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Abstract. There exist many tick borne infections that are of either economic or public health
interest. Mathematical models have previously been used to describe the dynamics of these
infections. However it has recently come to light that there is an alternative mechanism for
the transmission of these diseases that has not been considered in a modelling framework.
This is transmission through ticks co-feeding on non-viraemic hosts. This paper extends a
simple mathematical model to include this alternative transmission mechanism. The model
is used to describe the dynamics of Louping ill virus in red grouse (the viraemic host) and
hares (the non-viraemic host). However, these results are applicable to many other systems.
The model is analysed using joint threshold density curves. It is found that the presence of a
non-viraemic host allows the virus to persist more readily than it would in the presence of a
host that simply amplified the tick population. More importantly, if the level of non-viraemic
transmission is high enough the virus can persist in the absence of the viraemic host. This
result has important implications for the control of tick borne diseases.

Introduction

Tick borne–viruses are known to have a significant impact on human, livestock and
wild animal populations in the tropical and temperate parts of the world (Sonenshine
and Mather 1994). However, the dynamics of infection are complicated in tick
borne virus systems since ticks feed on a wide range of host species and efficiency
of transmission from host to tick and tick to host varies between host species.

Transmission from host to tick is generally believed to occur when ticks bite
and feed on the blood of a viraemic host (e.g. Beasley et al 1978). However, in
recent years it has become clear that pathogen transmission can occur through a
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number of other routes. For example transmission between infected and
uninfected ticks that co-feed on a host can occur in the absence of systemic infection
(Jones et al 1987). This has been shown to occur for both viruses and bacteria
(Randolph et al 1996). There is evidence that this transmission occurs due to host
modification at the feeding site and is facilitated by tick saliva (Jones et al 1992,
Labuda et al 1993a). However, non-viraemic transmission does not occur on all
host species. For example, in the Louping ill system it has been shown to occur on
Mountain hares (Lepus timidus) but transmission has not been recorded on red deer
(Cervus elaphus), New Zealand white rabbits or domestic sheep although further
investigation is still needed (Jones et al 1997). Furthermore, non viraemic trans-
mission has also been observed in mountain hares after sero - conversion implying
that such hosts may provide suitable habitat for transmission for much longer than
normal viraemic hosts. Indeed if such hosts are relatively abundant they could pro-
vide the main route of virus transmission and be the principal mechanism for virus
persistence.

A number of mathematical models have been formulated to describe transmis-
sion of tick borne diseases through the normal systemic route (e.g. Cooksey et al
1990, O’Callaghan et al 1998, Norman et al 1999). However, such models have not
included the non-viraemic transmission route so the aim of this paper is to incorpo-
rate this transmission mechanism. Specifically we will address three questions:

1) How does non-viraemic transmission alter the dynamics of infection?
2) How does it influence virus persistence?
3) Are these results applicable to other systems?

Whilst non-viraemic transmission has now been recorded in several different
systems (e.g. Labuda et al 1993b, Jones et al 1990), we will concentrate initially
on our system; Louping ill virus which has two viraemic hosts, red grouse (Lag-
opus lagopus scoticus) and sheep and where non- viraemic transmission occurs in
Mountain Hares (Lepus timidus) (Jones et al 1997).

Louping ill

Louping ill is a tick borne virus transmitted by the sheep tick Ixodes ricinus. Whilst
the tick bites a wide variety of hosts it is only in sheep, grouse and 2% of short
tailed voles that the virus invokes a viraemic response sufficiently high for ticks
to become infected through the systemic route of infection (Hudson et al 1995).
Although Louping ill has economic implications for sheep farmers it is usually
controlled in sheep by vaccination and regular treatment with acaricides. Grouse,
on the other hand, suffer substantial losses from the disease with 80% of those in-
fected with the virus dying (Reid 1978, Hudson 1992). These huge losses coupled
with the fact that adult ticks do not feed on grouse should mean that, if sheep are
effectively removed from the system through vaccination and dipping, then the vi-
rus would not persist. In a number of areas, the disease in grouse has been reduced
through sheep management. However, Louping ill is still prevalent in some parts of
Scotland despite applying sheep management procedures. Persistence of the virus
could occur for several possible reasons that are explored by Hudson et al 1995. In



