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Dynamical processes in macroscopic systems are often approximately described by kinetic and
hydrodynamic equations. One of the central problems in nonequilibrium statistical mechanics is to
underst'and the approximate validity of these equations starting from a microscopic model. %'e discuss a
variety of classical as well as quantum-mechanical models for which kinetic equations can be derived
rigorously. The probabilistic nature of the problem is emphasized: The approximation of, the microscopic
dynamics by either a kinetic or a hydrodynamic equation can be understood as the approximation of a
non-Markovian stochastic process by a Markovian process.
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I. INTRODUCTION

A. Microscopic dynamics and kinetic equations

Dyna, mical processes in many-body systems are often
approximately described by kinetic equations. Ex-
amples are the Boltzmann equation for a dilute gas, the
Ulasov equation for a, plasma, the Landau equation for
a weakly interacting gas, the Euler equations and the
Navier-Stokes equation for a compressible fluid, the
Rayleigh-Boltzmann equation for neutron transport in
solid materials, the Fokker-Planck equation for a
Brownian particle, the diffusion equation, the Pauli
master equation for atoms or molecules emitting and
absorbing radiation, the laser equations, and the phonon
Boltzmann equation for weakly interacting phonons. In
many cases these kinetic equations serve as the basic
equations for whole subfields of physics. Their common
feature is that they describe the dynamics of single-
particle distributions. 'The complicated interaction with
other particles and/or the surroundings is approximate-
ly taken into account by collision terms, effective po-
tentials, and the like. Of course, these approximations
are valid only under certain physical conditions. But if
these conditions are met, then the kinetic description is
in excellent agreement with observed experimental
facts.

Since we believe, not without reason, in the micro-
scopic description of a many-body system, the use of
kinetic equations poses the problem of how to under-
stand their approximate validity, starting from micro-
scopic dynamics. Ever since Boltzmann this has cer-
tainly been one of the central themes of nonequilibrium
statistical mechanics. This review is intended to cover
just one aspect of this problem, namely, those models
for which the approximation by a kinetic equation can be
rigorously controlled.

Let us outline the general program. One has to speci-
fy.

(i) The microscopic model

A model is regarded as admissible, if it satisfies the
following: (a) The dynamics of the model are governed
by Hamil. ton's equation of motion (by the Schrodinger
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equation for a. quantum-mechanical system). There-
fore the model is specified by a Hamiltonian, supple-
mented, if necessary, by proper boundary conditions.
(b) Initially (at t =0) a statistical state is given (i.e. ,
either a probability measure on the phase space asso-
ciated with the classical system or a statistical opera-
tor on the Hilbert space associated with the quantum-
mechanical system). We emphasize that alt statistical
assumptions enter through the initial conditions.

On second thought, one would like to understand why
certain statistical assumptions work so well, or, more
ambitiously, to try to reduce or even to avoid statisti-
cal assumptions altogether. This is a rather difficult
subject about which we have very little to say, although
once in a while we will hope to provide some interesting
piece of information. %'e propose here to take the point
of view of statistical mechanics and to regard the justi-
fication of a statistical ensemble at the initial time as a
separate problem.

{ii}The approximation

As already mentioned, kinetic equations are good ap-
proximations only under certain physical conditions.

his is translated into the theoretical framework, by
performing a, certain limit. For example, the Boltz-
mann equation is known to be valid for a dilute gas.
Therefore, in order to derive the Boltzmann equation,
one should let the density of the system go to zero, this
being a condition on the initial state. However, the
mean free path and the mean free time, which are the

typical length and time scale of the system, will then
tend to infinity. To obtain a well-defined limit, one
therefore has also to adjust the length and time scale
appropriately.

It will turn out tha, t the approximations can always be
chosen in such a way that the Hamiltonian and the initial.
state are scaled. So, if we denote the scaling pa. ra-
meter by c, then for each z one has a well defined
microscopic dynamics, and —provided the scaling is
appropriately chosen —in the limit as c -0 one obtains
a limiting dynamics governed by a kinetic equation. We
emphasize that in many cases finding the proper ap-
proximation is already a nontrivial problem.

{iii}The proof of convergence

This is the more mathematical part of the program.
Here one has to prove a theorem which assures, under
certain conditions on the scaled Hamiltonian and the
scaled initial states, the convergence to a limiting
dynamics in a certain sense.

The kinetic equations mentioned in the beginning have
a remarkable common feature: they are all first order
in the time derivative, i.e. , they have no memory
terms, or the future state of the system is completely
determined by its present state. This fact leads to a
deeper It)xobabilistic interpretation of the approximation
leading to a kinetic equation.

Let us try to explain this point of view in the context
of a well-known example. We consider the motion of a
Brownian particle of mass M in a fluid. I et q(t) be the
position and P(t) the momentum of the Brownian particle
at time t. As usual, we assume that q(0) =q, that t)(0)

and that initially the fluid is in thermal equilibrium
conditioned on the Brownian particle being located at
the position q. If the initial configuration of the fluid is
specified, then the path t -(q(t), t)(t)) of the Brownian
particle is determined. Since, however, a probability
distribution over the initial configurations of the fluid is
given, one has accordingly a probability distribution
over all possible paths of the Brownian particle.
Therefore, in a natural way, (q(t), p(t)) is regarded as
a stock.asti.c process starting at (q, t)). The motion of
the Brownian particle can be thought of as being gov-
erned by the stochastic differential equation

with initial conditions q(0) =q, t)(0) =t). F(t) is a time-
dependent r andom for ce whose statistical prope r tie s
are completely determined by the initial fluid distribu-
tion, (q, p), and the dynamics of the system.

(q(t), t)(t)) is a non-Markouian process due to recolli-
sions with one and the same fluid particle, which give
rise to a memory effect. The future of q(t), t)(t) depends
on its whole past. Now, the idea is to consider physi-
cal conditions under which the memory effects become
negligible. One such possible Maxkoeian approxima-
tion, which goes back to I angevin, is to assume that
F(t) can be written

(1 2)

where y&0 is a. friction constant, a&0, and t(!(t) is
Gaussian white noise. Under this assumption the pro-
cess (q(t), p(t)) is Markovian, and the probability dis-
tribution f(q, f, t) of (q(t), t)(t)) is governed by the Fok-
ker-Planck equation

A formal procedure (see Sec. II. B. 1) indicates that
as M —~, together with a proper rescaling of space,
time, and momentum, the motion of the Brownian parti-
cle should indeed be governed by a Markov process de-
fined by Eq. (1.3). The otherwise phenomenological
parameters y and o. are then proportional to the time
integral over the time-dependent force-force equili-
brium correlation function of the fluid, i.e., to a micro-
scopically defined quantity of the fluid. The proof that
the properly scaled stochastic motion (1.1) converges
to the stochastic motion defined through (1.2) has been
given recently (see Sec. ILB.l).

The example just described turns out to be generic.
All approximations leading to a kinetic description can
be understood as approximating a non-Ma. rkovian sto-
chastic process by a Markovian one. It seems therefore
to be appropriate to call these approximations Maxko-
nian limifs.

(

In recent years there has been considerable progress
in proving the existence of Markovian limits. At this
stage it seems therefore to be worthwhile to try to
collect the results obtained in a more or less coherent
framework, to see what has been achieved and where
the open problems are. We will focus predominantly on
classical continuous systems, since in this area our
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understanding has advanced farthest, and since no
coherent review seems to be available. On the other
hand, such an undertaking would be rather incomplete
we re I not to mention, to some extent at least, classi-
cal. lattice systems and quantum-mechanical systems.
[Certain aspects of Markovian limits for quantum-
mechanical systems have been reviewed by Gorini,
Frigerio, Verri, Kossakowski, and Sudarshan (1978),
by Davies (1976a, 1977b), and by Spohn and Lebowitz
(1978). Martin (1979) discusses Markovian limits for
three particular models. ]

Already at this stage I want to emphasize the dis-
tinction between two classes of Markovian limits.

(a) There are Markovian approximations, where a
physical parameter goes to zev o (or to infinity). Typi-
cally, one has (i) a weak coupling limit (the coupling
goes to zero), (ii) a low-density limit (the density goes
to zero), (iii) a. mean-field limit (the range of the po-
tential goes infinity), and (iv) a Brownian motion limit
(the mass of the Brownian particle goes to infinity).

Although there are still many relevant open, possibly
rather difficult, problems left, it seems fair to say
that one has reached a certain understanding of these
limits.

(b) Physical. ly, one studies a system at finite density
and coupling strength, in which case the Markovian ap-
proximations just mentioned may become inappropriate.
The fascinating fact is that there are other Markovian
limits, although of a somewhat more subtle nature,
where the physical parameters are kept constant. One
summarizes these approximations as hy geodynamic
limits.

For a ft.uid the point is to study only the slowly va.ry-
ing hydrodynamic fields, i.e. , the density field, the
velocity field, and the energy field, assuming that
locally the velocity has approximately reached a Max-
wellian distribution. The general belief is that on the
time scale c-'t and on the spatial scale z-'q the Eulerian
equations for a compressible fluid should be obtained,
whereas on the time scale c 'f and on the spatial scale
c-'q the Navier-Stokes equations should be obtained.
More generally, hydrodynamic limits are understood as
involving the system at constant physical parameters
over long time and large spatial scales.

The hydrodynamic limit is poorly understood, the
only progress in understanding it consisting of two ab-
solutely remarkable results by Bunimovich and Sinai:
For the two-dimensional Lorentz gas with a fixed peri-
odic configuration of scatters (which has to satisfy a
certain geometric property; see Sec. D.C. 1) they show
the validity of the analog of the Euler equations and of
the diffusion. approximation, which corresponds to the
Navier-Stokes equations. A better understanding of the
hydrodynamic limit seems to be the real future challenge.

Let me summarize somewhat the scope of this review.
The first part discusses the Brownian particle in a fluid
and in related models. 'The-se models have the advant-
age of conceptual and, under certain simplifying as-
sumptions, also of physical, as well as mathematical,
simplicity. Their study should always be considered
from two points of view. On one hand, the Brownian
particle in a fluid is of independent interest. This
model illustrates many important concepts in nonequili-

brium statistical mechanics, and its various Markovian
limits are easily understood. In particular, we will
discuss the hydrodynamic limit and the related problem
of the existence of finite transport coefficients at some
length. On the other hand, most ideas developed for the
Brownian particle in a fluid immediately carry over to
interacting particle systems, once the idea of a non-
linear Markovian process is accepted. Therefore the
study of the Brownian particle in a fluid forms a natural
gateway to the interacting particle systems in which one
is ultimately interested. The second part discusses
interacting particle systems, in particular the Landau
equation, the Boltzmann equation„and the Vlasov equa-
tion. 'The classical continuous models seem to be
rather standardized, and I believe that this list of
Markovian limits is essentially complete.

The third part discusses classical lattice systems.
Markovian approximations for harmonic lattices have
been s tudied extensively from dif fe rent points of view.
I try to link their discussion to that about classical con-
tinuous systems. The weak coupling limit for anhar-
monic lattices is an interesting problem on which there
exists a large physical. literature. But it seems to be
hard to extract even a consistent set of conjectures.

