DISTRIBUTIONSUSED IN STATISTICAL WORK

In one of the classc introductory statistics books used in Education and Psychology (Glass and Stanley,
1970, Prentice-Hall) there was an excellent chapter on different distributions commonly used in
gatistical work (normd, chi square, F, and t). This chapter developed each and showed
interrelationships amongst these didtributions. | have not redly found in newer texts, any discussons on
apar with this one. What typicaly happensisthat WHEN atest isused, say thefirs timeat testis
introduced, THEN that theoretica distribution is discussed. Generdly, more recent books don’'t show
or discuss connections amongs digtributions, they are dl isolated bits of information. Giving full credit to
Glass and Stanley, | want to use Minitab in this handout to do some smulations that supplement what
their chapter did. NOTE: There clearly are other distributions of vaue to present but, | am limiting
myself to what was presented in the Glass and Stanley book. See the end for asummary of the
distributions and some example uses of each.

NORMAL DISTRIBUTION

Think about arandom variable where the sample space makes up anormd distribution where the mean
= 0 and the standard deviation = 1. Thisis your standard unit normal distribution. Now, consider taking
repetitive random observations from that distribution and then, forming a picture of that. Y ou would see
in the long run, this most familiar shape.

MIB > rand 10000 c1
MIB > dotp cl

Dotplot: C1

MIB > desc cl

Descriptive Statistics: C1

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
c1 10000 0. 0046 0. 0038 0. 0033 1. 0042 0. 0100
Vari abl e M ni mum Maxi mum Q (0¢]

c1 - 3. 4060 4, 0883 -0.6571 0. 6803

Condder thisthe BASE digtribution.

CHI-SQUARE DISTRIBUTIONS



Now, what if we take alarge set of randomly obtained vaues from the unit norma distribution and,
SQUARED each of these single vaues? What we would have in that case would be arandom varigble
that is made up of SQUARED z scores. We could do this easly in Minitab and, data would look
something like:

MIB > |l et c2=cl**2 <<<< NOTE: | just squared the 10000 z val ues fromthe above
MIB > dotp c2

Dotplot: C2
Fommme oo - [ [ [ Fommme oo - S (o]
0.0 3.0 6.0 9.0 12.0 15.0

MIB > desc c2

Descriptive Statistics: C2

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
(024 10000 1. 0083 0. 4501 0. 8070 1.4225 0. 0142
Vari abl e M ni mum Maxi mum Q (0¢]
(07 0. 0000 16. 7139 0. 1033 1.3371

What we clearly see here when we sgquare the valuesin arandom norma variate, isaradicaly +
skewed distribution with amean closeto 1.

Thisis caled achi square distribution with one (1) degree of freedom. 1 degree of freedom in this case
smply means squaring ONE z vaue from anormd variate and then making aplot of the resulting
suared (single) z scores.

Now, what if instead of taking ONE set of norma deviate vaues and squaring them, we take TWO
separate and independently drawn, normal deviate variables. That means we would have TWO
columns of z values. Square each of these z values and then ADD THE 2 SQUARED z vaues
together. | will show you some of these results and then let you see the digtribution that is generated
from this process.

Row z1 sqzl z2 sqz2 sqzl+sqz2
1 -1.07693 1.1598 -0.05103 0. 0026 1.1624
2 -0.28851 0.0832 1.31326 1.7247 1. 8079
3 -0.36138 0.1306 -0.37990 0. 1443 0.2749
4  0.25661 0.0658 1.60017 2. 5605 2.6264
5 -1.07087 1.1468 0.69643 0. 4850 1.6318
6 2.65793 7.0646 -0.44119 0. 1946 7.2592
7 -0.51160 0.2617 0.96389 0.9291 1.1908



8 2.14181 4.5873 0.76252 0.5814 5.1688

9 1.36193 1.8549  0.19187 0. 0368 1.8917

10 -0.44002 0.1936 -0.79115 0. 6259 0. 8195
MIB > dotp c5
Dotplot: sqzl+sqz2

e L Fommm e L e Fommm - - sqzl+sqz
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MIB > desc c¢5
Descriptive Statistics: sqzl+sqz2
Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
sqzl+sqz 10000 2.0219 1. 3830 1.7915 2.0300 0. 0203
Vari abl e M ni num Maxi mum QA (02]
sqzl+sqz 0. 0003 18. 7082 0. 5687 2. 8166

If you compare the two skewed digtributions, you will see that in this second case, thereisNOT as
much skew; ie, the peak has moved a hit to the right. Note that when we add together TWO squared z
vaues and look at the distribution, the mean now is approximately 2, and note that the standard

deviation has increased too.