The dynamics of non-viraemic transmission 121

their study they provide evidence to suppose that the presence of the mountain hares
plays an important role in the persistence of Louping ill virus. This could operate in
a combination of one or two ways. First hares could act as a maintenance host for
the tick vectors and this could allow virus persistence. A generalised mathematical
model of tick borne viruses which included a viraemic host and a secondary tick
host that simply allowed adult feeding of ticks showed that for medium densities
of the non-viraemic host, the virus could persist in areas where it would not persist
in the presence of the viraemic hosts alone (Norman et al 1999). This modelling
also showed that if non-viraemic host abundance is too high this could result in the
virus being lost from the system through wasted bites (Norman et al 1999). We now
extend this model to incorporate recent experimental work that shows that hares
can act as non-viraemic hosts to Louping ill, permitting the virus to be transmitted
between co-feeding ticks (Jones et al 1997).

The approach in this paper is to present a simple deterministic model for the
transmission of the virus which causes Louping ill. We parameterise this model for
the Louping ill system before analysing the model output in terms of the possible
implications of non-viraemic transmission in the Louping ill system.

Biological Assumptions of the model

The dynamics of the tick vector are based on the biology of the tick Ixodes rici-
nus that transmits the virus that causes Louping ill. This tick has a life cycle that
develops from the egg through two immature stages (larva and nymph) to the adult
stage. Each immature stage requires a blood meal from a suitable vertebrate host.
The adult female requires a meal before producing eggs once and then dying. Adult
females can only obtain a feed from large mammals i.e. hares and not grouse, whilst
the immature stages will also feed on smaller warm-blooded vertebrates such as
grouse chicks. Once a questing tick locates a host it generally feeds for several
days. The tick life cycle usually takes 3 to 4 years but can be longer depending
on host availability and climatic conditions, ticks need high relative humidity to
survive.

Low tick burdens do not have a direct impact on the host (Hudson 1986, 1992).
However, the virus is transmitted inter-stadially so once an immature stage is infect-
ed the subsequent stages can transmit the virus to a susceptible host. Transovarial
transmission has not been recorded in the Louping ill system.

We assume that sheep play no part in the dynamics of the system and have been
effectively removed through vaccination and acaricide treatment.

The model

The model presented here considers two hosts, a viraemic host that does not sup-
port adult ticks and a non-viraemic host that supports all stages. We call these hosts
grouse (G) and hares (H) respectively. Grouse are assumed to be susceptible (s),
infected (i) or immune (z) with total grouse density, G = Gs + Gi + Gz. Hares
are assumed to be at a constant density H. For simplicity the tick stages are added
to give two equations for the tick dynamics, one for infected ticks (Ti) and one for
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susceptible ticks (Ts) with the total tick population, T = Ti + Ts . Despite this ad-
dition of tick stages the parameters values used are calculated in a way which only
accounts for the specific tick stages which are involved in a particular mechanism.
The model is an extension of the viraemic transmission model analysed previously
by (Norman et al 1999). The rate of non-viraemic transmission is assumed to be
proportional to the number of hares present, the number of infected ticks present
and the number of susceptible ticks present and therefore takes the form θHTiTs

where θ is a measure of the probability of non-viraemic transmission occurring.
This is obviously a simple relationship and a more realistic one may be required to
describe the aggregated distribution of ticks. However, we do not currently have the
data available to support any such relationship and so we will start with the simplest
one possible. The equations that describe the system are therefore as follows:

dGs

dt
= (ag − sgG)G − bgGs − β1TiGs (1)

dGi

dt
= β1TiGs − �Gi (2)

dGz

dt
= γGi − bgGz (3)

dTs

dt
= (aT − sT T )Tβ3H − bT Ts − β2TsGi − θTiTsH − β3TsH (4)

dTi

dt
= θTiTsH + β2TsGi − bT Ti − β3TiH (5)

Where for grouse: ag is the per capita birth rate; sg is a measure of the density
dependent constraints acting on the birth rate of the population; bg is the per cap-
ita natural death rate; β1 is the probability of an average tick biting a grouse and
infecting it per unit time; γ is the rate at which infectious grouse become immune
and � = α + bg + γ is the rate at which infectious grouse are lost from the system
and is the sum of the death rate due to the disease (α), the natural death rate and
the rate at which individuals become immune. For the ticks: aT is the per capita
production rate of larvae; sT is a measure of the density dependence acting on tick
production rate; bT is the per capita natural death rate. β2 is the probability of an
average tick biting a grouse and becoming infected per unit time; β3 is the proba-
bility of an adult tick being female, biting a hare and then going on to reproduce per
unit time before dying and being lost from the system. A measure of non-viraemic
transmission is given by θ . In order to calculate the value of θ we really need to
take into account the probabilities of susceptible and infected ticks co-feeding on
a hare either spatially or temporally and, in addition, the probabilities of infection.