The final section discusses quantum-mechanical
models. For quantum-mechanical models the w. hol. e
idea of a Markovian approximation has to be thought
over again. In particular, it is not so clear what the
quantum analog of a stochastic process should be. How-
ever, one concept generalizes, namely, the concept of
a classical Markovian semigroup. This leads to the
theory of quantum-dynamical semigroups. Implicitly
they have been used in physics for some time, but their
mathematical properties have been studied only in re-
cent years.

As a natural boundary condition for the selection of
the material covered we consider the requirement that
the model should be of Hamiltonian form and that the
approximation by a kinetic equation should be controll-
able in a, rigorous fashion. In this way we do not do
justice to the large physical literature on the derivation
of kinetic equations and their higher-order corrections.
%e also deliberately disregard the fact that the idea of
a Markov approximation is also used when the under-
lying dynamics is already stochastic, in particular for
stochastic differential equations. This field has been
excellently reviewed by van Kampen (1976a), covering
the more physical aspects, and by Papanicolaou (1977),
covering the more mathematical aspects.

'This work took its origin at a course given in the
"Interuniversitaire Derde Cyclus Programma 'Velden-
theorie en Statistische Mechanica' " at the University of
Leuven during the winter 1978-1979. It is a great plea-
sure to thank here Andrd Verbeure and the theoretical
physics group for their friendly hospitality during that
snowy winter. I am deeply indebted to Michael Aizen-
man, Brian Davies, Vittorio Gorini, Oscar Lanford,
Joel. Lebowitz, and Elliott Lieb for all they have taught
me about the subject, and in particular to O. E. Lan-
ford for a number of useful suggestions regarding the
convergence proof for the Lorentz and Rayleigh. gases,
and to J. L. Lebowitz for his constant and never-ending
encouragement.
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B. Some classical continuous models

Here I want to introduce some classical models where
the particles are allowed to move under their mutual
interaction in some region Aa B' in space. (Classical
lattice models and quantum-mechanical models will be
introduced in Secs. IV and V. )

The model of ultimate interest is a system of N point
particles interacting through a central pair potential V.
The Hamiltonian of this system is given by

(q, ,P,.) stands for the position and the momentum of the
ith particle with mass rn. The equations of motion have
to be supplemented with an appropriate condition at the
boundary 8 A of A.

here are other models which, for lack of a better
name, we call system+ reservoir models. One con-
siders a test particle (= system) in a fluid (= reservoir).
The Hamiltonian reads

(l.5)

(q, p) stands for the position and the momentum of the
test particle with mass M, while (q, , p,. ) denotes the
position and the momentum of the ith fluid particle with
mass m. V is the central interaction potential between

the test particle and the fluid particles, and U is the
central interaction potential amongst fluid particles.
The system could be constructed in a somewhat fancier
manner by allowing an external field, several system
particles, etc. But a single free moving particle will
suffice for our purposes.

We now distinguish three different cases. If U=O, the
reservoir is called ideal, and if U4 0, the reservoir is
called nonideal (or interacting). In (1.5) one can for-
mally take the limit of infinitely heavy fluid particles,

The fluid particles then simply stay wherever
they were put initially. In this case one sets U=—0. If
m & ~, then the system is called the Ray leigh gas [see
Bayieigh (1891)t, and if m =~, then the system is called
the Lorentz gas [see Lorentz (1905)].

Usually, the reservoir is assumed to be in thermal
equilibrium under the condition that the test particle be
located at q. But other initial conditions will be con-
sidered as well.

Clearly, the test particle can be chosen identical to
the fluid particles, i.e. , with M =m and U= V. Then one
is back to the interacting particle system. Therefore,
a full understanding of fluid+ test particle models auto-
matically includes an understanding of the fluid. On the
other hand, (1.5) allows for simplifications such as U
=0 or m =~, which result in models much less compli-
cated than interacting particle systems.

A little chart indicating the model, the Markovian
limit, and the kinetic equation governing the limiting
dynamics may be helpful. :

Markovian limit

weak coupling limit
low density limit
mean field limit

Brownian motion limit

hydrodynamic limit

Lorentz gas Bayleigh gas

linear Landau equation
linear Boltzmann equation
linear Vlasov equation
effective Hamiltonian
l.inear Fokker- Planck
equation (Ornstein-
Uhlenbeck process)
analog of Euler equations

inte rac ting particle system

Landau equation
Boltzmann equation
Vlasov equation

Euler equations of a compressible
fluid

diffusion equation Navier-Stokes equations of a
viscous and thermally conducting
fluid

II. SYSTEM + RESERVOIR MODELS

A. The Lorentz gas

The Lorentz gas consists of a particle moving through
infinitely heavy, randomly distributed scatterers. Let
x= (q, p) c:8' x R' denote the position and the momentum
of the Lorentz particle. The mass of the Lorentz parti-
cle is set equal to one. We could restrict the motion of
the Lorentz particle to some finite region, but it would
be more convenient not to do so. Then Q = (q„q„.. . )
will denote a configuration of scatterers in R', where
q,. is the center of the jth scatterer. (q„q„.. . ) is
either a finite or countable sequence in R'. In every
bounded region there should be only a finite number of

scatterers. So Q is assumed to be locally finite. Let
g denote the space of all locally finite configurations.
The interaction between the Lorentz particle and the
scatterers is specified by a central potential V& of
finite range. V& is assumed to be twice differentiable.
a is a scaling parameter which is introduced already
here for convenience. Then the motion of the Lorentz
particle is defined through the solution of Newton's
equation of motion

Rev. Mod. Phys. , Vol. 52, No. 3, July 1980
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p'. (q„. , q. ) = p', (q, ) (2.2)

p„"(q„.. . , q„) is the expectation to find an n-tupie of
scatterers at q„.. . , q„.

In the physical literature it is customary to study the
motion of the Lorentz particle through the reduced (or
averaged) dynamics The. initial distribution of the
Lorentz particle is assumed to be f(x)dx. Then for a
fixed configuration Q the distribution of the Lorentz
particle at time f is

f(x' ( I, x, Q)-}dx, x' (i, x, Q) = (q' (i, x, Q), 0' (f, x, Q))

and the averaged distribution of the Lorentz particle at
time t is

(2.3)

The evolution f(x) —f'(x, I) =—(S,'f)(x) defines the reduced
dynamics. A few simple properties of the reduced dy-
namics follow immediately from its definition: S,f=f;
S,' is linear, i.e., S,' (f, +f, ) = S,'f, +S', f, ; S', preserves
positivity, i.e. , f) 0 implies S',f) 0; and S,' preserves
mass, i.e., J dx(S, f)(x)= Jdxf(x). In particular, if f is
a probability density, then S,f is a probability density
at any time.
f (f) satisfies an integro-differential equation familiar

from the theory of generalized master equations

t
+ dsK'(t —s)f'(q, P, s).

0
(2.4)

K'(f - s) (which cannot computed explicitly) is some
complicated operator acting on f (s). (d/df)f'(I) depends
on the averaged distributions f'(s) of the Lorentz parti-
cle for 0 «s «t. This constitutes a memory.

The observation basic to our whole enterprise is that
the motion of the Lorentz particle can be scaled in such
a way that the memory kernel K'(f —s) almost reduces
to a & function in time. One may scale the strength of
the interaction, the range of the potential, the density
of scatterers, time, space, etc. For the Lorentz gas
it will always be possible to find a scaling where only
the potential. and the density are sealed, as already in-

Q = (q„q„.. . ) (= y, with initial conditions q(: (0, x, Q) = q,
p'(0, x, Q) =f. Since the scatterers are infinitely heavy,
Q does not change in time. The sum in (2.1) makes
sense, since V, is of finite range and since Q is locally
finite. However, it may happen that the Lorentz parti-
cle reaches infinity in a finite time. For the distribu-
tion of scatterers to be considered below the set of such
exceptional configurations is of measure zero. Although
this is quite obvious, we emphasize that the joint sys-
tem "Lorentz particle+ scatterers" is of Hamiltonian
form.

As initial distribution we choose &„&& IL(.
~ ~ &„ is the point

measure concentrated at x(= 8'. So the Lorentz particle
sta. rts at x = (q, P). For simplicity p' is chosen to be
the ideal gas distribution with varying density, or equi-
valently to be the Poisson distribution. It is determined
by the correlation functions

die ated.
If the scaling is chosen appropriately for a Markovian

approximation, then

(2.5)

will exist and S, will have the form St = e~t with some
linear L. The limiting f(t) then satisfies the kinetic
equation

(2.6)

with initial condition f. To rephrase: for c = 0, S, satis-
fies the semigroup property St .t =St &t, f„t, -0,1+ 2 y 2
whereas for r. -0 this was not the case because of the
memory term. (2.5) constitutes an enormous simpli-
fication. In many cases L can be computed explicitly.
Then solving the kinetic equation (2.6) one obtains the
time evolution of the average distribution of the Lorentz
particle in the limit —a rather hopeless task for finite
C.

J„dxf (x, f) is the probability of finding the Lorentz
particle in the set A ( 8' at tirade t, given that it started
at time zero with distribution f(x)(ix. One may be in-
terested in a more complicated piece of information,
such as the probability of finding the Lorentz particle at
time f, in A„.. . , at time g„ in A„, given that it started
at x initially. For this purpose it is then natural to re-
gard the motion of the Lorentz particle as a stochnsfic
process. For a fixed configuration Q the position and
momentum of the Lorentz particle are determined
through (2.1). But since the distribution of scatterers
is random, the position and the momentum of the
Lorentz particle at time t are also random. %'e denote
these random variables by X'(f),

(2. i)

By definition, X'(0) =x, i.e. , X'(f) sta, rts at x(= R'. Let
us introduce the path space 0 consisting of all functions
i -(q(t), P(t)). A point (d (= 0 is a possible history (a
possible path) of the Lorentz particle. Since to each
configuration Q of scatterers there is a unique path
t-x&(t, x, Q), the Poisson distribution )u(: induces a
probability measure I'„' on O. I'„' simpl. y weighs the
probability a certain set of paths is realized by the
mechanical motion. The subscript x indicates that with
probability one the path starts at x. X'())) may now be
thought of as being defined on 0, and the above-men-
tioned probability is

(2.8)

The fact that X'(t) is non-Maxkoeinn can be seen
directly without referring to (2.4). Clea, rly, the pro-
bability of finding the Lorentz particle in a region & at
time t+ s, given its precise path in the interval [0, s],
is different, in general, from the probability of finding
the Lorentz particle in the region & at time t+ s, given
only its position and momentum at time s, since in the
first case only those configurations of scatterers are
taken into account which do not destroy the specified
path of the Lorentz particle.

The idea of a Markovian approximation may now be
understood on a deeper l.evel than before: The non-
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dx, p, , (x„~x„,) t), (x, ~x)n
~ ~ ~

I1 t ~t ~ n ~n ~I I ~ ~
t I i

A A n n 1
1 1

P„(X(t,)—cA„.. . , X(t„)cA„) (2.9)

for all measurable sets A„.. . , A„, and all 0&f., & - ~ ~

&t„(weak convergence of all finite-dimensional distri
butions).