Cadll thisa chi square digtribution with two (2) degrees of freedom.

Now imagine taking more than 2 independent random normd variates, squaring and adding those
together, then making adistribution out of the results. Say we took 5. Hereis what you would find.

z1 z2 z3 z4 z5
-0.91347 2.05764 1.70838 -1.64319 0. 62376
1.52128 2. 59559 -1. 05094 0.16472 -1.53489
0.87871 0. 44068 1.10548 - 0. 24896 - 0. 08487

-0.51881 - 0. 52567 0. 26883 -0.12788 - 0. 95803



-0. 95218 0. 83189 -0. 36857 0. 39893 -1.83481

Of course, thisisjust 5 rows of the 10000 | generated. If we squared each of the z values and then
added (across the rows) them up we would find:

sqz1 sQz2 sqz3 sqz4 sqz5 sumsqz
0.8344  4.2339 2.9186 2.7001 0. 3891 11. 0760
2.3143 6.7371 1.1045 0.0271 2. 3559 12. 5389
0.7721  0.1942 1.2221 0. 0620 0. 0072 2. 2576
0.2692 0.2763 0.0723 0.0164 0.9178 1.5519
0.9066 0.6920 0. 1358 0. 1591 3. 3665 5. 2602

Then we could examine the set of squared z vaues; ie, adding the squared zs across the rows and then
making a graph of this set of 10000 sums.

MIB > dotp cl1

Dotplot: sumsqz

MIB > desc cl11

Descriptive Statistics: sumsqz

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
sunsqz 10000 4,9884 4.3209 4,7445 3.1672 0. 0317

Notice that thereis now even LESS skewness to the data set and, that the mean is gpproximately 5
AND the variability as measured by the sandard deviation is larger than the previous two cases
(degrees of freedom 1 and 2).

Cadll the above case: chi square distribution with 5 degrees of freedom (since we added together the
squares of FIVE (5) squared normal deviates.

What seems to be happening is that as the number of squared deviates we add together increases, the
chi square distribution gets less and less + skewed, the mean increases, and so does the variability
(standard deviation).



Without showing dl the data, here is what would happen |F we had taken 10 independent random
normal deviates, squared the zs, added them together (and aso 20), and then had alook at the
distributions that result.

MIB > dotp c20 c21;
SUBC> sane.

Dotplot: C20, C21
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MIB > desc ¢20 c21

Descriptive Statistics: C20, C21

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
C20 10000 9. 9979 9. 3375 9. 7502 4. 4667 0. 0447
1 10000 19. 907 19. 292 19. 654 6. 286 0. 063

We see even less and less skewness and, the means are getting larger and larger, and so too are the
standard deviations. Cal the two distributions above cases of chi square digtributions with 10 and 20
degrees of freedom.

Here, in aquick summary form, is what we have seen as agenera pattern (NOTE: | have done new
smulaionsto show the databelow; it isjust smpler for meto do this).

Dotplot: 1df, 2df, 5df, 10df, 20df
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MIB > desc ¢30-c34

Descriptive Statistics: 1df, 2df, 5df, 10df, 20df

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
1df 10000 0.9812 0. 4524 0. 7840 1.3831 0.0138
2df 10000 2. 0207 1. 4097 1.7981 2.0058 0. 0201
5df 10000 5. 0019 4,3742 4.7664 3. 1445 0. 0314
10df 10000 10. 086 9. 447 9. 840 4,523 0. 045
20df 10000 20. 116 19. 458 19. 886 6. 327 0. 063

Note that the left Sde end value is 0. What seems to be happening as the df increase, is that someone
over on the right Sde is grabbing thetail of the distribution (with the left Sde fixed in place) and pulling it
more and more to the right. As this gets pulled more and more to the right, the “hump” in the
digribution is moving more and more out towards the MIDDLE of the digribution. Thus, clearly if the
hump is moving out to the right, the AVERAGE vaue (mean) is getting larger and larger. Also, if we are
dragging it more and more to the right WHILE keeping the left end (more or less) firmly held in place,
the overdl width of the digtribution isincreasing; ie, more variability (sandard deviation gets bigger).