The dynamics of non-viraemic transmission 123

Parameter estimation

The parameters for the grouse-hare- Louping ill system are estimated from data in
the literature and from our current unpublished results (Table 1). All parameters are
calculated per month and we ignore seasonality in this simple model. Some of the
life history parameters are relatively trivial to calculate. For example, to calculate
the per capita reproductive rate of grouse, ag , we assume that breeding pairs of
grouse have, on average four chicks per year (Hudson 1992), ignoring singletons,
this gives a productivity of 2 chicks per bird per year which is 2/12 = 0.166 chicks
per bird per month and hence ag = 0.166. We estimate α from the observation that
it takes approximately 13 days for a grouse to die from Louping ill (Reid 1975) and
so the death rate due to the disease, α = 30/13 = 2.31 per month (assuming 30
days per month). Since 80% of infected grouse die from the disease (Reid 1978,
Hudson 1992) then γ is 4 times smaller than α therefore γ = 0.5775. The transmis-
sion parameters are not so easy to measure. The βs are defined as the probability of
an average tick biting an average host and infection occurring per unit time. This is
difficult to estimate, however we do have information on tick biting rates on both
hares and grouse on a major study area in Scotland for the years 1993, 1994 and
1995. In order to estimate the βs we make the simplifying assumptions that the
ratio of larvae to nymphs to adults remains constant and the ratio of ticks biting
hares to ticks biting grouse remains constant. We also assume that the probabilities
of infection remain constant across tick life stages and across host species. The
transmission parameters are defined as follows:

β1 is the probability of an average infectious tick biting an average grouse and
infecting it within a unit time. This can only occur within the nymph stage since
adult ticks do not usually bite grouse. β2 is the probability of an average tick biting
an infected grouse and becoming infected so both larvae and nymphs contribute to
this term. β3 is the probability of an average female adult biting a hare and sub-
sequently producing eggs and then larvae and takes into account the proportion of
the tick population which is female. We can therefore rewrite the biting rates as
β1 = β, β2 = pβ and β3 = qβ. Using the data on tick biting rates described above,

Table 1. Parameter definitions, estimates and their sources.

Parameter Meaning Value per month Source
ag Per capita birth rate for

grouse
0.166 Hudson 1992

bg Per capita natural death
rate of grouse

0.087 Jenkins et al 1967
Hudson, 1992

α Death rate due to the
disease

2.31 Reid 1975

γ Rate of recovery from
the disease

0.5775 Calculated from α

at Number of larvae
produced per tick

83.33 Unpublished data

bt Natural death rate of
ticks

0.0277 Unpublished data
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we estimate that p = 2.525 and q = 1.13. This leaves us with the single param-
eter, β, to estimate and we analyse the model for several different values of this
parameter. Another parameter for which we have no estimate is the non-viraemic
transmission parameter θ . Again, we consider several values of this parameter to
study the possible effects of non-viraemic transmission in virus persistence.

Model analysis

Setting the derivatives of equations (1) to (5) to zero we find that there are six
possible biologically relevant equilibria (see appendix A). Details of the stability
analyses of these equilibria are given in appendix B.

The trivial equilibrium has no grouse, ticks or disease present and is only stable
if ag < bg and aT β3H < bT +β3H in other words if the death rate of both species
is higher than their birth rates. One way of interpreting the second inequality is as
the basic reproductive number of the ticks, Ro,ticks < 1 where

Ro,ticks = aT β3H

bT + β3H

Ro,ticks can be derived directly from the equations. If we add equations (4) and (5)
we see that if one tick was added to an area that had H hosts then it would live
for 1

bT +β3H
units of time and produce aT β3H offspring per unit time and so in its

lifetime the initial tick would produce

Ro,ticks = aT β3H

bT + β3H
.