Thus, the kinetic equation should be understood as the
forward equation of a Markov process. In a Markovian
limit one then wants to approximate the stochastic dy-
namics of the Lorentz particle by the stochastic dy-
namics as governed through the kinetic equation.

An analogy f rom equilibirum statistical mechanics
might be helpful at this point: Physically, the first and
second equilibrium correlation functions already con-
tain all the information one is interested in for practi-
cal purposes. However, from a theoretical point of
view it has proved to be extremely useful to think in
terms of probability distributions on the space of all
possible configurations, i.e. , in terms of Gibbs mea-
sures. In the same vein, for practical. purposes the
reduced dynamics suffices in most cases. Neverthe-
less, the full physical information is given by a pro-
bability distribution on the space of all possible histor-
ies of the Lorentz particle. So, under scaling, con-
vergence of the process is the natural notion.

Before turning to specific examples of Markovian
limits and their limiting Markov process, let me men-
tion the neat survey article about the Lorentz gas by
Hauge (1974), emphasizing the low density corrections,
and the detailed numerical studies of the Lorentz gas
by Bruin (1972), by Lewis and Tjon (1978), and by
Alder and Alley (1978).

1. The weak coupling limit

The idea of the weak coupling limit is that, by some
kind of central limit effect, very many, but weak colli-
sions should lead to a diffusion type evolution. There-
fore, the strength of the potential is scaled as

(2.10)V, (q) = s't'V(q) .
The momentum of the Lorentz particle is'deflected on
the order c' ' in a collision. To have c ' collisions per
unit time interval, the time t is scaled as

Markovian process X'(t) is scaled in such a way that
X'(t) converges to a Markov process X(t) as c-0.
Technical. ly, the measure P' converges weakly on 0
to a measure I', which determines a Markov process.

Let us suppose that the limiting Markov process is
homogeneous in time and that it is given through the
transition probability p, (x'~x)dx'. [f„dx'tp, (x' ~x) is the
probability of finding the particle in A at time t given its
having started at x initially. ] From the reduced dy-
namics,

p(x, i) = (X,p)(x) fdx p=, (x(x ')p(x )''
So p, (x' ~x) is the kernel of S,. Then, up to some techni-
cal points, the convergence to a Markov process is de-
fined by

limP„'(X'(t, ) cA„.. . , X'(t.„)c A„)
~-0

QF=& g ~ (2.12)

In particular, the initial position is scaled. The scaling
(2.12) is such that the free motion t, —q, +pt, remains
invariant. Equations (2.10) through (2.12) define the
weak coupling limit for a constant density of scatterers,
Instead of rescaling time and space, the density p, of
scatterers may be scaled. This leads to the equjvaleygg
scaling: t, q unscaled

V.(q) = c'"V(q/s), (2.12)

(2.i4)

(p, =c ~p in d dimension. ) Physically more intuitive
seems to be a scaling where t, q, p is kept fixed and the
potential and the density of scatterers are rescaled.
But this is largely a matter of taste and of the physical
application in mind.

Let X'(t) be the process of the motion of the Lorentz
particle under the scaling (2.13}and (2.14). Since a.
finite fraction, (px range V)', of the volume remains
fiEEed with scatterers, the Lorentz particle typically
travels freely a time span c and then interacts with a
scatterer for another time span g, in which its momen-
tum is deflected on the order c' ', etc. The force act-
ing on the Lorentz particle in a collision is -c ' '.
Since the average force is zero, fluctuations in the
force just produce an effect of the order unity. As
c -0 the scatterings should become independent. Since
in a collision ~p~ is conserved, and since the Poisson
distribution does not single out any particular direc-
tion, one therefore expects that p'(t) converges to p(t),
where p(t} diffuses on the sphere with radius ~p~ with a.
diffusion constant D(~p~). By the central limit theorem
D(~p~) should be proportional to the average of .the
square of momentum change in one collision, which for
small c is given by

((&p)')=—xp f qt f qq p(q pq) p(q), -
0

(2.15)

where I' = -V,V is the force. Therefore,

(2.i8)

with o. = , vrf dk ~k~ ~V(k—)~', where V is the Fourier trans-
form of V. Since the free motion is unchanged under
scaling,

t
q'(t) = q+ ds p'(s),

0

and one expects q&(t) to converge to q(t)=q+ f 'dsp(s)
0(I learned this argument from S. Goldstein. )

A more formal second-order perturbation expansion
1'eads to the same result. Under the scaling (2.13) and
(2.14) let S', be the reduced dynamics. Formally,

(2.17)

iim(S', y)(x) = (S,y)(x) =y (x, t), (2.18)

where f(x, t) satisfies. the /inca~ I.andau equation

{2.11)

In a t-time interval the Lorentz particle travels over a
large distance. Not to lose sight of the particle, space
also has to be scaled according to
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8 8 8—„o(q p &)= -p &.+ & g» D;,(p)» f(q p &).
t 1 g ~ C

stochastic motion of the Lorentz particle starting at x
with the potential scaled as in (2.12). Then

(2.19) »m X'(f) = W(f),
g~p

(2.23)

The three Cartesian coordinates of p are p„p„and
p„and the dlffuslon matrix ls given by

D, ,(p) = ~(»2lpl)(6, , -p, p, /lpl ). (2.20)

In spherical coordinates the diffusion term is

(2.21)

where 4 {-~, is the Laplace-Beltrami operator on the
sphere with radius lpl, which is just the result we
claimed before.

Let us now assume that the Lorentz particle is con-
fined to a region A( R', that the particle is specularly
reflected upon reaching the boundary 8A of A, and that
the density of the Poisson distribution of scatterers is
not necessarily constant, i.e. , that p is a function of q.
Then the scalings (2.13) and (2.14) are still meaningful.
Since the collision term of the linear Landau equation
is local, in the weak coupling limit one obtains (2.19)
with p replaced by p(q) and with the boundary condition
for =p V'q corresponding to specular reflection at 8A.
If the scaling (2.10) to (2.12) is adopted, then A and p
also have to be scaled.

An interesting phenomenon occurs in the case the
distribution of scatterers is not Poisson: We adopt the
scalings (2.10) to (2.12) and assume that the scatterer
distribution is given by the equilibrium state of a gas
with a bounded, rapidly decreasing, central pair po-
tential U at inverse temperature P and at fixed density
p. P is chosen to be so small that the Mayer expansion
converges, i.e. , the system of seatterers will be deep
inside the gaseous region. Let p, be the second corre-
lation function and g be the pair correlation function of
the equilibrium distribution of scatterers, p, (q„q,)
= p'(I+g(q, —q, )). Since on the q, -scale the Lorentz
particle travels very far, it samples the correlations
between scatterers. On the other hand, since g decays
exponentially, the independence of scatterings in well
separated regions is not destroyed. Therefore in this
case only the diffusion constant changes through re-
placing n by

~'= —, JI d&(1+ p~(»)l&ll&(»l'. (2.22)

2. Convergence of the weak coupling limit

Recently, Kesten and Papanicolaou (1979) proved the
convergence of the weak coupling limit. They studied
the more general problem of the motion of a mechanical
particle in a time-independent stochastic force field
which may be velocity dependent. (This general case is
of interest for the motion of charged particles in inho-
mogeneous electric and magnetic fields. ) Specializing
their result to the particular case described in the pre-
vious section, one obtains:

Theorem'. 2: Let V be of finite range and three times
continously differentiable with bounded derivatives. Let
the distribution p. of scatterers be a Poisson-distribu-
tion with constant density p, = c 'o. Let X'(f) be the

where 2C(t) is the diffusion process corresponding to
(2.19) starting at x. The convergence is in the sense
of weak convergence of the corresponding path mea-
sures on C((0, ~), R'xR'). For the validity of Theorem
2.1 it is important that the dimension d~ 3. In one di-
mension A'(f) converges trivially to free motion. In
two dimensions the problem of convergence is open.
The difficulty results from the recurrence of the limit-
ing diffusion process.

The proof of Theorem 2.1 is technically much more
involved than those of the low-density and mean field
limits. An outline of the proof for a related problem
can be found in Kesten and Papanicolaou (1978).

I /

3. The low-density {Grad) limit

We consider a situation with a low density of scatter-
er s. So the constant dens ity p, of scatterer s is scaled
as

P~= P (2.24)

Then typical spatial and time variations of the distribu-
tion of the Lorentz particle are on the order of a mean
free path and a mean free time, i.e. , on the order 1/p
= 1/cp. To obtain a, nontrivial limit, therefore, space
and time have to be scaled as

q =C q, t~=C t. (2.25)

Again there is an equivalent scaling

t, q (unscaled)

V.(q) = V(q/c),

Pc=~ P ~

(2.26)

li.m (S,f)(x) = (S f)(x) =f(x, f), -
c~p

(2.27)

where f(x, f) satisfies the linea& Boltzmann equation

(p, = c ""p in d dimensions. ) Note that the normalized
differential cross section is invariant under the scaling
(2.26). The volume occupied by scatterers tends to
zero as G-O.

Let Ã'(f) be the motion of the Lorentz particle scaled
according to (2.26). For c -0 the probability of collid-
ing with the same scatterer again goes to zero. The
scatterings become independent. Therefore one ex-
pects p'(i) to converge to p(t), where p(t) is the follow-
ing jump process (a proof can be found in the next sec-
tion). p(t) =p for an exponentially distributed time with
parameter wplpl. Then the Lorentz particle collides
with a scatterer, which causes the momentum to jump
instantaneously from p to p, with probability o(p, lp)dp„
the normalized differential cross section of the potential
V. By conservation of energy, o(p, lp)dp, contains the
5 function 6(lpl —lp, l). Then p(i) =p, for an exponentially
distributed time with parameter wplp, l, etc. By (2.17)
one expects that q'(t) converges to q(t) =q+ f dsp(s). In
terms of the reduced dynamics,
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&. ,. (q) =s'"l'(q&s'), p, .=(s') 's 'p. (2.29)

Then g'-0 leads to the linear Boltzmann equation, and
s -0 subsequently leads to the linear Landau equation
with the dependence (2.22) on the pair correlation func-
tion lost.

4. Convergence of the low-density limit

The proof of the convergence of the low-density limit
will become particularly transparent in the case of a
hard-core potential. Therefore, for this section only,
we assume that the scatterers are hard spheres of
radius g from which the Lorentz particle is scattered
by specular reflection.

A configuration of scatterers is assumed to be locally
finite, i.e. , in any bounded region there will be only a
finite number of scatterers. Let us denote by X the
space of all locally finite configurations. Then the dis-
tribution of scatterers is given by a probability mea-
sure p, ' on W. We assume that p.' will be determined by
its correlation functions f p„' ~n = 0, 1, . . .j. p„'(q„. . . , q„)
is the probability density of finding an yg. -tuple of scat-
terers at q„. . . , q„. See Ruelle (1969) and Gallavotti,

8
stf—(q I f) =-P &,f(q P t)

+ ~~lpI( J ~p' ~(t 'le&f(q t", ~) —f~a.P, ~)) .

