A-3.C.

No books, notes, phones, calculators, or other electronic devices will be allowed on the exam.

You will be asked to

• State or complete definitions and theorems from Sections 1.A-3.C. For example,

Complete the definition: A list v1, . . . , vn of vectors in V is linearly independent if

State the Fundamental Theorem of Linear Maps.

• Answer True/False questions (see examples below).

• Solve problems similar to homework problems. Make sure that you know how to solve all
homework problems, the practice problems and the ones that were collected. Also, you should
understand the proofs of the theorems as the problems use similar ideas and techniques.

Review questions. Make sure that you can answer all of them!

1.A: What is a complex number? How to add, multiply, and divide complex numbers?
What properties do they have?
What is Fn? How are addition and scalar multiplication defined?

1.B: Give the definition of a vector space.
Give several examples of vector spaces.

1.C: Give the definition of a subspace.
State the conditions for a subspace.
Give several examples of subspaces and of subsets that are not subspaces.
Define the sum of subspaces. Give examples.
State the theorem about the sum of subspaces being the smallest containing subspace.
Give the definition of a direct sum of subspaces.
Give examples of sums that are direct and sums that are not.
State the condition for a direct sum.
State the condition for a direct sum of two subspaces. Does a similar condition hold for
more than two subspaces?

2.A: What is a linear combination of v1, . . . , vn? What is the span of v1, . . . , vn?
State the theorem about the span bieng the smallest containing subspace.
Give the definition of a finite-dimensional vector space.

What is a polynomial? What is its degree?
What is P (F)? What is Pm(F)?

Give the definition of a linearly independent list.
Give the definition of a linearly dependent list.
Give examples of LI and LD lists.
What does linear independence mean for a list of length 1? of length 2?
State the Linear Dependence Lemma. How is it proven?
State the theorem about the lengths of LI and spanning lists.
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2.B: Give the definition of a basis. Give several examples of bases.
State the criterion for a basis.
State the theorems about reducing a spanning list and extending a LI list.
State the theorem that every subspace is a part of a direct sum.
How is W constructed?

2.C: Recall that each finite-dimensional vector space has a basis (Why?) and any two bases
of V have the same length (Why?).

Give the definition of the dimension of a finite-dimensional vector space. Give examples.
What can you say about the dimension of a subspace?
What are sufficient conditions for a list of length dimV to be a basis?
Give the formula for the dimension of U1 + U2.

3.A: Give the definition of a linear map.
Give several examples of linear maps. Give examples of maps that are not linear.
State the theorem about the linear map with given values on a basis (3.5).
Define operations on linear maps and list their properties.
Recall that L(V,W ) is a vector space.

3.B: Define the null space and range of a linear map. Give several examples.
Recall that nullT and rangeT are subspaces.
Define injectivity and surjectivity.
For linear maps, what is injectivity equivalent to?
Give examples of linear maps that are / are not injective / surjective.
State the Fundamental Theorem of Linear Maps. Give an outline of the proof.
State the corollaries about dimensions and injectivity / surjectivity.
What can you say about solutions of systems of homogeneous linear equations?

3.C: What is a matrix?
Define addition, scalar multiplication, and matrix multiplication.
List the properties of the operations.
Recall that Fm,n is a vector space. What is its dimension? Why?
What is the matrix of a linear map with respect to given bases? Give examples.
Express the matrix of S + T , λT , ST in terms of matrices of S and T .



True/False questions. Answer True or False. Make sure that you can justify your answers.

(1) For each α ∈ C there exists β ∈ C such that αβ = 1.

(2) {p ∈ P (R) :
∫ 1
0 p(x)dx = 0} is a subspace of P (R).

(3) {(x, y, z, w) : x, y, z, w ∈ R and xy = zw} is a subspace of R4.

(4) If U and W are subspaces of V and U is contained in W , then U +W = W .

(5) If U1 + U2 + U3 is not a direct sum, then U1 ∩ U2 6= {0}.

(6) If V is finite-dimensional and V = U ⊕W , then dimV = dimU + dimW .

(7) If dimV = n, then V has a subspace of dimension k for each k = 0, 1, . . . , n.

(8) There exists a basis of P3(R) consisting only of polynomials of degree 3.

(9) If v1, v2, . . . , vn is a basis in V , then v2, . . . , vn does not span V .

(10) If v1, v2, . . . , vn, w ∈ V and v1, v2, . . . , vn is LI, then v1 +w, v2 +w, . . . , vn +w is also LI.

(11) If v1, . . . , vn, w ∈ V and v1, . . . , vn is spanning, then v1, . . . , vn, w is LD.

(12) T : P3(R)→ R2 given by T (az3 + bz2 + cz + d) = (a, d) is a linear map.

(13) If T ∈ L(V,W ) and dimV > dimW , then T is surjective.

(14) If T ∈ L(P4(R), R4), then nullT 6= {0}.

(15) If T ∈ L(V,W ) and the list T (v1), . . . , T (vn) is LD, then the list v1, . . . , vn is LD.

(16) If S, T ∈ L(V,W ), then dim null (S + T ) = dim nullS + dim nullT .

(17) There exists T ∈ L(P3(R), P4(R)) such that T (z3) = z4 + 5z and T (z2) = z3.

(18) If for matrices A and B both AB and BA are defined, than both A and B are n-by-n.

(19) If for T ∈ L(V,W ) the matrix M(T ) has a zero column, then T is not injective.

(20) If for T ∈ L(V,W ) the matrix M(T ) has a zero row, then T is not injective.