The next simple case is no grouse and ticks all susceptible and at their car-
rying capacity. This equilibria is only stable if ag < bg , aT β3H > bT + β3H

(Ro,ticks > 1) and θKT H < bT + β3H in other words if the grouse population
has a negative growth rate, the tick population has a positive growth rate and the
disease cannot be spread non-viraemically because ticks die more quickly than they
can become infected through this route.

The third equilibria has no ticks present, no disease and grouse present at their
carrying capacity. This equilibria is stable, as we might expect, when ag > bg and
Ro,ticks < 1 i.e. the grouse have a positive growth rate and the ticks have a negative
one. The fourth equilibria has ticks and grouse both at their carrying capacities and
no infection. This equilibria is stable if ag > bg , Ro,ticks > 1 and Ro,virus < 1
where

Ro,virus = θHKT � + β2KT β1Kg

�(bT + β3H)

Again we can derive this formula from equations (1)–(5). Consider a system in
which grouse are at their carrying capacity Kg , ticks are at their carrying capacity
KT and hares are at density H. If we add one infected tick to this system Ro,virus

is the number of secondarily infected ticks caused by this primary infection. From
equation (5) the tick would live for 1

bT +β3H
units of time and produces β1Kg

bT +β3H
in-

fected grouse through feeding and θKT H
bT +β3H

infected ticks through co-feeding. Each
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infected grouse lives for 1
�

units of time and produces β2KT

�
infected ticks. Adding

these two routes of infection together gives

Ro,virus = β2KT β1Kg

�(bT + β3H)
+ θKT H

bT + β3H

The next equilibrium is one with no grouse present and ticks at their carrying
capacity but with infection. This is stable if ag < bg , Ro,ticks > 1 and θKT H >

bT + β3H in other words if the grouse population has a negative growth rate,
the tick population has a positive growth rate and the disease can be spread non-
viraemically. The third inequality can be derived from the formula for Ro,virus > 1,
given above, with Kg = 0.

The sixth and final equilibrium has grouse, ticks and virus all present and is
assumed to be stable (or replaced by cycles) when ag > bg , Ro,ticks > 1 and
Ro,virus > 1. Numerical simulations support this assumption.

If we first consider Ro,ticks we see that it is not dependent on grouse density,
this is because tick reproduction depends purely on hares since adult ticks do not
bite grouse. Putting Ro,ticks = 1 gives us a threshold density of hares, HT , below
which the ticks cannot persist where,

HT = bT

(aT − 1)β3

For this threshold to be low, i.e. for ticks to persist easily we need a low natural tick
death rate, a high tick birth rate and high biting rates for adult females.

In order to consider the effects of hares on the persistence of the virus which
causes Louping ill we plot the curves Ro,virus = 1 in grouse-hare (K-H) parameter
space. We can identify the areas in parameter space in which the virus can and
cannot persist. If we first consider the system without non-viraemic transmission
then we have two parameter values for which we do not have estimates these are
β and sT so we vary these to see how the behaviour of the system is affected. If
we keep sT constant and vary β (Figure 1) we find that for large β the curve bends
back upon itself. This means that for a given value of grouse carrying capacity, Kg ,
there are two threshold values of H. If there are too few hares then the life cycle of
the ticks cannot be completed so there are too few ticks for the virus to persist. If
there are too many hares then, since there is no non-viraemic transmission in this
case, the bites on hares are wasted in terms of the virus which becomes diluted in
the tick population and dies out. For smaller values of β the curve no longer bends
back on itself and this dilution effect disappears. It should be noted that for larger
values of β the grouse carrying capacities for which the virus cannot persist are
very low and it is unlikely that these values of β are realistic. For smaller values
of β whilst the dilution effect has disappeared we need much higher densities of
hares and grouse present before the virus can persist.

