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ABSTRACT 

Computer models can describe complicated phenomena encountered in science and 

engineering fields. To use these models for scientific investigation, however, their gen- 

erally long running times and mostly deterministic nature require a specially designed 

experiment. This paper presents a class of Latin hypercube designs developed from 

the rotation of factorial designs. These rotated factorial designs are easy to construct 

and preserve many of the attractive properties of standard factorial designs: they have 

equally-spaced projections to univariate dimensions and uncorrelated regression effect 

estimates (orthogonality). A thorough application of the newly proposed design in 

mechanical engineering is presented. New results on the rotated mixed-level factorial 

designs are discussed. 
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1. Introduction 

When observations are scarce, one is faced with important issues at both the design 

and analysis stages of experimentation. The literature has addressed many of these 

problems, but one application has special requirements and deserve more attention. The 

selection of input combinations to a computer model, called a computer experiment, is 

unique because of the deterministic nature of the model. 

Computer models can describe complicated phenomena encountered in science and 

engineering fields. However, their generally long running times make Monte Carlo 

simulation studies infeasible. An approximation can be constructed from a designed 

experiment, but the mostly deterministic nature of the computer model requires a 

special design. Standard factorial designs are inadequate; in the absence of one or 

more main effects, their replication produces redundancy. Traditional optimal designs 

also fail because they are based on variance considerations. . New designs have been 

proposed, but many are computationally burdensome. 

This paper presents a new class of designs obtained by rotating factorial designs 

into Latin hypercubes. The Latin hypercube projection property guarantees that these 

rotated factorial designs can be constructed for any number of factors. They are sim- 

ple to construct and combine factorial design properties - equally-spaced projections 

to univariate dimensions and spatial dispersion - with Latin hypercube properties - 

unique projections and model flexibility. When pd factorial designs are used, the ro- 

tated factorial designs possess orthogonality and are shown to be optimal by the mini- 

mum interpoint distance criterion in two dimensions. In other dimensions, the designs 

compare well to the optimal designs obtained in practice. 

This paper is organized as follows. A brief summary of our previous work (Beattie 

and Lin, 1998) on rotated regular pd full factorial designs is given in Section 2. Section 

3 presents a thorough application on Mechanical Engineering. Section 4 discusses the 

rotation properties for mixed-level factorial design. Summary and concluding remarks 

are given in Section 5. 

2. Rotated Factorial Designs 
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The use of rotated designs for experiments (not necessarily computer experiments) 

is not a new idea. DeFeo and Myers (1992), Crosier (1993) and Lucas (1996), for 

example, have suggested rotation for accomplishing various objectives. Their objectives 

are very different from our study here, however. The new strategy taken here is to 

modify the standard factorial design by rotation to yield a Latin hypercube (Mckay, 

Beckman and Conover, 1979). A general result for rotating two-dimensional factorial 

designs can be stated in this theorem (see, Beattie and Lin, 1998): 

Theorem 1. For nontrivial rotations between 0" and 45", a rotated standard p2 facto- 

rial design will produce equally-spaced projections to each dimension i f  and only i f  the 

rotation angle is tan-'(l/k), where k E (1,. . . , p ) .  These projections will be unique i f  

and only i f  the rotation angle is tan-'(lip). 

For higher dimensions, consider a standard full factorial design consisting of d fac- 

tors, each with p levels. A plevel, d-factor standard full factorial design can be rep- 

resented by the pd x d matrix with entries from {1,2,. . . , p )  and all pd combinations 

present: 
r,. 

For example, a 33 full factorial design can be presented as 

A rotation of this matrix is then accomplished by post-multiplication by a d x d 

matrix V with the property that vTv = Id, where Id is the d x d identity matrix. Let 

also d be a power of 2 and c = log2 d. Let 

Now, for c > 1, let Vc be defined inductively hom V,-l as follows: 
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where the operator (.)* works on any matrix with an even number of rows by m ulti- 

plying the entries in the top half of the matrix by -1 and leaving those in the bottom 

half unchanged. The higher dimensional rotation can be stated in the Theorem given 

in Beattie and Lin (2005). 

Theorem 2. The matrix Vc is a rotation of the d-factor (d = 2C), p-level standard full 

fa ctorial design which yields unique and equally-spaced projections t o  each dimension. 