(2.28)

(2.28) is also known as the Rayleigh-Boltzmann equation,
the Lorentz-Boltzmann equation, or the transport
equation.

For actual calculations, the difficulty of computing
the differential cross section remains. A particular
simple case is the hard-core potential. In that case
v(p'~p)dp' is the normalized uniform distribution on the
sphere with radius ~p~.

If we choose a nonideal scatterer distribution, as
discussed already for the weak coupling limit, then,
because the density goes to zero, the dependence on the
pair potential is lost in the limit. Of course, by a dif-
ferent scaling of the equilibrium distribution of scat-
terers, one may, by force, so to speak, retain long-
range correlations. In this case the stochastic motion
of the Lorentz particle still converges as c -0, but the
Markov property is destroyed by fluctuations (see Sec.
II.A.4).

Starting from the linear Boltzmann equation, we may
take the weak coupling limit again. The weakening of
the potential proportional to c' ' is then compensated by
decreasing the mean free path as c, i.e. , by increasing
the collision rate as r. '. This can be seen by taking the
weak coupling limit in two steps by scaling

FIG. 2. Path in I"
3 (mechanically possible path for some

choice of g).

Lanford, and Lebowitz (1970) for details.
We fix a, finite, but arbitrary, time T&0. (The ex-

tension to T = ~ is a well-known measure theoretical
procedure which we want to avoid here. ) Then a typical
path of the Lorentz particle has the form illustrated by
Fig. 1. t, is the time of travel from q to the first colli-
sion point q+ pf.„A,c 5' is the solid angle by which the
particle is scattered in the first collision, g, is the time
of travel from the first collision q+pt, to the second
collision point q+pt, +~p~Q, t„etc. The path space has a
particularly simple structure. We denote it by 1"= U „p
where I„c:8'" is the set of all paths'with exactly ~ col-
lision points

I„=t(f„n„.. . , t„n„)c R'"
i n,. c S', 0 t, + ~ ~ + t„

The probability measure p, ' induces the path measure
P„' on E". Both I' and P„'depend on T. Not to overload
the notation we suppress this dependence.

Theoye~n &.2: Let p, ' be a probability measure on +
determined by its correlation functions (p„~n~ Oj which
satisfy

(CO) p'„(q„. . . , q„) = 0 for lq —
q& I

- c j = 1, . . . , n.
(Cl) There exist constants M and z such that for all
g&0,

pn(qx~ ' ' ~ qn)

(C2) There exist continuous functions x„on R~ such
that

li s'"p„'(q„. . . , q„) = „(q„.. . , q„),
G.~O

uniformly on compact sets of f(q„. . . , q„) c R"
~q wq, ,

q, c q, , i w j, i,j = 1, . . . , n}. Then I'„' converges weakly
to a probability measure P„on T'.

Remayk: For the single time distribution this result

—( t, +...+t„)

FIG. 1. Path of the Lorentz particle.
FIG. 3. Path in ~4(I'4 (mechanically impossible path for any
choice of g).
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was proved by Gallavotti (1969,1972). Using the method
of the Bogoliubov-Born-Green-Kirkwood- Yvon (BBGKY)
hierarchy, Spohn (1978) proved the result for a general
class of potentials. Van Beijeren (unpublished) obtained
by the same method the convergence of the single time
distribution. The present proof was suggested to the
author by O. E. Lanford. In spirit the proof is close to
Ga.llavotti's ideas.

Remark: (CO) guarantees that the initial position q of
the Lorentz particle is not overlapped by a scatterer
and that, therefore, the dynamics become well defined
with probability one. (C1) and (C2) replace (2.2) with
scaling (2.26) for scatterer distributions which are not
necessarily Poisson. For the uniform convergence we
excluded sets on which it could fail —e.g. , if the distri-
bution p,

' is such that the scatterers may not overlap,
then uniform convergence can hold only on compact sets
of &q,. ~ q, , t ~g&.

P'roof: The key to the proof is to realize that there
are hypersurfaces of "bad" points in I which should be
avoided. Away from these bad points the convergence
is controllable.

Let I"„=((t,Q„.. . , t„Q„)c I"„~t, & 0, . . . , t„&0, each one
of the n collision points having exactly one point in corn-
mon with the path corresponding to t,Q„.. . , t„Dj, and
let I'o= U„OI'o. Since (see Figs. 1, 2, and 3) F„JI'„'is
of lower dimension than I'„, I"QI'0 has Lebesgue mea-
sure zero. We want to show' that for each compact
A (

—I'P

lim P„'(A) = P„(A) .
8~0

Since A is compact, we may as well choose A c. I'P.
Let Ac R' be a bounded region containing q such that

in time T the Lorentz particle cannot leave A. Then the
probability of finding exactly n scatterers at q„... , q„
in A is given by the absolutely continuous probability
measure

1P„'(A) = dq, ~ ~ dqn
t )t dq

A mt

zC jJ +,play~ ~ ~ i gq& 9] ~

(-1)
dq, dq„, d~,

A nt=p (P~)~

+Pal +mlle ] &
~ ' ~ r gn ) g] P

' ~ ) g m & ' (2.32)

X
I

d I ~ I dr ~ r 2(n+m) r r Xdq . . .dq Pq +1rtyq] p ~ ~ ~ y qg y q] p ~ ~ ~ 7 q~g ~

)m

(2.33)

By (Cl) the sum (2.33) is bounded by

(A~ g, (7rs'~p(T) c ' Mz'"' '= (A~8"Me'~~' r'.1

p

(2.34)

Therefore, by Lebesgue's dominated convergence and
by (C2),

A is the set of all q„.. . , q such that a path in A is
produced. A~ is the tube of radius c around the path
corresponding to (q„.. . , q„) cA. The equality uses a
well-known identity between probability densities and
correlation functions.

We consider now the position q„.. . , q„of the scatter-
ers as functions of t, Q,', . . . , t„Q„(see Fig. 1).
The volume element transforms as dq„. . . , dq„

", ,fw~p~c'dt, .dQ,.j because of isotropic scattering in
three dimensions. (For smooth potentials, the differ-
ential cross section would enter at this stage. ) There-
for e,

J".(&)=f ( lp~ut, un, ) Q
A m=o

1
fn ~(qi~ ~ ~ ~ ~qn) dqi'''dqn

nf

lim P„'(A) =
g~p "A

p

( 1)m ~T
ds,

p m o

T

demrn. m
0(1). . . )

pn+m(qadi

~ q~n&qr 'qm
mt ~m

x —dq~ ~ ~ ~ dq„, n = 0, 1, .. . . (2.31)
1

n&

I"„was constructed in such a way that for compact
A | I'„, c can be chosen so small that each of the n
collisions is necessarily effected by a different scat-
terer. Note that the closer one comes to s(I'o)-, the
smaller c has to be. Then, for c so small that there
are no recollisions for paths in A, P„'(A) is the proba-
bility of having exactly n scatterers in A such that a
path in A is produced, plus the probability of having ex-
actly n+ 1 scatterers in A such that n of them are lo-
cated as to produce a path in A and such that the re-
maining scatterer has to lie outside a tube of radius c
around the path, plus ~ ~ ~ . If one sums up all these con-
tributions and takes the combinatorial factors into ac-
count, then one arrives at

x (q+pt . . . q+pt + ~ ~ + ipiQ

x(Z' t, ~ ~ —t„),q(s, ), . . . , q(s„))=- P„(A) .
(2.36)

t -q(t) is the path corresponding to t, Q„.. . , t„Q„.
Weak convergence follows now from (2.30) together

with P„(I')I' ) = 0~ .
There is a moral to the proof. If the scatterers are

such that there is a finite probability for exact back
scattering, then one still has convergence of P„' -P„on
I' as c -0, but P„(10)&1. A part of the path measure
P„corresponding to the linear Boltzmann equation lives
on I'(I"0 and cannot be reached in the low-density limit.
For a smooth potential the probability for back scatter-
ing is zero. But if the scatterers are small crosses all
orientated at 45 with respect to P, then the phenomenon
just described occurs.

Proposition &.3. Let p, satisfy the conditions of
Theorem 2.2 and let n(A) be the number of scatterers
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in the bounded region A.
(i) U

limr. *n(A) = f dq, r(q, }
g~Q A

in probability, then

(2.36)

r„(q„.. . , q„)— ~1(q,). . (2.37)

X(ql s

and by (Cl), (C2), and the condition in (i),

(2.38)

(ii) If ~,(q„q,) = r, (q, )r, (q, ), then s'n(A) converges in
probability to (2.38), and therefore r„(q„.. . , q„)
=rr";=.

Remark: The condition in (i) means that the rescaled
number of particles has no fluctuations as g -0.

Proof: By (Cl) and (C2),

lim O'(c' (A,)" r. 'n(A„})=f dq, dq„r„
g —~Q A I & ~ ~ ~A

5. The mean-f ield limit

The spirit of mean-field approximation is to take into
account external influence (e.g. , scattering) by an ef-
fective mean for ce.

In order not to obtain a trivial answer we now choose
a spatially varying density p', (q) of the Poisson distribu-
tion. One assumes a weak potential by scaling

V.(q) = «(q). (2.44)

—~, (q)v~ p~l}f (q, p) is regarded as the unperturbed part ~
For a twice continuously differentiable, central scat-

tering potential of finite range, a result analogous to
Corollary 2.4 can be proved, provided that the correla-
tion functions p„- are, in addition, continuous. Boundary
conditions may be added, as already discussed, for the
weak coupling limit. The results are valid for any di-
mension d~ 2.

However, for potentials of infinite range, even fastly
decaying, the method developed so far does not seem
to a.pply (see also Sec. II.A.5).

limn'(c'n(A, )" c'n(A„))= f dq, r(q, )).
G~Q j=l A ~j

This implies the factorization.
If r, ( q„q) = r, (q, )r, (q, ), then

ttmo'(c n(A)*)=f dq, dq, r, (q„q, )

dg~r g

(2.39)

(2.40)

(Note that in contrast to the weak coupling limit the
range of the potential is not scaled. ) The density of
scatterers is increased only very slowly as

n;(q)=& '~(q). (2.45)

Since the range of the potential is not scaled, the scat-
terers will overlap and conservation of p is no longer
expected. (2.44) and (2.45) define the mean-field limit.

One can also use the equivalent scaling

which together with (2.38) for n= 1 implies that the
variance of c'n(A) —p'{c'n(A)) vanishes as s-0 ~

Coro&Eary 2.4'. The limit process corresponding to
the path measure P„' on I is Markov for all T if and
only if

p', (q) = ~(&'"q),

V, (q) = e V(s' "q), (2.46)

t =c '"t q =c '"q

lime'n(A) = f dq, r, (q, )
g~O A

in probability. In this case, the forward equation of the
process is the linear Boltzmann equation

8
f(q, P, t) = -p v, f(q, p, t)

(—,
' is replaced by I/O in d dimensions. ) Just consider-

ing the potentia. l scaling, one sees that the mean field
limit corresponds to the motion of the Lorentz particle
through scatterers with a weak, long-range potential.
Note that for the Coulomb potential V(q) =

jq~ 'V, (q)
= c'~'~q~ '. In this case the scaling corresponds to a
small charge.