If we vary sT we find that the curve does not change shape but moves along
the Kg axis making persistence of the disease more or less likely depending on
whether sT is increased or decreased. (Figure 2). These changes in the threshold
grouse carrying capacities are proportional to changes in sT , in other words if sT
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a b

dc

Fig. 1. Relationship between Ro,virus = 1 for four different values of β. All other parameter
values are as in Table 1 and sT = 0.00001. In figure 1a β = 0.01 and the threshold level
of hares, HT below which the ticks cannot persist is 0.0298. In figure 1b β = 0.001 and
HT = 0.298. In figure 1c β = 0.0001 and HT = 2.98 and in figure 1d β = 0.00001 and
HT = 29.8.

a b

dc

Fig. 2. Graphs to show the effect of changing sT on the persistence of the virus. In each
case parameters are as in Table 1 and β = 0.0001. In figure 2a sT = 0.001, in figure 2b
sT = 0.0001, in figure 2c sT = 0.00001 and in figure 2d sT = 0.000001.
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is decreased by a factor of 10 then we need 10 times fewer grouse for persistence.
This is because when sT is smaller then the carrying capacity of ticks is larger and
so transmission is more likely.

We now add in non-viraemic transmission. In this case we have no available
estimates for the value of θ and so we take different values and see the effect of
this parameter on system behaviour. We consider two values of β and look at the
effect of increasing θ (Figure 3 and 4). Since Ro,ticks does not depend on θ we find
that HT does not change when we add non-viraemic transmission. In terms of virus
persistence we find that adding non-viraemic transmission to the model makes the
virus more likely to persist. This is mainly seen at low grouse carrying capacities.
With the addition of non-viraemic transmission the dilution effect completely dis-
appears. Indeed the curve now crosses the ‘Hare’ axis, this means that, for high
enough non-viraemic transmission, even if an area could not support grouse then
the virus could persist if there were enough hares, this result is confirmed by the
stability analysis (equilibrium 5, Appendix A). One point of interest is the point
at which the Ro,virus curve crosses the hare axis and how this is influenced by
the amount of non-viraemic transmission occurring. If we assume that grouse can-
not be sustained in an area, as shown above, we find Ro,virus = θKT H

bT +β3H
. Setting

Ro,virus = 1 and rearranging we can find the threshold number of hares which have
to be present for virus persistence in this area. This gives us

H = bT

θKT − β3

a b

dc

Fig. 3. Graphs to show the effect of non-viraemic transmission on the persistence of the
virus. In each case the parameters are as in Table 1 with sT = 0.00001 and β = 0.0001. In
figures 3a to 3d θ takes the values 0, 1 × 10−10, 1 × 10−9 and 1 × 10−8 respectively.
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a b

dc

Fig. 4. Graphs to show the effect of non-viraemic transmission on the persistence of the
virus. In each case the parameters are as in Table 1 with sT = 0.00001 and β = 0.001. In
figures 4a to 4d θ takes the values 0, 1 × 10−10, 1 × 10−9 and 1 × 10−8 respectively.

It is clear that the hare threshold density is lowered if either the ticks are long
lived or non-viraemic transmission is more likely to occur.

Discussion

Tick borne diseases are of increasing importance in terms of their economic and
health implications. Some headway has been made in controlling some of these dis-
eases through vaccination and acaricide treatments. However, it has recently come
to light that alternative mechanisms of transmission occur which might make control
of these viruses more difficult. One method that could be of particular importance is
non-viraemic transmission. This is known to occur in several systems and involves
transmission of the virus from an infected tick to a susceptible one when they
co-feed either spatially or temporally on a host that does not produce a viraemic re-
sponse (Randolph et al 1996). This paper has used mathematical models to consider
the possible effects of non-viraemic transmission on the persistence of the virus.

We concentrated specifically on the Louping ill system in which we have two
hosts, red grouse which produce a viraemic response and mountain hares which do
not. A previous model of tick borne diseases in general (Norman et al 1999) has
shown that the presence of a non-viraemic hosts could amplify the tick population
enough to cause persistence of the virus in areas where it could not persist in the
absence of these hosts. However, it is also possible for too many non-viraemic hosts
to be present for virus persistence since a ‘dilution effect’ occurs where tick bites
are wasted and the virus dies out (Norman et al 1999). These results are shown
here to be true, for some levels of virus transmission, for parameters that describe
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the Louping ill system. However, these levels of transmission are unlikely to be
realistic and it appears that the dilution effect is not important in the Louping ill
system. The effect of non-viraemic transmission, if it occurs frequently enough, is
to remove any dilution effect that does occur and to generally increase the prob-
ability that the virus can persist, particularly at low grouse carrying capacities.
Indeed, if the non-viraemic transmission parameter and hare densities were both
high enough it would be possible for the hares to sustain the virus in areas where
grouse are unable to persist. Unfortunately we do not yet have any idea of the levels
of non-viraemic transmission that occur in the field. However, this work suggests
that non-viraemic transmission could be of great significance in virus persistence
in the grouse-hare-Louping ill system.