In summary, here iswhat we seem to have with chi square distributions.



Lo

Chi square digtributions are created by adding together squared norma deviate vaues.

2. When only using 1 squared norma deviate, we have 1 degree of freedom. If squaring and
adding together 2 or more norma deviate va ues, we have degrees of freedom 2 or more,
depending on how many squared deviates you have drawn independently and added together.

3. As degrees of freedom increase, we seethat: A) the distribution becomes lessand less +

skewed, B) the mean getslarger and larger [in fact, the mean IS = to the degrees of freedom],

and C) the sandard deviations get larger and larger too [in fact, the formulafor the standard
deviation is the square root of 2* df].

F DISTRIBUTIONS

Wefirg (very briefly) looked at unit normd distributions and then, with that as the base digtribution,
expanded our foray into datistica distributions by linking chi square distributions TO unit normal
digtributions. We now move one step up the statistical distribution ladder to what are called F
digtributions (F coming from Sir Rondld Fishe).

F digributions are iterations of chi square digtributions just like chi square distributions were iterations
of unit norma digtributions. So, here we go!

What if we first generate a chi square distribution with 3 degrees of freedom. This would mean that we
take 3 independently generated unit norma variates, square the zs in each case, and then add them
together. Call that Set 1.

Now, independent of Set 1, we generate another set of chi square values, perhaps thistime with 5
degrees of freedom. Thiswould mean having 5 unit norma random variates, squaring the zsin each
case, and then adding those FIVE vaues together. Cdl this Set 2.

F digtributions are essentidly RATIOS of two chi square digtributions. So, if Set 1 isthefirst chi square
ditribution with 3 degrees of freedom and Set 2 isthe case of achi square distribution with 5 degrees
of freedom, our RATIO in this case would be (in a sense) vaues where we divide a 3 degree of
freedom chi square value by a5 degree of freedom chi square value.

NOTE: Recall we saw that the MEANS of chi square distributions were = to the degrees of freedom
vaue ... keep that in mind as | continue.

Technicdly, F digtributions are the ratios of two average chi square vaues that take the following form:
F (dfN,dfD) = (chi square N/df N) / (chi square D/df D)

N = numerator or the TOP chi square distribution
D= denominator or the BOTTOM chi square distribution

An F digtribution with 3 and 5 degrees of freedom (Note: F distributions have TWO degrees of



freedom vaues ... one for the numerator and one for the denominator) would be formed in the following
way:

1. Firg generate a chi square variate with 3 degrees of freedom (this means having 3
independently generated unit normd variates, squaring these, and then summing together).

2. Using thevauesin 1, take the AVERAGE of these values by dividing each by 3 ... or its
degrees of freedom vaue.

3. Now generate a chi square variate with 5 degrees of freedom (this means having 5
independently generated unit normad variates, squaring these, and then summing these).

4, Using thevauesin 3, take the AVERAGE of these values by dividingeach by 5 ... or its
degrees of freedom vaue.

5. Divide the values you havein 2 by the values you havein 4.

Now you will have aRATIO of two averaged chi square values or didtributions, and that is caled an F
digtribution with 3 and 5 degrees of freedom. Let's seeif asmal Minitab smulation will help. | sure
hope so!

Row sunsqz3 avchis3 sunsqz5 avchisb F3and5
1 1.3809 0.46031 3.0708 0.61417 0. 7495
2 1.9476  0.64920 3.1034 0.62067 1. 0460
3 1.7120 0.57066 4.5572  0.91143 0. 6261
4 4.1059 1.36862 6.8605 1.37210 0. 9975
5 4.1805 1.39351 4.1833 0.83666 1. 6655
6 0.8523  0.28408 1.8808 0.37616 0. 7552
7 0.7517  0.25058 6.4200 1.28401 0. 1952
8 0.8417  0.28055 2.0673 0.41346 0.6786
9 1.3041 0.43471 3.6515 0.73030 0. 5953

10 1.4495 0.48316 4.2770  0.85539 0. 5648

The sumsgz3 column isthe result of taking 3 random unit norma deviates, squaring them, and adding
them together. Thisis your regular chi square vaue with 3 degrees of freedom. Then, | divided that by
df = 3 and that produced the avchis3 column. THISWILL BE THE NUMERATOR VALUE IN THE
F DISTRIBUTION.