3. A Practical Application t o  Mechanical Engineering 

Liao and Wang (1996) used a computer model to study the effects of an "active 

constrained layer" on damping the vibrations in a beam induced by a varying (over time 

and location) force on one of the beam's ends. This active constrained layer consisted 

of two parts: a viscoelastic material (VEM), which acts as a shock absorber, attached 

to the top of the beam and a piezoelectric material (PZT), which by way of a control 

voltage produces a counter-force, on top of the VEM. 

The current project studies the effects of an "enhanced active constrained layer," 

similar to that in Liao and Wang (1996) but incorporating two edge elements which are 

able to transmit the force of the PZT directly to the beam without being dampened by 

the VEM. Figure 1 illustrates this system. In it we see the stationary beam, fixed to a 

wall on one end, with the VEM and PZT (controlled by input voltage V) layers on its 

top side. Because the counter-effects of the PZT are dampened by the VEM, two edge 

elements (kl and kz) are incorporated to transfer the force of the PZT directly to the 

beam. 

The effects of four factors can be studied via the computer model using the MAT- 

LAB software package: the stiffness of each of the edge elements, which can be adjusted 

between 0 (no edge element) and 10 units, and the thicknesses of the VEM and the 

PZT, which can be adjusted between 0 (no VEM or no PZT) and 100% of the beam 

thickness. The program, which solves several partial differential equations, provides as 

output two measures of the performance of the Enhanced Active Constrained Layer 

(EACL): the performance index of the system and the control voltage (V) of the PZT, 
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both of which are ideal when minimized. The performance index is the researcher's 

primary concern. 

I 
kl - k2 

PZL 

VEM 
/ 

BEAM I 

Figure 1 Beam with Enhanced Active Constrained Layer (EACL) including 
viscoelastic material (VEM), piezoelectric material (PZT) controlled by voltage V, 

and edge elements (kl and k2) 

To investigate the effects of the four input variables on the performance index, 

the traditional approach in this field of engineering would be one of the following: 

incorporate a full factorial design in all four variables or fix two of the factors at a time 

and use a full factorial design in the remaining two variables. The latter approach, 

as is well known, is unable to estimate three-way or higher interactions among the 

variables, although it would require fewer experimental runs than the former. The 

former method, while able to determine these high-order interactions, may require an 

inordinate number of runs, depending on the degree t o  which the experimenter wants 

to estimate the response surface. 

Using the Penn State Center for Academic Computing PC network, the time to 

obtain a single observation from the computer model was approximately 2 minutes, 50 

seconds on an IBM computer with 486 processor and 3 2 " ~ ~  RAM. Using such equip- 

ment, incorporating a 34 factorial design would require almost 4 hours of computing 

time, while a 44 or larger design would require over 12 hours. Running the set of all 

6 pairwise 42 factorial designs (that is, holding two variables constant and letting two 

vary) would require 4 and a half hours, while the 6 x 52 designwould require 7 hours. 

Due to the large requirements in computer time, one can see that a typical Monte Carlo 
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type study is not possible. 

An 81-point, 4-dimensional rotated factorial design was employed for this computer 

experiment. After multiplying the standard 34 factorial design by the rotation matrix of 

Equation (3), the design matrix was scaled to the actual design region: [O, 1012 x [O, 112. 

The factor levels used with their resulting performance index values are shown in Table 

1. Two types of three-dimensional plots are used to study the response surface over 

bivariate margins. Figure 2 shows S-Plus perspective plots, which provide a very eye- 

pleasing surface. These graphs, however, require linear interpolation between points 

and may exaggerate certain features of the distribution. Some other three-dimensional 

plots are shown in Figure 3. These graphs display the responses as circles of vary- 

ing diameters. Points with larger circles had larger responses at  those coordinates in 

projected two-dimensional space. 

Table 1: 

Data from 81-point Rotated Factorial Design for EACL study 

kl k2 VEM PZL Performance 
stiffness stiffness thickness thickness Index 

0.00093924 

0.00057009 

0.00064918 

0.00051996 

0.00049537 

0.00057361 

0.00042830 

0.00046549 

0.00056944 

0.00049967 

0.00055685 

0.00066222 

0.00040415 

0.00044878 

0.00052095 

0.00035029 

0.00041486 

0.00050837 

0.00055769 

0.00072333 

0.001 13730 

continued on next page 
