Let Ã'(f) be the scaled process. It is easily verified
that the force on the Lorentz particle converges in

rr, (q) lpl(f dtt'f(q, lpltt', t) y(q, p, t&) probability to —f-rdq( ) q, o(yqq'). The elo e, one
expects X'(f) to converge in probability to (q(t), p(t)),

(2.42) where q(t) and p(t) will be the solutions of

Proof: Only for the factorization (2.39),

P„(X)=
I b~p~dt, .dn, .}

"A 'j'=~'

—q(t) =p(t),d
dt

—p(t) = —o.f dq'r(q')U(q(t) —q'), (2.47)

x ~(q+Pt, ) ~ y {q+Pf, + ~ ~ + iPi 0„
T

x (T —t, —.. . t )) exp(—sip( ds r(q(s))) .
0

(2.43)

Equation (2.43) is known as Poisson formula. If one
computes E„{f(x(t))) =f(x, t) using (2.43), then one re-
covers the usual time-dependent perturbation series
for the equation adjoint to (2.42), where $p- thy,

yy. „(q (') ld*r f dq'r(q')y(q —q=(2.48)

The mean-field limit is of some interest, since it

with initial conditions q(0) =q, p(0) =p (this proof is
worked out in the following section). Thus, in contrast
to the case in the weak coupling and low-density limits,
in the mean-field limit the motion of the Lorentz parti-
cle is deterministic and governed by the effective Ham-
iltonian
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provides a tool for dealing with the long-range part of
the interaction. The potential V is split as V, + V„
where V, is of finite range and V, of infinite range.
Then, for the low-density limit, the potential is scaled
as

t
ds

l
cF(q(s), g) —F(q(s)) l

exp I(«(R')(0) + 1)t] ~

0

v, ,(q) = v, (q/c), v, ,(q) = c'v, (q), (2.49)

6. Convergence of the mean-field limit

and the density as p~~(q) = c 'r(q). In the limit c —0, V,
leads to the collision term of the linear Boltzmann
equation, whereas V, gives an effective force accord-
ing to (2.47).

By Schwarz's inequality, we get

&'(lq'(t ) —q(t)l+ lp'(t, ) —p(t)l )

ds p. ' cE qs, ~ —Eqs

x ( P(e(cn (R }+1}2t))l/2

(2.53)

(2.54)

The proof simplifies considerably in the case that the
total number of scatterers is finite with probability one.
p. ' is then a probability measure on V„oR'".

Theorem 2.5: Let n(A) be the number of scatterers
in the set A e R' and assume that

(Cl) there exist constants M and z such that for all
g)0,

t '(lcn(a-)] )

(C2) there exists a bounded mea, sure r on R' such that

lim tL'(cn(A)) = r(A),

—q(t) =p(t), —p(t) = F(q(t)),d d
dt dt

with initia. l conditions x= (q, p). F is the a,verage force
F(q) = f r(dq')F(q —q'), with F(q) = -~ V(q).

Remark: The proof follows Neunzert (1975) and Braun
and Hepp (1977), who studied the derivation of the Vla-
sov equation (see Sec. III.D).

Proof: Let us denote F(q, Q) =Z~F(q —q,)for.
g=(q„q„.. . ). Then for to 0,

} t
d lp'(, 0)-p{ )I

+ dscE q's, , -Eqs,
0

+ ~" ds lcF(q(s), 0) —F(q(s))l,"0
(2.51)

where we suppressed the dependence on the initial ~.
Since E is globally Lipshitz continuous, then

IF{q @)—F{q'' &)I= «(R')K)lq-q'l. (2.52)

lim t'}( cn( A)cn(A')) = r(A)r(A')
-c-~0

for all r continuous sets A, A'c: O'. Let X'(t) be the
stochastic motion of the I orentz particle starting at x
with the central scatterer potential V, (q)=cV(q), where
V e C with bounded derivatives. Then A' {t) converges
in probability to X(t) =(q{t),p(t)). q(t), p{t) is the solu-
tion of

By assumption (Cl) the second factor of (2.54) is
bounded. Let p,'(dq, ) and p,'(dq„dq, ) be the first and
second correlation measure of t}~. Assumption (C2)
implies the weak convergence lim~, cp', (dq, ) = r(dq, ),
lim, ,c'p,' (dq„dq, ) = r(dq, )r(dq, )

g'(q) = p'((cF(q, ) —F(q))')

c pz dqy~dq2 Eq qy Eq q

+ c' p,' (dq, ) (F(q —q, )}'

p~ dqi E q —qi & dqj. E q —q~

2
+ rdq, Eq —q, (2.55)

converges to zero as 6 -O.
Since g'(q) is bounded, this implies that the first fac-

tor of (2.54) tends to zero as c -0. Therefore (2.54)
tends to zero, proving the I '-convergence of a'(t) A(t) ~

B. The Rayleigh gas

The Rayleigh gas consists of a test particle moving
through a fluid. In contradistinction to what happens
with the Lorentz gas, the scatterers now move and
suffer recoil upon collision with the Rayleigh particle.
The formal Hamiltonian is given by

B = p'+ g v(q —q,.) + g p',. + g U(q; —q, ) .a 1

j 2' i &j

(2.56)

q,j denotes the position and the momentum, and 2Vl is
the mass of the Rayleigh particle. x, = (q. , p,.) stands
for the position and the momentum of the jth fluid
parti:cle. nv is the mass of a fluid particle.

Initially, the Rayleigh particle is at q wjth momentum
P, and the fluid is in some state. As for the I orentz
gas, the initial. state of the fluid will. be scaled ap-
propriately. However, the choice of the sequence of
fluid states is severely restricted by the fact that in
order to obtain a Markovian behavior for the particl. e,
the properly scaled number of particles in any bounded
region should not fluctuate in the limit. Therefore,
if p„'(t) denotes the nth correlation function of the fluid
at time t, by Proposition 2.3 the sequence of fluid
states has to satisfy

Inserting (2.52) in (2.51) and iterating, one obtains
»mc "p„'(x„.. . , x„,t)= ...[r(x, , t), a.e. . (2.5'7)
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To discuss the -scalings more precisely we will have
to distinguish two cases.

(a) U =— 0, ideal fluid. In this case x will evolve
freely, i.e., y(x;, t) =r(q; -p;t, p, ) with e(&;) =r(x;, 0).
Alt. we said about the Lorentz gas basically carries over
to the Rayleigh gas. (Of course, the proofs will have
to be reconsidered ).The scaling of the potential V and
of the density of the fluid is the same as for the Lorentz
gas. The limiting processes will differ somewhat from
the ones obtained for the Lorentz gas: First, the re-
coil of the fluid particle has to be taken into account.
In particular, the conservation of energy is lost. Sec-
ondly, the density of the fluid may be time dependent,
which will give rise to a nonhomogeneous Markov
process (the transition probability depends not only on
the time difference).

(b) U & 0, nonideal fluid N.ow one has the freedom to
scale U also. The condition (2.57) seems to leave open
only the following two cases: (i) U is scaled away fast.
Then one is back to (a). (ii) U is scaled according to
the weak coupling, the low-density, or the mean-field
limit. Then, as will be discussed at length in Sec. III,
x(x, t) evolves according to the Landau equation, the
Boltzmann equation, or the Vlasov equation. The
scaling of V may differ from the scaling of U. De-
pending on whether one scales V according to the weak
coupling, the low-density, or the mean-field limit, one
obtains either a diffusion process, or a jump process,
or adeterministic process in the limit. As for (a), since
the fluid density may depend on time, the limiting Markov
process will be nonhomogeneous. The case of a
nonideal fluid is, of course, more difficult than the
case of an ideal. fluid, since one must first control the
corresponding limit of the interacting fluid.

Another possibility for the initial state of the fluid
consists of requiring that the fluid be in thermal
equilibrium at inverse temperature P and density p
conditioned on the Rayleigh particle being located at q.
Again, the density and the pair potential. U have to be
scaled properly. Since the equilibrium state is time
invariant, the limiting Markov process will. be
homogeneou s.

It should come as no surprise that, since another
parameter, namely, the mass M of the Rayleigh
particle, enters the Hamiltonian, there is yet another
Markovian limit, associated with M-~. This limit is
called Brownian motion limit and will be discussed in
the following section.

't. The Brownian motion Limit

Brownian motion is presumably the ol.dest and most
studied stochastic model in nonequilibrium statistical
mechanics. [Nelson (1967) presents the subject
beautifully. ] This kind of phenomenon is observed for
a heavy particle suspended in a fluid. To model this
situation we assume that the Brownian particle is
initially at q with momentum P and that the fluid is in
thermal equilibrium at inverse temperature P and
density p, conditioned on the Brownian particle being
located at q. The mass M of the Rayleigh particle is
increased as

To keep the kinetic energy of the Rayleigh particle
finite,

P~ =~ P ~ (2.59)

Equivalently, the velocity scales as v =zv, i.e. , the
Rayleigh particle becomes very slow. Under (2.58)
and (2.59) the velocity of the Rayleigh particle changes
on the order c in a coll.ision. The number of collisions
per unit time should therefore be on the order c '
which is achieved by scaling time as

(2.60)

As for the other limits, the free motion should be left
invariant under the scaling, which implies that space
has to be sealed as

I', (q) = I'(qt's)

and the density as

(2.62)

(2.63)p =E,

To have a momentum transfer of the order c in a
collision, the mass of a fluid particle becomes small.

(2.64)

and the kinetic energy of a fluid particle remains
constant

Pg, c =~Pg ~ (2.65)

Equivalently, the velocity scales v,-, =c 'v, , i.e., the
fluid partiel. es become very fast.

Let X (t) be the process of the motion of the Rayleigh
particle scaled according to (2.62) to (2.65). Then in
the limit c- 0, the fluid particles are so fast that
recol. lis ions with the same fluid particle become relatively
unlikely. The force on the Rayl. eigh particle consists
of a systematic part, which slows down the Rayleigh
particle proportional to its momentum,

,
and a fluc-

tuating part, which is almost like white noise. There-
fore, one expects X (t) to converge to X(t), where
X(t) is the Ornstein-Uhlenbeck process. This process
corresponds to the Pokier-I'/ance equation

„f(q,v, t)= ——p v, + v ~~a~,—jf(q, p, &)

(2.66)

for the probability density f(q, p, t) of the Rayleigh
partic l.e.