Whilst the model results here are given for the Louping ill system the model
presented could be applied to any tick borne virus system in which we have both
a viraemic host and a non-viraemic host simply by changing the parameter val-
ues. Other systems for which non-viraemic transmission is known to occur include
tick-borne encephalitis (Labuda et al 1993b), Lyme disease (Ogden et al 1997) and
Thogoto virus (Jones et al 1990). Whilst we do not have estimates for the level
of non-viraemic transmission occurring in these systems there is evidence in the
Lyme disease system that it is significant. Recent work has shown that although
sheep do not develop systemic infections Lyme disease cycles can be maintained
in habitats dominated by sheep (Ogden et al 1997). Whilst this does not validate
the model results it does provide evidence that they are biologically realistic.

Whilst the model presented here is very simple it produces a result which has
serious implications for disease control. That is, that we cannot simply consider
viraemic hosts when we are thinking about the control of tick borne viruses. We
also have to find out if the system has any non-viraemic hosts and consider ways
of removing them from the transmission cycle as well. This will be made difficult
by the fact that we will not be able to vaccinate against the virus in order to bring
about this removal since non-viraemic transmission can occur even if an immune
response has been mounted.

Appendix A: Equilibria

The biologically relevant equilibria for equations (1)–(5) are found by setting the
derivatives equal to zero. We then get the following equilibria, written in the form
(Gs, Gi, Gz, Ts, Ti).

1) (0, 0, 0, 0, 0), i.e. no grouse, ticks or disease present.

2) (0, 0, 0, KT , 0), i.e. no grouse or disease and ticks at their carrying capacity,
KT , which is given by

KT = aT β3H − bT − β3H

sT β3H
.

For this to be biologically relevant (i.e. positive) we need

aT β3H > bT + β3H.
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3) (Kg , 0, 0, 0, 0), i.e. no ticks or disease and grouse at their carrying capacity,
Kg , which is given by

Kg = rg

sg

For this to be biologically relevant we need

rg > 0 i.e. ag > bg

4) (Kg , 0, 0, KT , 0), i.e. grouse and ticks both at their carrying capacity with no
disease present. Here Kg and KT are as given above and for this equilibrium to
be biologically relevant we need both

aT β3H > bT + β3H and ag > bg

5) (0, 0, 0, T +
s , T +

i ), i.e. no grouse present but ticks and disease coexisting. In this
case

T +
s = bT + β3H

θH
, which is always positive and

T +
i = KT − bT + β3H

θH
, which is only biologically relevant when

θHKT > bT + β3H.

6) (G∗
s , G

∗
i , G

∗
z , T

∗
s , T ∗

i ), i.e. ticks, grouse and disease coexisting together. This
equilibrium is much more complicated than those above and is given by the
following formulae:

G∗ = 1

sg

(
bg�

bg� + (bg + γ )β1T
∗
i

) (
ag

(
bg� + (bg + γ )β1T

∗
i

bg�

)
− bg − β1T

∗
i

)

with

G∗
s = bg�G∗

bg� + (bg + γ )β1T
∗
i

, G∗
i = β1T

∗
i G∗

s

�
, and G∗

z = γβ1T
∗
i G∗

s

bg�
.

