MODEL FOR DATA IN ANOVA
ONE FACTOR ANOVA

The god of any andysisisto be able to explain the data with some Satistical modd that contains

known components and, will assst usin understanding the varigbility in the data. Look at the following
data layout for asmple 1 way ANOVA. Assume that 9 Ss have been randomly assigned 3 Ss, to each
of 3 different trestment levels.

Treatment J
Levd 1 Levd 2 Levd 3
i=1ton=3 1098..CM=9 |6,54...CM=5 8,76 ... CM=7
GM=7
Some symbolism to Smplify this
Xij = any vduein any cdl
i=individud vaue within acel
j=any levedl on J
GM = grand mean
CM = cdll mean
E = error

Now, | have identified 2 specific vaues ... 8 inthefirg cdl and 6 in the second cell.
A modd for the data could look like the following:
Xij=GM +CM + E

That is, any particular score is a combination of: the generd levd of ALL of the datawhich isthe GM,
how far the particular cel mean (CM) varies from the GM, and how far a particular Xij vaue within a
cdl varies from the mean of that cell (caled an error or E). Look at it thisway: asagenerd guiddineto
what a particular value might be, you could predict the overall GM as a bdlpark estimate ... thiswould
give you an “gpproximate’ idea of what some particular Xij value might be. Thus, ok ... I will “guess’ 7
inthiscase IFI HAVE NO MORE INFORMATION. But, what if you know that a score happensto
fal withinthefirst level of J... ie, the j=1 cdl where the CM happensto be 9? Wdl, snce ON
AVERAGE thevauesinthej=1 cel tend to 9 ... or 2 points ABOVE the overdl GM ... then your
generd guessfor the vadue of a particular Xij vaue would be off about 2 ... Snce scoresin this cdl tend
to be about 2 points higher than the overall GM average. Findly, what if you aso know that the
particular score IN the j=1 cdll happens to be BELOW the CM for that cdl? That is ... while we have



made an adjustment for the Xij score being in acell that happens to be 2 points above the GM, we now
know that the specific score within the cell happens to be (in error) 1 point BELOW the CM of 9. This
would suggest we need to make one last adjustment to account for the fact that this score is not exactly
like the average in this cell but rather, below average. So, for this Xij score of 8 ... we would have a
mode that looks like:

Xij=GM +CM +E

8=7+(+2) + (-1)
8=8

What about the score of 6 in the second or j=2 cell?
Xij=GM +CM +E

6= 7+(2) +(+1)
6=6

Y ou could try this for each and every Xij vaue within the entire data table and you will find thet the Xij
=GM + CM + E will dwayswork.

So, for thissmple 1 factor ANOVA, we have amodd that sayswe can “explain” or account for the
deviations of scores around the overal mean by two components. one component represents how far
group or cdl means differ from the overdl mean, AND ancther component indicates how far individua
vaueswithin groups or cdls differ from the means of those cells or groups.

Now, get this. The Xij = GM + CM + E isasmple dgebraic expresson and, we can operate on it
using the “rules’ of dgebra. So, we could do the following:

Xij - GM =CM +E

All I did was to move the GM to the left Sde and, of course, if | did that, it will appear as a negative
term on the left. But, now what | have on the left Sdeis ... the DEVIATION of any particular score
from the GM, right? And, on the right side | have now isolated the CM which is how far the mean of a
particular cdl isfrom the GM ... and the E term which is how far scores are within acdl from the cdl
means. SO, in a sense, we have on the left Sde the deviations around the grand mean for all scores ...
and on the right Sde we have differences in group or cell means from the grand mean, and aso within
group deviations. THISIS STARTING TO SOUND A LOT LIKE THE SSMODEL WE HAVE
BEEN USING IN ANOVA ...ie, SY(T) = SS(BG) + SS(WG).

Without showing you directly, following norma agebraic rules, we could essentialy congder the left
sde as one kind of deviation score, and the right Side as 2 kinds of deviation scores AND, therefore,
SQUARE each of the deviation terms and this would produce for usthe SS quantities of SY(T),



SS(BG), and SS(WG). It does take a hit of algebraic work but, | think that you get the general idea.

TWO FACTOR ANOVA

Now, what about using such amodd in the case where we have asmple 2 factor ANOVA design?
So, assume that we have 12 Ss, 2 independent variable factors Jand K, each with 2 levels ... and we
randomly assign 3 Ssto each of the 2 by 2 or 4 cells. Look at the data below.

Treatment J
Levd 1 Leve 2
Treatment K Leve 1 10,9,8 ... CM=9 6,54 ... CM=5 kiM=7
Levd 2 6,54 ... CM=5 210..CM=1 k2M =3
1M =7 j2M =3 GM =5
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Note that the lines are paralldl.

Hereisaplot of the data

Now, what about a modd for this ANOVA design ... have alook.