Formal derivations by Lebowitz and Rubin (1963)
and by Lebowitz and Resibois (1965), using second-
order perturbation theory, show that the diffusion con-
stant D (in velocity space) is given by the time integral
over the force autocorrelation function

(2.61)

(2.58) to (2.61) define the Brownian motion limit.
As before, there is an equivalent scaling which

scales properties of the fluid rather than of the Rayleigh
particle: Mass, momentum, space, and time of the
Rayleigh particle remain unscaled. (2.61) is trans-
lated to scaling the potential as

M~= g 2M. (2.58) (2.67)
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Here p=-V,V is the force and ZP=Q, E((I;). (t) in-
dicates the dynamics of the fluid given formally through
the Hamiltonian

gP,'+ Z U(4; -4;)+ g I'(e&) .
2m

~

(2.68)

This is the dynamics of the fluid in the presence of the
Brownian particle kept fixed at the origin. ( ), denotes
the equilibrium average with (2.68) as Hamiltonian in
the thermodynamic limit at inverse temperature P and
density p. Needless to say, even the existence of D is
not known except in the case of an ideal fluid, U =0.
In one dimension, Holley (1969) has shown the con-
vergence of A'~ (t) to the Ornstein-Uhlenbeck process
(see Sec. II.B.4). For higher dimensions the conver-
gence was proved recently by D. Durr, S. Goldstein,
and J. L. Lebowitz (1980) in the case of an ideal fluid
with a general momentum distribution.

As for the weak coupling limit, the Brownian motion
limit may be taken in two steps. One scales as

&. (4) =I'(4/s'),

t). ,.=(«") 'p, (2.69)

P fluid, g ~J flujd ~

Then c'- 0 leads to the linear Boltzmann equation,
and, subsequently, c- 0 leads to the Fokker-Planck
equation (4.11). The second limit has been proved by
Il'in and Khas'minskii (1964). In this order of limits,
the dependence on U is lost.

To prove the convergence of the low-density limit
for the Rayleigh gas we use the same technique as for
the Lorentz gas. We choose the simplest possible case:
The Rayleigh particle interacts with the fluid particl. es
via a hard-core potential, and the fluid is noninteract-
ing and initially Poisson. distributed with constant
density. The remarks on continuous potentials,
boundary conditions, Markov property, fluctuations,
etc. , made for the Lorentz gas also apply to the
Rayleigh gas.

Let I be the space of configurations (q„p„q„p„.. . )
in R' l.ocally finite in the positional coordinates
(q„q„.. . ). If the Rayleigh particle is initially located
at q, then the initial. state LLt,

' of the fluid is assumed
to be spatially Poisson with density

I

E 'pv.'(e, ),
where g~ is the indicator function of the set
((I, H R ll(I, —ql ~ e j and to have independent momenta
with distribution h(P, ) dP„which satisfies

dp A p ].+ P

The Rayleigh particle is a hard sphere of mass M
and diameter c, and the fluid particles are hard
spheres of mass one and diameter c. The fluid
particles simply pass through each other, whereas
the Rayleigh particle collides elastically with the
f'luid particles. From the results of Alexander (1975),
it follows that the Rayl. eigh particle suffers only a
finite number of collisions in a finite time with

(2.70)

2. Convergence of the low-density limit of a tagged particle
in an ideal fluid

probabil. ity one. Simultaneous collisions with two or
more fluid particles are of zero probability. There-
fore the motion of the Rayleigh particle is wel1. de-
fined. Let us denote by A (t) the corresponding pro-
cess with the Rayleigh particle starting at x = (Z, p).

Let us fix some finite T & 0. Because of the hard
collisions the paths have a simple structure. They
are piecewise of the form s —g+ (I/M)ps with a finite
number of "pieces." Let t, be the time of fl.ight from q
to the first collision point, y, the momentum after the
first col.lision, t, the time of flight from the first
coll. ision point to the second collision point, etc. For
notational simplicity letP =yo and T —t, —.~ . -t„=t„„.
Then the path space of the process X' (t) is I' =U„OI'„,
(y„t„.. . , y„, t„) H I'„(:R~, with the restriction that
0» t, + ~ ~ ~ +t„» T. jLj' induces the probability measure
I'~ on I . We will show that P,' converges weakly to
H„on I' and thatP „ is the measure of a Markovian
random jump process.

The first thing to show is that the limit process is
wel. l defined.

Lemma 2.6: Let

1~() ) = ~~ f 4' ) ( v) )-v—
M (2.71)

x dyh y5 p'-p p —y+ P -P

(2.72)

with h satisfying (2.70). Let p(t) be the jump process
constructed from &(P) as inverse waiting time and
dp'R(p'lp) as jump probability: p(t) =p for 0~ t&t„
where t, is exponentially distributed with parameter
&(p). Independently of t„p(t) jumps from p to dp„
with probability dp, A'(P, l p). P(t) =P, for t, - t &t, +t„
etc. [see Breiman (1968) for the notion of jump pro-
cesses]. Then P(t) is well defined in the sense that it
has a finite number of jumps in any finite time
interval.

Proof: Let P„be the Markov chain with transition
probability dP'R(p'lp) and P~ be the corresponding
path measure with PO=P. Aeeording to Breiman (1968),
Proposition 15.43, P(t) is weil defined if

.=, ~(P.) (2.73)

Since A(p) ~ a + I)l pl, (2.73) is implied by

1
lim sup —lP„l ~ 1, a.s. .

n

Let A„=(lp„l ~ n)f. Then, by the Lemma of Borel-
Cantelli, g„",P~(A„)&~ implies (2..74). Now

(2.74)

(2.75)

by Chebyshev's inequality. Therefore, (2.73) holds,
provided that E~( l P„l') ~ c independent of n.

The uniform bound on Z~(l p„l') results from conserva-
tion of energy. One computes that
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M +1h, (P,')= ?,P*+h(P) 'yp fdyh(y)

2

~
2

~

~

~

~

~

~

~
~

2 ~
~

2M', M(M - 1)
(I+?)' (h?y?)* P y) '

By «»), ~(p) '1dyI (y)l(I/M)p-yll lyl",
uniformly bounded in P. Therefore,

.p'+e. +»Ipl-, e,
M +1 1

M +11, + O' P' + c(5) .

(2.76)

a=1, 2, is

(2.77)

limP„'=P
0

(2.79)

weakly on I'. The limiting probability measure P„ is
the path measure of the jump process p(t) starting at
P up to time T constructed in Lemma 2.6.

Proof: Let A. ( I'„be compact. Let us split

P„'(A) =P„'(A)+P'(A),
where P„'(A.) is the probability of paths in A such that
each one of the n collisions is produced by a different
fluid particle. We will show that lim, OP„'(A) =P„(A).
By the normalization of P„, then lim, ,P~ (A) =0.
For (y» t». . . , y„, t„)=y & A, let A~ (yy p') be the tube
of radius c around the path defined by the collision
points q, q + [(1/M)y, —p']t„. . . , q + [(I/M)y, —p'] t,
+ ~ [(1/M)y -p']t„„. A fluid particle with mo-
mentum P' will not collide with the Rayleigh particle
moving along y, if and only if at time t =0 it is out-
side A, (y, P'). Let us consider y as a function of the
initial positions and momenta of the fluid particles.
Then by the same argument as for the Lorentz gas

ni; (d) f= , .(dq~dp;s '
Xp,'( )q(pt))(

fr (a~,Pj, ..., en, Pn ) 6A )

«E ....(f fdp(, l ddpy
'
~

x?,'(?()h(P', )) . (2.80)

(q;,p;) is the initial position and momentum of the fluid
particle which gives rise to the ith collision.

In a collision, energy and momentum are conserved,
l.e.)

(1/M)y';, +p'; = (1/M)y~2+p', ,

5 g - j +P i —3'g +P a p

(2.81)

where P; is the outgoing momentum of the fluid particle
in the ith collision. Eliminating P; yields

Iterating (2.77) yields

kI 1 m

M+1' M+1

(2.78)
Since M'+1 ~ (M+1)', 5 can be chosen so small that
(M'+1)/(M+1)2+5'&1. Therefore, Ep(lP„l') is uniform-
ly bounded in n for all P ~ R' ~

Theorem 2.7: Let P„be the path measure cor-
responding to the motion of the Rayleigh particle as
introduced above. Then

' '

J)dq, dp, )= dt, dy;de, e', M+1 1
2M y; —yg

Inserting (2.83) in (2.80) yields

P;( )= df f, .. .(d?;dy;de; ( )

(2.83)

ly;

g (-1)
m=0 m' f,=l

1
(
P?,'(d? )h (P; )I

(f,."'f.„,,

x X,'(d';)h(p()) .

dq,'g 'p

(2.84)

Here (q„P„.. . , q„,P„) is considered a function of

of all incoming momenta (P„.. . ,P„) of fluid particles
such that there are no recollisions.

The second integration is estimated by

gp dp'h p' =y -p' t;+,

n

- pp dp'h p' p' t+ —y; t;„-c
R3 )OM

(2.85)

on A, since A is compact and by using (2.70). There-
fore, the sum is bounded by e'. The first integration
is then bounded by

, , dt; dx& de&
t=l s ~]

1 l'" (2.86)

Using (2.70) and (2.72) and since A is compact, the
integral (2.86) is bounded. Clearly, th~ -ZC", , I(y&.„y;)
up to a set of II";,de; measure zero and, g, (q')- 1
for q' W q as c- 0. Furthermore,

2 glim dq'e 'g,'(q') =w —y;-P' t;„. (2.87)
~ (rp.);0 M

Therefore, by Lebesgue's dominated convergence,

(y( —y;, ) ~ (y; —P, ) + [(M —1)/2M](y', , —y';) = 0. (2.82)

Therefore, to have a collision with given y;, and y&,

p, has to lie in the plane defined by (2.82). This plane
is denoted by E(y; „,y;), the Cartesian coordinates in

E(y; „y;)by e;, and the Lebesgue measure on

E(y; „y() by de;. Once p; H E(y; „y() is fixed, q; is
determined by the time of flight t, + ~ ~ ~ +t;. There is a
one-to-one correspondence between (q„P„.. . , q„,P„)
and (y» t» e». . . , y„, t„, e„).

In (2.80) the (q„p„.. .', q„,p„) coordinates are now
transformed to the (y„t„e„.. . , y„, t„, e„) coordinates.
Elastic col, lision is defined by requiring that, in ad-
dition to (2.81), the momentum transfer be parallel to
ihe vector from the center of the Rayleigh to the center
of the fluid particle. Using this obtains for the volume
element
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limP(A, ) =JJc p x x"- 1'(y, ,y. )

M+1 '
&&, .. . dt; dy, de. . . ph(p, )

n

x exp -mp dp'h(p') g —y; -p' t;+,

(2.88)
~ ~

n

&(s)'(*,)"x,'(s, q„.. . , e.)
' ),(p, )I ~ OI, (2.91)

case where Lanford's theorem can be used iteratedly
to show convergence for all times.