The total tick population T is equal to KT , which has the same formula as given
above. The susceptible tick density is given by KT − T ∗

i . Hence, we can write all
of the densities in terms of the infectious tick density, T ∗

i . However, T ∗
i is given by

the following cubic:

f (T ∗
i ) = AT ∗3

i + BT ∗2
i + CT ∗

i + D

where
A = θHsg(bg + γ )2β2

1

B = −θKT Hsg(bg + γ )2β2
1 + 2θHsg(bg + γ )β1�bg + β2β

2
1bgag(bg + γ )

−β2β
2
1b2

g� + (bT + β3H)sg(bg + γ )2β2
1

C = −2θH�sgbg(bg + γ )β1KT + θH�2sgb
2
g − β2KT β2

1bgag(bg + γ )

+β2KT β2
1�b2

g + β2β1�b2
gag − β2β1�b3

g + 2β1�sgbg(bg + γ )(bT + β3H)

D = −θHKT sg�
2b2

g − β2KT β1�b2
gag + β2KT β1�b3

g + �2b2
gsg(bT + β3H)
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In order to determine the properties of this cubic we will look at f(0) and f(KT ).

f (0) = D

= b2
g�sg(�(bT + β3H) − θHKT � − β2β1KT Kg)

This is negative if R0,virus > 1 and hence we have either 1 or three positive roots.

f (KT ) = bT rg(bg + γ )2β2
1K2

T + β3Hrg(bg + γ )2β2
1K2

T + 2bT rg�bg(bg + γ )

×β1KT + 2β3Hrg�bg(bg + γ )β1KT + (bT + β3H)rg�
2b2

g

which is positive as long as rg > 0. This means that there is at least one root
between 0 and KT and there may be three. Therefore, as long as Ro,virus > 1 and
rg > 0 there is always at least one positive value for T ∗

i . If T ∗
i is positive it is easy

to show that the other terms in the equilibrium are positive and so the coexistence
equilibrium exists. However, it has not been possible to show algebraically that this
equilibrium is unique, however, to date no numerical solutions of this system have
shown more than one positive coexistence equilibrium.

Appendix B: Stability

In order to check the local stability of the six biologically relevant equilibria de-
scribed in appendix A we follow a standard method of analysis (Anderson and May
1981). This is to perturb the system away from each equilibrium, and determine
the conditions under which it returns to the same equilibrium. This is done by
determining the eigenvalues of the Jacobian evaluated at each equilibrium. If the
eigenvalues have negative real parts then the equilibrium is stable.

The general form of the Jacobian is as follows:


ag − 2sgG − bg − β1Ti ag − 2sgG ag − 2sgG 0 −β1Gs

β1Ti −� 0 0 β1Gs

0 γ −bg 0 0

0 −β2Ts 0
aT β3H − 2sT Tβ3H − bT

−β2Gi − θTiH − β3H
aT β3H − 2sT Tβ3H − θTsH

0 β2Ts 0 θTiH + β2Gi θTsH − bT − β3H




1) At (0, 0, 0, 0, 0) the eigenvalues of the Jacobian are given by∣∣∣∣∣∣∣∣∣∣

ag − bg − λ ag ag 0 0
0 −� − λ 0 0 0
0 γ −bg − λ 0 0
0 0 0 aT β3H − bT − β3H − λ aT β3H

0 0 0 0 bT − β3H − λ

∣∣∣∣∣∣∣∣∣∣
= 0

The solutions of this are ag−bg , −�, −bg , −bT −β3H and aT β3H −bT −β3H .
Therefore this equilibrium is stable iff bg > ag and bT + β3H > aT β3H , in other
words if death rates are higher than birth rates for both grouse and ticks.

2) At (0, 0, 0, KT , 0) the eigenvalues of the Jacobian are given by∣∣∣∣∣∣∣∣

ag − bg − λ ag ag 0 0
0 −� − λ 0 0 0
0 γ −bg − λ 0 0
0 −β2KT 0 aT β3H − 2sT KT β3H − bT − β3H − λ aT β3H − 2sT KT β3H − θKT H

0 β2KT 0 0 θKT H − bT − β3H − λ

∣∣∣∣∣∣∣∣
=0
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The solutions of this are ag−bg , −�, −bg , −sT KT β3H and θKT H−bT −β3H .
Therefore this equilibrium is stable iff bg > ag , KT > 0 i.e. bT + β3H < aT β3H

and θKT H < bT + β3H , in other words if grouse death rate is higher than grouse
birth rates, if tick birth rate is higher than tick death rate and transmission on the
non-viraemic host cannot occur, i.e. ticks are lost more quickly than they transmit
infection.