Then | took 5 new independently drawn unit normal variates, squared them, and added them together.
This produced the sumsgz5 column. Thisisaregular chi square vaue with 5 degrees of freedom. | then
divided that by df =5, and got the avchiss column. THISWILL BE THE DENOMINATOR FOR
THE F DISTRIBUTION.

All thet isleft to do isto DIVIDE the avchis3 vaue (numerator) by the avchisb vaue (denominator) and
thiswill then be our F digtribution with 3 and 5 degrees of freedom. Here iswhat distribution looks like.

MIB > dotp c22

Dotplot: F3and5



MIB > desc c22

Descriptive Statistics: F3and5

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
F3and5 10000 1.6213 0. 8883 1. 2532 2.6658 0. 0267
Vari abl e M ni mum Maxi mum Q (0¢]
F3and5 0. 0050 88. 9354 0. 4047 1. 8604

Clearly, thistoo isavery highly + skewed distribution.

Unfortunatdy, it isabit harder to show you (going the route of getting z values, squaring, and adding
together) what happens here because, there are SO many combinations of df values for the numerator
AND denominator. We can have 3 and 5 like above, or 2 and 20, or 10 and 8, or 3 and 50, and so
on. The mechanics would dl be the same as | have illusirated above but, the amount of smulation work
would be more prohibitive and cumbersome to show. However, in Minitab, it is possible to generate
these distributions automatically so, | will show you severd different F distributions with different
combinations of numerator and denominator df values. Here are afew.

MIB > dotp c¢50-c52;
SUBC> sane.

Dotplot: 2and30, 2and50, 2and100



Hommmmas o e Hommmma- Hommmmas Hommmmo 2and100
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MIB > desc

c50-c52

Descriptive Statistics: 2and30, 2and50, 2and100

Vari abl e
2and30
2and50
2and100

Vari abl e
2and30
2and50
2and100

Note in these cases, where the numerator df israther smal but, the denominator df is much larger, we

N Mean
10000 1. 0596
10000 1.0410
10000 1. 0269

M ni mum Maxi mum
0. 0001 17. 2394
0. 0001 10. 9286
0. 0000 10. 9243

Medi an
0. 6955
0. 7040
0. 6992

Q
0. 2883
0. 2948
0. 2830

Tr Mean
0.9192
0.9133
0. 9062

@
1. 4397
1. 4147
1. 4205

see means of about 1 but clearly, these are dl till serioudy + skewed.

MIB > dotp
SUBC> sane

Dot pl ot: 20and10, 30and10, 40andl10

MIB > desc
Descriptiv
Vari abl e

20and10
30and10

c53-c55

e Statistics: 20and10, 30andl10, 40and50

S B +- - - -
S . +- - - -
e mmm - B +- - - -
3.0 6.0
c53-ch5
N Mean
10000 1. 2560
10000 1. 2444

Medi an
1. 0395
1. 0425

Tr Mean
1.1603
1.1581

+

+

+

St Dev
1.1525
1. 0835
1. 0537

SE Mean
0. 0115
0. 0108
0. 0105

------- 20and10

------- 30and10

------- 40and10

St Dev
0. 8668
0. 8052

SE Mean
0. 0087
0. 0081



40and10 10000 1. 2555 1.0541 1.1662 0. 8013 0. 0080

Vari abl e M ni num Maxi mum QL (05}
20and10 0. 1548 15. 9568 0.7186 1.5321
30and10 0. 1812 12. 4927 0.7333 1.5115
40and10 0. 1916 12.5616 0. 7590 1. 5057

When the numerator df islarger (and | vary it) while keeping the denomiator df smaler and congtant,
we see the means of F digtributions are about 1.25 and, that the digtributions are till serioudy +
skewed.