It is convenient to use the grand canonical prescrip-
tion for the fluid. Initially the fluid is in thermal equi-
librium at inverse temperature p and fugacity z( con-
ditioned on the tagged particle being l.ocated at q.
Therefore, the equilibrium measure has the densities

/

which, after some manipulations, turns out to be
equal to the path measure P„~

One may also consider a situation where the initial
distribution of the fluid is not stationary. If at t =0 the
correlation functions of the fluid are given by

(.c...'yg (q, )r(q„p, )),
2=1

with r(q, p) continuous and

dp sup r q, p I + p 3 (2.89)

then the stochastic motion X'(t) of the Rayleigh particle
converges to X(t). X(t) is a Markov process which is
governed by the forward equation

8

8t f(q, P, t) =-P ~ &.f(q, p, t)

where Z(q) is the normalization constant. A() is the
normalized Maxwellian at inverse temperature P and

g~(q, q„.. . , q„)=0, whenever either two arguments are
closer than c or one of the arguments is closer than
2c to &A or outside of A, and y)i(q, q„.. . , q„}=1 other-
wise. The fugacity is increased as e, =c 'p. (Since
as c- 0 the fluid becomes ideal, although at an infinite
particle density, this is basically the same as increas-
ing the density as c 'p). Let X (t) be the stochastic
process of the motion of the Hayleigh particle starting
at x = (q, P). By the results of Alexander (1975), X'(t)
is well defined. P' (t) is a jump process with a finite
number of jumps in any finite time interval, and q" (t)
=q+ f ds(l/M)p'(s).

Theorem Z.B: Let X (t) be the process corresponding
to the motion of the tagged particle starting at x = (q, P)
with the hard-sphere fluid in conditioned equilibrium
according to (2.91}. Then

+ dp d lr g -Pl~, p »mx (t) =x(t) = (q(t), P(t)), (2.92)

M-1
P P P P+ P P eP~

dp, r(q P,t,p, )v -Mp -P, f(q, P, t).

(2.90)

X(t) is homogeneous in time if and only if r(q, P) =h(P}.

3. Convergence of the low-density limit for a tagged sphere
in a hard-sphere fluid

We consider a hard sphere of mass M and diameter c
immersed in. a fluid of hard spheres of mass one and
diameter c. The whole system is restricted to the
bounded region A with smooth boundary A. Particles
collide elastically and are specularly reflected upon
hitting the boundary. (Other boundary conditions can
be handled easily). If one tries to prove the conver-
gence of the low-density limit for this system following
the lines of the last section, one realizes that, since
now the history of a fluid particle before and after a
collision with the tagged particle is so much more
complicated, there is no simple way of writing the
analog of (2.80). [In fact, it would be of great interest
to obtain such an analogue for a hard-sphere fluid,
which is a problem connected with extending Wild's
sum (Wild, 1951) to the spatially inhomogeneous case.
This might possibly shed some light on how to extend
-Lanford's analysis of the Boltzmann equation to longer
times. ] Therefore we wilt use here differential equa-
tion techniques as developed by Lanford for the deriva-
tion of the Boltzmann equation (see Sec. III.C). The
nice point about the present proof is that this is one

in the sense of the convergence of all finite dimensional
distributions

lim ~„'(f,(X'(t, )) "f„(X'(t„)))= Z„(f,(X(t,)) ~ "f„(X(t„)))
6~0

(2.93}

for all n, 0 ~ t & ~ ~ ~ &t„, and bounded continuous func-
tions f„.. . ,f„of compact support. (With respect to x
the convergence is uniform on compact sets in A x R'.)
P(t) is the Markov jump process of Lemma 2.6 with
0 =h~ and specular reflection at &A added, and q(t)
=q+ f ds(1/M)p(s).

Proof: (The proof uses the method of time-dependent
correlation functions. This technique will be ex-
plained in Sec. III.C.1 in the context of the Boltzmann
equation. The reader is kindly advised first to consult
this section. ) We consider the joint correlation func-
tion. s of the tagged particle and the fluid,
(pp(x), p, (x,x,), . . .), x = (q, p), x, = (q, p). (x,x„ . . . ,x„)is
the expectation to find the tagged particle at x and an
n-tuple of fluid particles at x„.. . , x„. The evolution of
the correlation functions is denoted by ((V, p)„~n ~ 0],
where p is considered the vector (po, .p„.. .).

One obtains

~:(f(x'(t)))=(p' ..(x)) '(V-' (fp' )).(x) . (2.94)

p~ =(p~~ o, p~~ „.. . ) are the unconditioned equilibrium
correlation functions of the fluid +tagged particle sys-
tem at inverse temperature P and fugacity z~. fp~~ is
shorthand for ( f(x)p~~ o(x),f(x)p,'q, (x, x, ), .. . ).

The idea is to study the convergence of V', (fp~~)

using Theorem 3.1. One has to check the two conditions
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(Cl) and (C2) [EIIs. (3.52) and (3.53)]. Now, using the
invariance of the equilibrium measure, we obtain

I (V'I (fp'q) ).(x, x„.. . , x.) I

n

- ( plf( )I)h (p) ..].(h (p;)) p'.,(q, q„. , q.)
2=1

(2.95)

Here p,'q „are the spatial parts of the unconditioned
equilibrium correlation functions of the fluid+tagged
particle at fugacity z, , for which it is known (Ruelle,
1969) that

peq:n(qr qll ' ' ' y qn) (~g )" (2.96)

Therefore, V;(fp,'„) satisfies the bound (Cl) for all
time s. Furthermor e,

lim 's"(fp',„„)(x,x„.. . , x„)=f (x)ha(x)
'' f ph (x ))~ p /=1

(2.97)

uniformly on compact sets of I'„„(0). [The definition
of I'„(s) in Sec. III.C uses n particles of unit mass.
Here we use the obvious alteration, where the first
particle has ma, ss M. ]

Let S, be the backward semigroup of the limiting
Markov process q(t), p(t), and S, be the forward semi-
group of the Markov process P(t), q(t) =q
—f ds(1/IVI)P(s). For continuous functions of compact
support they satisfy the detailed balance property

(SIf)hs=SI(fhI ). (2.98)

By Theorem 3.1 and Property 2,
n

lim 's"( V', (fp,'q))(x, x„.. . , x„)= (S,(fhz))(x) ( ph~(x, )j6~0 J=l

(2.99)

uniformly on compact sets of I'„„(-t)for 0 ~ t & t, (p, P).
Since (Cl) is valid for all times, Theorem 3.1 can be
applied again with V', (fp', q) as initial condition, etc.
Therefore, (2.99) is valid for all times. In particular,
using (2.94) and (2.98),

lim E„"(f (X'(t)))= (h~(x)) '(S,(fh~))(x)
C~0

=(S f)(x)= E.(f(&(t))), (2.100)

uniformly on compact sets of A XR' for all t ~ 0.
%e turn to the second finite distribution. One ob-

tains

E.'(f, (~'(t, ))f.(~'(t, +t.)))
=(p, (x)) '(V', (f,(V', (f.p'.,)))).(x), (2.»1)

t„t, &0. For fixed t„we regard f,(V, (f,p~)) as
initial condition. As before, V, (f, (V~, (f,p~ ))) sat-
isfies the bound (Cl) for all t, ~ 0. By (2.99)
(f,(V',,(f,p,q)))„satisfies (C2) with I'„„(-t,). There-
fore, by Theorem 3.1 and Property 2,

lim s' "(V',,(f,(V, (f,p,'q))))„(x,x„.. . , x„)
Q

n

=(S,,(fI(S,,(f2hII))))(x) (ph~(xI)], (2.102)

4. One-dimensional hard rod systems

The Bayleigh gas in one dimension has been studied
in some detail. One considers an infinite system of
hard rods of ma, ss m on the line and inserts at the
point q a test hard rod of mass M. Al. l rods have zero
length. The system evolves by elastic coll.isions.
Initial. ly the fluid is Poisson distributed with density p,
and the fluid particles have independent momenta +o.
with probability —,. Holley (1969) proves under these
assumptions that the motion of the Bayleigh particle
converges to the Ornstein-Uhlenbeck process in the
Brownian motion limit. The extension of this result to
two dimensions by Hennion (1973) does not start from
the mechanical model. .

In the case M =m, so all rods have the same mass,
a number of other results have been obtained. As-
suming that the Bayleigh particl. e starts at the origin,
one considers only the spatial part q(t) of its stochastic
motion, which is seal. ed as

q' =sq(s 't). (2.104)

Equation (2.104) is the hydrodynamic limit to be dis-
cussed in the next section. If the fluid is initially
Poisson distributed with density p and has independent
momenta identically distributed as h(dP) with
fh(dP)IPI =(IPI) & ", fh(dP)P =0, then Spitzer (1969)
proves that q'(t) converges to the Wiener process with
diffusloll constant D = (I pl) p as s 0. III particular,
in the limit the spatial part f (q, t) of the probability dis-
tribution of the Bayleigh particle is governed by the
diffusion equation

st f(q, t) = 2»f(q, t) (2.105)

An interesting, apparently open, problem is the ex-
tension of this result to the case M & m. If the distance
between fluid particles is still. independent but no longer
exponential, then q (t) still converges to a Gaussian
process but with a covariance differing from the one of
the Wiener process (Major and Szasz, 1979). Szasz
(1979) also studies the joint motion of two Rayleigh
particles inserted at different points in the fluid.
Scaling as in (2.104) he again obtains a Gaussian process
with possibly nontrivial dependence between the two
particles, depending on how their initial distance is
scaled.

There are some other results on the infinite equal
mass hard rod system on the line which, although not
directly connected to Markovian limits, I want to men-
tion briefly. The hard rod system has very good
ergodic properties: As before, the stationary mea-

uniformly on compact sets of I'„„(-t,—t, ) for all
t, - 0, where we Pave already used the iteration argu-
ment. Using (2.101) and (2.98)

limE„(f, (A (t, ))f,(X (t, +t, ))) =(S, (f, (S, f,)))(x)
Q~Q

= E„(f,(&(t,))f.(~(t, + t,))),
(2.103)

uniformly on compact sets of A & B'.
Convergence of the higher finite-dimensional distri-

butions is proved in the same way &
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sure is spatially Poisson with constant density and
has independent momenta identically distributed
as k(dP). If all rods have the same length, Sinai (1972)
and Aizenman, Gol.dstein, and Lebowitz (1974) have
shown this system to be a E system; and if, in ad-
dition, zero momentum is excluded, then Aizenman,
Goldstein, and Lebowitz (1974) have shown this system
to -be a Bernoull. i flow. A system with a mixture of
hard rods of different lengths is a X system (Aizenman,
1975). The self- and total-equilibrium time corre-
lation functions have been computed by Jespen (1965),
Lebowitz and Percus (1967), and Lebowitz, Percus,
and Sykes (1968), for hard rods of equal length and by
Aizenman, Lebowitz, and Marro (1978) for a mixture
of hard rods of different lengths.

C. The hydrodynamic limit

For the limits discussed so far, a Markovian ap-
proximation was obtained by letting a certain physical.
parameter (i.e., the interaction strength, the fluid
density, or the inverse mass) go to zero. Physically
one is interested in analyzing properties of the motion
of the tagged particle beyond these limiting situations.
at con8&an~ interaction strength, fluid density, and
mass. Amazingly enough, in this situation there is
also a Markovian approximation, although of a some-
what more subtle nature than the ones before: For long
times one expects the sPatial density of the tagged
particle to be governed by the diffusion equation. The
hydrodynamic limit is just the scaling appropriate to
destile this long-time behavior of the tagged particle.