3) At (Kg, 0, 0, 0, 0) the eigenvalues of the Jacobian are given by the following:∣∣∣∣∣∣∣∣∣∣

−rg − λ ag − 2rg ag − 2rg 0 −β1Kg

0 −� − λ 0 0 β1Kg

0 γ −bg − λ 0 0
0 0 0 aT β3H − bT − β3H − λ aT β3H

0 0 0 0 −bT − β3H − λ

∣∣∣∣∣∣∣∣∣∣
= 0

The solutions of this are λ = −rg, −bT − β3H, −�, −bg and aT β3H − bT −
β3H . Clearly the eigenvalues are negative iff rg > 0 and aT β3H < bT + β3H ie
grouse reproductive rate is positive and tick reproductive rate is negative.

4) At (Kg, 0, 0, KT , 0) the eigenvalues of the Jacobian are given by the following∣∣∣∣∣∣∣∣∣∣

−rg − λ ag − 2rg ag − 2rg 0 −β1Kg

0 −� − λ 0 0 β1Kg

0 γ −bg − λ 0 0
0 −β2KT 0 sT KT β3H −λ aT β3H −2sT KT β3H −θKT H

0 β2KT 0 0 θKT H − bT − β3H − λ

∣∣∣∣∣∣∣∣∣∣
= 0

The solutions of this are λ = −rg, −sT KT β3H, −bg and the solutions of∣∣∣∣−� − λ β1Kg

β2KT θKT H − bT − β3H − λ

∣∣∣∣ = 0

The first three solutions are negative as long as rg > 0 and aT β3H > bT +β3H .
The determinant gives the following quadratic

λ2 + λ(� + bT + β3H − θKT H) − β1β2KgKT − �(θKT H − bT − β3H) = 0

which has roots with negative real parts iff �(bT +β3H) > θKT H�+β1β2KgKT

i.e. if R0,virus < 1.

5) At (0, 0, 0, T +
s , T +

i ) the eigenvalues of the Jacobian are given by
∣∣∣∣∣∣∣∣

rg − β1T
+
i − λ ag ag 0 0

β1T
+
i −� − λ 0 0 0

0 γ −bg − λ 0 0
0 −β2T

+
s 0 −sT KT β3H − θT +

i H − λ aT β3H − 2sT KT β3H − θT +
s H

0 β2T
+
s 0 θT +

i H θT +
s H − bT − β3H − λ

∣∣∣∣∣∣∣∣
= 0.

This can be split into two independent determinants∣∣∣∣∣∣
rg − β1T

+
i − λ ag ag

β1T
+
i −� − λ 0

0 γ −bg − λ

∣∣∣∣∣∣ = 0
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and ∣∣∣∣−sT KT β3H − θT +
i H − λ aT β3H − 2sT KT β3H − θT +

s H

θT +
i H θT +

s H − bT − β3H − λ

∣∣∣∣ = 0.

Considering the first determinant we get the following cubic.

λ3 + λ2(� + bg + β1T
+
i − rg) + λ(�bg − β1T

+
i rg + β1T

+
i � − rg(� + bg))

−rgbg� + β1T
+
i αbg − β1T

+
i rgbg − β1T

+
i rgγ = 0

In order to see when this cubic has roots with negative real parts we check the Routh
Hurwitz conditions which say that if we have a cubic of the form

λ3 + Aλ2 + Bλ + C = 0

Then the roots have negative real parts iff A, B, C >0 and AB>C. In this case,
we can see that these conditions hold if ag < bg i.e. if rg < 0. If we consider the
second determinant we get the following quadratic:

λ2 + λ(sT KT β3H + θT +
i H) − θT +

i H(aT β3H − 2sT KT β3H − θT +
s H) = 0

In the case of a quadratic of the form

λ2 + Aλ + B = 0

The Routh Hurwitz conditions say that the roots have negative real parts iff A>0
and B>0. In this case A>0 iff KT > 0 and T +

i > 0 and B>0 iff bT + β3H <

aT β3H . Therefore for stability and biological relevance of this equilibrium we need
bT + β3H < aT β3H and θKT H > bT + β3H and ag < bg .

6) Due to the complexity of the algebraic analysis in this case, the coexistence
equilibrium in which grouse and ticks persist with the virus is assumed to be the
stable equilibrium (or replaced with stable limit cycles) when none of the other
equilibria are stable. Numerical simulations back up this assumption.
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