Thismight lead you to the conclusion that dl F distributions are radically skewed but, thet is not the
case. Consder the following F distribution with 100 and 100 degrees of freedom.

MIB > dotp c60

Dotplot: C60

MIB > desc c60

Descriptive Statistics: C60

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
C60 10000 1. 0202 0. 9983 1.0126 0. 2066 0. 0021
Vari abl e M ni num Maxi mum QL (05}

C60

Here we seethat familiar normd like shape thus, with certain combinations of numerator and
denominator df vaues, the F distribution can look more normal. Note that the mean in thiscaseis
around 1, but see that the standard deviation is much SMALLER compared to the other F distributions
we saw.

Thus, while the means hover in the vicinity of 1 (maybe somewhat larger), the sandard deviations can
vary widely depending on the specific N and D df combinations.

It should not be too surprising that some F digtributions can look normd like. Remember, F
digtributions are ratios to two chi square distributions and, we saw that when df vaues got larger for chi
square, the chi square digtributions themsel ves looked more normal like. So, when you have an F
digtribution where the df vduefor N and D isin the larger vicinity, you are essentidly dividing (to get
the F vaues) two normd like vaues, hence, the resulting F digtribution also can look similar to anormd



digtribution. Note | did NOT say that it ISanorma distribution; only that it looks LIKE anormal
digtribution.

What can we summarize about F digtributions? Well, it is abit more complicated than what we saw the
summary was for chi square distributions but, here goes anyway.

1 F digtributions are ratios of two AVERAGED chi square distributions.

2. F digtributions have 2 df vaues, one for the N and one for the D.

3. Many F distributions have that radica + skewness shape BUT, some combinations of N and D
df values produce F didributions that look similar to anorma distribution.

4, Mean vaues of F digtributions are NEAR 1. [NOTE: actudly the mean is about (df D/ (df D-
2)].

5. Standard deviations of F digtributions can vary widely depending on the N and D df vaues.

t DISTRIBUTIONS

Thefind digtribution we will look at is cdled the t distribution. Just as the F distribution had a direct
connection to the chi square ditribution, we will see that thet distribution has a direct connection to
BOTH the unit normd distribution AND the chi square distribution. Here we go.

Similar to an F didribution, the t distribution is formed by consdering aratio of two random variables.
In this case, we will have in the numerator aregular unit normd digtribution vaue and, in the
denominator we will have a chi square varidble. Thus, a ageneric leve, the t digtribution looks like:

t = unit normd / chi square
But, let’ s be abit more specific.

What if wefirg dip into aunit norma random variable and sdlect one vaue. Thiswill be the numerator
part in thist formula above. Then, independently of this, we select some chi square ditribution (say chi
square 4), generate 4 vaues from a unit norma distribution, square them and add them togther, and
take an average of these as we did when looking at F ditributions. Findly, we form thet ratio as
follows

t = Unit normd vadue/ SQRT (chi square/ df)
Here are the steps:

Generate one random unit norma vaue.

Decide on adf vaue for chi square; say it is4.

Generate 4 random unit norma vaues and square and add them together.
Divide the sum you get in 3 by the df value (in this case 4).

Take the square root of the valuein 4.

a s owbdpE



6. Divide the vdue from 1 (make it the numerator) BY the valuein 5 (make this the denominator).

7. Cdl thevduein 6 at vaue with adf vaue of the chi square vaue in the denominator; ie, in this
case, we have at vaue with 4 degrees of freedom.

8. Now, think about repeating the steps of 1 to 6, over and over thousands of times so that you
could then make a graph of the results and see what happens.

Hereis aMinitab amulation that does this.