Xijk=GM +IM +KM +E

Here, M = mean for Jlevd, KM = mean for K level, and Xijk isany vaduein any cdl.

The modd in this case takes into account the overdl level of the data or GM, but recognizes that a




particular Xijk isinacdl that belongsto a certain LEVEL of J (member of acolumn), belongsto a cell
inapaticular LEVEL of K (member of arow), and isamember of aparticular cell (and therefore could
be above or below the mean of that cell = error or E).

| have sdected the vaues of 4 in the lower left cdl (X5;,) and 6 in the upper right cdl (X,5,).

Xijk=GM +IM + KM + E

4=5+(+2)+ (-2 + (-1
4=4

6=5+(-2) +(+2) + (+1)
6=6

You can try thisfor every value and you will seethat it works. Now look at the next table.

Treatment J
Levd 1 Leve 2
Treatment K Levd 1 10,9,8... CM=9 10,9,8.. CM=9 kiM=9
Levd 2 654.CM=51 210.CM=1 k2M =3
1M =7 j2M =5 GM =6

Interaction Plot - Data Means for C1 Have alook at the graph of the data.
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Note that the lines are NOT paralldl.

Now, | have selected scores of 4 in the lower left cell and 10 in the upper right cell. Let’s apply the
mode we have and see what happens.

Xijk=GM +IM + KM + E

4=6+(+) + (3 + (-]
4 does NOT equal 3

10=6+(-1) + (+3) + (+1)
10 does NOT equal 9

What goes here? The modd of Xijk = GM + M + KM + E does not seem to work in this case ... the
cae wherethe linesare NOT parald in the graph. Ah hal That must mean that we need another TERM
in our modd ... in case thisnon paradle line Situation occurs or, perhagps we need this “extrd’ term in our
modd dl the time but, will only need to bring it into play WHEN the lines are not pardld.

WHAT WE NEED ISATERM IN THE MODEL FOR “POTENTIAL” INTERACTIONS!
Xijk =GM + M + KM + E needs to be expanded to:

Xijk=GM + M + KM + [JM*KM] + E

What we need isa*“ standby” interaction term that will make up for the fact that the Xijk =GM + M +
KM + E modd won't handle dll 2 factor data table Situations. In the score cases above, we would need
to use thisterm and insert values of +1 and +1 respectively to make the right Sde of the modd equal the
score vaue on the left Sde. Thus, the modd for representing each and every score in the data table
MUST include aterm for potentia interactions that might occur with the set of data. Sometimes it will be
needed ... sometimes it will not be needed but, the modd needs to be general enough to handle
gtuations like the data table above that shows aNON pardld line pattern.

Again, jus like | did with the one factor mode, we could:

Xijk=GM + M + KM + [IM*KM] + E



... movethe GM part to the left Sde as ...
Xijk -GM =M + KM + [JM*KM] + E

and again thiswould give us deviations of al scores around the grand mean on the left ... and if we
SQUARED these deviations for the SY(T), we could dso find squared deviations on the right sde for
how the J level means deviate around the grand mean, how the K level means deviate around the grand
mean, how the Xijk values WITHIN the cdls deviate from the cell means, AND a squared deviation
term that reflectsinteraction. Thus, our sums of squares mode in this case will develop into:

SY(T) = SS(J) + SS(K) + SS(IF*K) + SS(Error)
SAMPLE ESTIMATES OF SSFOR POPULATION PARAMETER SS

Keep in mind that when we do an experiment, we are collecting “sample’ data. That is, we get the
means for the columns (treetment J levels) and rows (treetment K levels), etc. BUT these are Smply the
means of the columns and rows IN this set of sample data. For example, the SAMPLE mean for
column 1 of Jismerdly an “egtimate’ of the true population mean effect for thet leve of treatment Jif we
had tried this out on the entire population.

Thisistrue of al the terms we cadculate for our ANOVA SS modd. Thus, the S§(T) and SS(BG) and
SS(WG) termsin the 1 factor ANOVA, and the SY(T) and SS(J) and SS(K) and SS(J*K) and SS(E)
termsin the 2 factor ANOVA modd are JUST estimates for what the TRUE SS vaues would bein the
populations.

Thus, our model (in the 2 factor case for example) of Xijk =GM + M + KM + [JM*KM] + E
isdl based on sample vaues and thus each term in this modd is but an estimate of the rlevant
parameter. So, it isimportant that we keegp in mind that while we are using sample data and sample SS
values, we areredly TRYING to estimate what the parameter values for these termsin the SS moddl
would redly be.

Asdways, snce these are only estimates, each or dl could be wrong ... by either smal or large amounts
... depending on how well we designed and executed our experiment.

Findly, snce we can NEVER redly know what thetruth is ... we must teke dl of these Setitical
partitionings and anadyses with some grain of sdt ... and not over rely on nor over interpret the findings.