Row zN sunmsqz4 avchis4 sqrt z/sqgrtavchi 4
1 0.35955 14.6502 3.66256 1.91378 0. 1879
2 0.89285 4.2375 1.05938 1.02926 0. 8675
3 0.94712 4. 5503 1.13758 1. 06657 0. 8880
4 0. 89602 1.5794 0. 39485 0. 62837 1.4259
5 0. 31100 5.0217 1. 25542 1. 12045 0. 2776
6 0.55220 1.5488 0.38721 0.62226 0. 8874
7 -0.56848 1.2031 0.30079 0.54844 -1. 0365
8 0.05694 5.0047 1.25119 1.11856 0. 0509
9 -1.82256 1.7303 0. 43259 0. 65771 -2.7711

10 1.50361 2.9829 0. 74572 0. 86355 1.7412

| first generated 10000 vaues from a unit normal distribution. These arein column zN. Then,
independently of that, | generated 10000 sets of 4 unit norma values, squared each of the 4, then
added the squared vaues together. This addition gave me a chi square 4 vaue. These arein the
sumsgz4 column. Then | divided that summed chi square vaue by the df of 4 and this gives methe
averaged chi square vaue and it isin column avchis4. Then | took the square root of that averaged chi
sguare vaue and that isin the sgrt column. Findly, to complete the t vaue caculation, | divided the z
vaue from the zN (numerator) column by the sort of the averaged chi square 4 vaue in the sgrt column,
and that gave me the vaues in the column z/sgrtavchi4. These are our find t vaues ... and they have 4
degrees of freedom (the df comes from the chi square df in the denominator). Here iswhat that
digtribution looks like.

MIB > dotp c112

Dotplot: z/sqrtavchi4

R AR AEEEE R R SRR SRR +---z/sqgrtavchi 4
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MIB > desc c112
Descriptive Statistics: z/sqrtavchi4

Vari abl e N Mean Medi an Tr Mean St Dev SE Mean
z/ sqrtav 10000 0. 0019 -0. 0062 -0. 0034 1. 3941 0. 0139



Vari abl e M ni mum Maxi mum QL (05}
z/ sqrtav -10. 9034 15. 9094 -0.7316 0. 7369

Note that unlike most of the chi square and F distributions we saw that were radically + skewed, thist
digribution is taking on that familiar symmetricad unimoda |ooking shape; ie, the normd digtribution
shape. Note that the mean is about 0 and the standard deviation is about 1.4.

While the numerator in thist distribution is dways a regular unit norma vaue, the denominator can vary
depending on whether we are using a chi square 4 digtribution, or a chi square 9 digtribution, or other df
vauesfor chi square digributions. Thus, while the N seems to be rather congtant, the D will change
depending on the df for the selected chi square distribution. What this meansis that the RATIO will
vary depending on the D. And, if the D varys depending on the df for the chi square digtribution, then
thet DISTRIBUTION that results from thisN and D divison or retio, might be and look different.
Without going though dl these other possible smulation scenarios, let me use the “power” of Minitab to
samply generate random distributions from t distributions that have different df vaues. Thisiseasly
accomplished in Minitab by a smple random generation command. Whet | am showing below is our
case of df=4 plus, df vaues of 10, 20 and 40. Hereis what those different t distributions look like.

MIB > dotp c112-c115;
SUBC> sane

Dotplot: z/sqgrtavchi4, t10, t20, t40
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MIB > desc c¢112-cl115

Descriptive Statistics: z/sqrtavchi4, t10, t20, t40



Vari abl e N Mean Medi an Tr Mean St Dev SE Mean

z/ sqrtav 10000 0. 0019 -0. 0062 -0. 0034 1.3941 0. 0139
t 10 10000 -0.0198 -0. 0308 -0.0178 1.1177 0.0112
t 20 10000 0. 0052 0. 0033 0. 0045 1. 0603 0.0106
t 40 10000 0. 0087 0. 0034 0. 0060 1. 0297 0. 0103

Note that dl of theset digtributions, from the first one with df=4 to the last one with df=40 ... dl of
these look like the typical norma distribution. Also note that the centers or means of theset
digributions are gpproximatdy 0. Findly, note that the WIDTH of these t distributions seemsto get
narrower aswe INCREASE the df value. In fact, with larger df values, the standard deviations look
very smilar to the standard deviation vaue we get in aunit norma didtribution AND, to boot, the mean
of 0 looksthe same! In fact, t digtributions look very much LIKE unit norma distributions and more and
more like them (approach in width) when df gets larger and larger. So, what can we say about t
digributions?

1 t digtributions are ratios of unit normal values TO chi square vaues.

2 The shapes of t digtributions are symmetricd and unimodd, like normal distributions.

3. The mean or center of t digtributionsisO.

4 The width or standard deviations of t distributions get closer and closer to 1 as df getslarger.

5 In summary, t distributions look more and more like unit norma digtributions as df increases
more and more.

If you think about the formulafor at distribution, the fact that vaues from it produce a didtribution that
issmilar to aunit norma didtribution is not that surprising. First remember that the N part IS a unit
normd distribution. But, in redlity, though it does not look likeit ... the denominator islike a unit normal
digtribution too. Remember that we SQUARED z va ues and added them together to find achi square
digtribution. And recdl that these were usudly radicaly + skewed. But, if you start with the chi square
digribution that is radicaly + skewed, and then take an average and square roat, it isin asense, like
garting BACK with individua z values from aunit normal digtribution. So, in effect, at didribution is
likearatio of dividing one unit norma digtribution BY another unit norma digtribution thus, the result of
dividing one normd digtribution by another norma didribution is ... wdll, juss ANOTHER normd
digribution. And that in fact iswhet t distributions look like.

SUMMARY OF CHARACTERISTICS OF THE DISTRIBUTIONS

1 We gart with the unit normd distribution which has mean=0 and standard deviation=1.

2. Chi sguare didributions are formed by taking unit norma deviate vaues and squaring them.
How many you take and square and sum together, determines how many degrees of freedom
there are.

3. Chi sguare digtributions tend to be rather + skewed with smal degrees of freedom; have a
mean = to df, and a sandard deviation = sgrt 2* df. At larger df values, chi square distributions
can look more normd like.

4. F digributions are essentialy aratio of TWO chi square variates. This means that there is a df
for the numerator and a df for the denominator. Means of F distribution are near 1 or a bit



larger and, the standard deviations can vary widdly. Many F distributions are dso radicaly +
skewed but, certain combinations of N df and D df, produce more normal looking F
digributions.

5. t digtributions are essentidly aratio of aunit norma variate and a chi square variate. Degrees of
freedom for the t distribution are determined by the chi square variate in the denominator. t
digtributions look very much like unit norma distributions with amean of 0 and, a tandard
deviation that gets closer to 1 as df increases.

SAMPLE USES OF THE DISTRIBUTIONS
1. Normd Didtribution

If you took many random samples of say n=70 each from a population that was normally
digtributed, and then make a frequency distribution graph of the MEANS you get from dl your
samples, the SHAPE of that “sampling distribution of means” would look like the normad
digribution. Thiswould alow you to say such things as 68% of dl sample means would fall
between the population mean and 1 standard error unit (ie, the standard deviation of the
digtribution of sample means) on either sde of the population mean.

2. Chi Square Digtribution

A smpleinferentid technique isto take asmple SAMPLE pall like: maesfemaes as one
variable and agree (to someissue) or NOT agree (as the other variable) and ask if thereis
some relaionship between these two variables in the larger population from which the sample
was drawn. Thiswould give usa 2 by 2 frequency cross tabs table and, we can test the null
hypothesis that there is O relationship. We would calculate a chi square test Satistic based on
our sample data and then consult and chi square table to make a decision with respect to
retaining or rgecting the null hypothess.

3. F Digtributions

A very popular use of F digtributions isin the gpplication of a technique cdled “andyss of
variance’ (ANOVA). A typica setting would be in an experiment where we manipulated both
TYPE of ingructiona method and AMOUNT to time alowed for student practice. In thistwo
factor design, we would caculate an ANOVA summary table with test Satistic F ratios for
each of the factors (TY PE and AMOUNT, and interaction between TY PE and AMOUNT)
and compare our vaues with critical vauesin the appropriate F tables. Then we would retain
or rgect the various null hypotheses.

4. t Didributions

Perhgps the most common (but not only) gpplication of the t digtribution would beinasmple



two group experiment (experimenta and control groups) where we are interested in the
potentia difference in the two respective POPULATION means. Welook &t the differencein
the sample means, caculate our t test Satistic, then compare it to our table of critica t values,
and make adecison to retain or regject the null hypothesis.

There are dozens and dozens of uses of the above digtributions and, the ones mentioned only touch the
surface. However, the normd, chi square, F and t distributions are very frequently used and popular
within gatistical work.