Let us again use the simplicity of the Lorentz gas.
The intuitive idea behind the hydrodynamic limit is
that after a few mean free times the Lorentz gas is
already very close to E&cal equilibrium, which means
that at each point in space the direction of the mo-
mentum is almost uniformly distributed, and that
subsequently the spatial density of this local equi-
librium state evolves slowly according to the diffusion
equation. For the Lorentz gas the diffusion equation
is all there is to hydrodynamics, since the only con-
served quantity is the particle number (different en-
ergies do not couple).

To motivate the scaling appropriate for the hydro-
dynamic limit and to provide some intuition we start
with a very simple and well-known stochastic model:
A particle travels on the real line. Its position is de-
noted by q(t) and its momentum by p(t), ~p(t)) =1. The
mass of the particle equals one. At every integer point
of the lattice there is a scatterer. In between scatter-
ers the particle moves freely. Whenever the particle
reaches a scatterer, it is transmitted with probability
1 —w and reflected with probability w independently
of its past history. If ze is close to zero, the mo-
mentum of the particle is only rarely reversed and it
will travel straight for long time periods, whereas
for ze close to one the particle stays almost at its
original position with continuous momentum reversals.

One can define something like a weak coupling limit
for this stochastic model. The probability of re-
flection is scaled as

and time and space as

t, =c 't, q =c 'q. (2.107)

Equivalently, w~ =c& and the scatterers are placed at
sZ =(. . . , -s, 0, s, . . .). If q'(t), p'(t) denotes the mo-
tion scaled according to (5.1) and (5.2), then it is easily
verified that p'(t) converges to p(t), where p(t) is the
jump process on {-I,I) with waiting time A. ' and

s))) =a+ f us&(s).
0

A probability distribution evolves according to

8—„f(q,p, t)=-p &.f(q, p, t)

(2, 108)

»m1 —,E,' q~ t —q' =Da, i (2.110)

is kept constant. The long-time behavior of the motion,
so to speak, is preserved under scaling (2.110). Since
by (2.110) the particle travels in a time span t roughly
a distance t", for long times, the appropriate scaling
is

2$

q~(t) =q+ s ds p(s),
0

or, equivalently,

q'(t)-q =~(q(s 't)-q).

(2.111)

(2.112)

Then q'(t) jumps on the lattice sZ (the stepsize equals
s) s ' times per unit time interval. As is well known
from the symmetric random walk, such a situation
should lead to diffusion. Indeed, one can prove —e.g. ,
with the methods described by Papanicolaou (1975)—
that independently of the initial momentum distribution
q'(t) converges to q (t) as s-0, where q (t) is Brownian
motion starting at q with diffusion constant
D(so) = (1 —~)/w. In particular, the distribution f(q, t)
of q(t) is governed by the diffusion equation

—„f(q, t) = -'D(~)&f(q, t) .
Also for the q(t), p(t) process the hydrodynamic limit

can be studied. Then (2.108) is scaled according to
(2.111)as

(2.113)

2f
q'(t) =q+ s ds p(s) .

0
(2.114)

Then. , in the limit g- 0, q~ converges to q, where
q is Brownian motion starting at q with diffusion
constant D =& '. Thus, the long-time behavior of the
weak coupling approximation is the same as the long-
time behavior for finite w, although with the sarong
diffusion constant. Clearly,

)

+~(f(q, -p, t) -f(q, p, t)'I. (2.109)

The idea of the hydrodynamic limit is to study the
long-time behavior of the spatial part of the motion for

fixed w. Since diffusion is expected, the motion is
scaled in such a way that the asymptotic mean-square
displac ement

w~ = AF (2.106)
limeD(w, ) =A. '=D.
g~p

(2.115)
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t

q(t) =q+ ds p(s),
0

which as in the foregoing example is scaled as
2t

q*(t)=q+r I dsP(s).
0

(2.116)

(2.117)

Equation (2.117) defines the hydrodynamic limit. The
hope is that, independently of the initial distribution,
q'(i) will converge to qo(t) as c- 0, where q'(i) is
Brownian motion in three dimensions with diffusion
constant D.

The initial velocity distribution should approach its
stationary distribution as t —~. Therefore the dif-
fusion constant D is defined by the asymptotic mean
square displacement starting at q with a uniform ve-
locity distribution

lim — dp —6(~ p~ —1)E, ~((q(t) —q)') =dD,
1 1

4w
(2.118)

where d is the dimension of the space (usually d =3).
Using the stationary nature of p(t), one obtains

(2.119)

which is the well-known Einstein formula (Einstein,
1905). Equations (2.119) and (2.67) are examples of the
Green-Kubo formula which relate the transport coef-
ficient to the time integral. over the corresponding
current correI. ation function.

To prove the hydrodynamic 1imit a necessary pre-
r equisite is to show that the diffusion constant D is
finite, which by (2.119) means to show the integrable
decay of the velocity autocorrelation function. This
is an open problem. Series expansions by van Leeuwen
and Wejland (1967), and Wejland and van Leeuwen
(1968), mode-mode coupling arguments by Ernst and
Wejland (1971), and computer experiments by Bruin
(1972), by Lewis and Tjon (1978), and by Alder and
Alley (1978) indicate a long-time decay of the velocity
autocorrelation function as t ~ " in d dimensions.

For a real fluid the analog of the diffusion equation
is the hydrodynamic equations of the Navier-Stokes
form. As is well known from the Chapman-Enskog
expansion, they already constitute the second-order
approximation in an expansion in terms of the mean
free path. The first-order approximation is the Euler
equations of a compressible fluid, which just refJ.ect

The weak coupling approximation, therefore, yields the
lowest nonvanishing order in ze of the diffusion constant
D(w). This is a general fact to be discussed in detail
in the next section.

It is clear now how to proceed for the Lorentz gas.
For simplicity we choose a hard-core potential. The
Lorentz particle starts at q with a certain momentum
distribution. The scatterer distribution is Poisson with
density p conditioned not to overlap q. Since ~P(t)~ is
conserved, it is convenient to fix ( p(t)( =1 = [P~. The

, other energies follow then by scaling of t. The pro-
cess P(t) is a (non-Markovian) jump process on the
unit sphere, which is stationary for the uniform dis-
tribution on the unit sphere.

Because of the mechanical motion

the conservation laws. For the Lorentz gas the Euler
equations are trivial, namely,

8

si f(q i) = o . (2.120)

The cor r esponding scaling i s
a ~t

q~(t) =q+s dsp(s), (2.121)

or, equivalently,

=c 't.
6 (2.122)

On this scale diffusion is suppressed. In fact, Nishida
(1979) shows that if the five hydrodynamic fields of a
Boltzmann fluid (the one-particle distribution evolves
according to the Boltzmann equation) are scaled as in
(2.122), then they converge to the solutions of the
Euler equations as c- 0.

We remark that for a higher density of scatterers
trapping may occur which wil1. invalidate the diffusion
approximation altogether. Alder and Alley (1978)
studied this region in their computer experiments.
For the related wind tree models there a.re some
analytical. results by Gates (1972a, b) and Aarnes
(1974). Lich and Hauge (1974) use a Peierls type of
argument to show trapping for the Lorentz gas with
overlapping scatterers at high enough densities.

1. The diffusion approximation for the Lorentz gas with
a periodic configuration of scatterers

Bunimovich and Sinai (1979,1980) prove under certain,
purely geometrical, assumptions the validity of the dif-
fusion approximation (2.111). I want to explain here the
results without attempting to enter the complexity of the
proofs, see Sinai (1980) for a review.

One considers a certain configuration of ha.rd disks on
a square with periodic boundary conditions, i.e. on a
two dimensional torus. (The results are, in fact, valid
for arbitrary convex scatterers). This configuration
has to satisfy:

(i) The disks do not touch or overlap.
(ii) Starting from any point of the square outside the

disks in an arbitrary direction, there is a uniform
upper bound on the time until the first collision (as be-
fore, speed one of the Lorentz particle is assumed).

One now repeats this elementary square periodically
over the whole plane and thereby obtains the Lorentz
gas with a. Periodic, fired configuration of scatterers.
The simplest configuration satisfying (i) and (ii) we
could imagine is the following'. The centers of the disks
with radius R,~3a &2R &a, are located at the points of a
triangular lattice with nearest neighbor distance a. [If
2R - +—,a, (ii) is violated, and if 2R ~ a, (i) is violated. ]

A stationa. ry probability measure for the mechanical
motion on the torus with scatterers is the uniform spa-

' tial distribution outside scatterers and the uniform velo-
city distribution. We denote this probability measure
by dgdp.

Sinai (1970) [see also the lectures by Gallavotti
(1975)] has shown that this system has very good
ergodic properties. The ergodicity of the system
alone impl. ies the val. idity of the "Eu1.er equation"
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lg

q'(t) =q+c dsp(s)-q
0

(2.123) a(l pl) =1 —— du o„,(u)u&0,
1

(2.128)

as c- 0 for dqdP —almost all initial conditions (q, P).
If the particle starts initially with the distribution

g(q, p) dqdp with differentiable density g(q, p) in the ele-
mentary square at the origin, then Bunimovich and
Sinai (1979) show that

2t
q~(t) = c ds p(s) 6(t)

0
(2.124)

as c-0, where b(t} is the two dimensional Wiener pro-
cess with diffusion matrix D. In particular, this re-
sult implies the existence of a finite diffusion constant
in the sense of (2.118) and the validity of the diffusion
equation in the following sense: If f(q, t) denotes the
spatial distribution of the Lorentz particle at time t,
given that it had the initial distribution g(q, p) dqdp in
the elementary square at the origin, then

2

f (q, t)=E, f(c q, c t) (2wdetDtl exp(— g q,.o, ,q)
g, y=i

with normalizationf, du 0')))~(u) =2. INote that for
purely forward scattering o(l pl) =0, since v)p)(u) is
then concentrated at u = 1, and that for purely back-
ward scattering o.(lpl) =2, since o)~)(u) is then con-
centrated at u =-I.j Then the diffusion constant D,
for the linear Boltzmann equation is given by

(2.129)

D(V, Py )8) = — dt (p(t) p(0)))),
2

0

where ( )~ indicates the average f dpt)!))(p)E, ~(~). If
hydrodynamics is valid, then

(2.130)

Let us consider the Lorentz gas with a smooth
scatterer potential V. If the scatterer distribution is
Poisson with density p(q') =pe " ' ', then P(t)
starting at q with Maxwellian distribution hz(p) is
stationary. Therefore, in a natural way, the diffusion
constant is considered as a function of V, p, and P,

(2.125) ((q(t) —q)')8 —3tD(V, p, P) (2.131)

weakly as c-0. (q„q,) are the cartesian coordinates
of q.

As an aside, I might note that. according to Bloch's
theorem a quantum-mechanical particle travels freely
in such a periodic potential.

D. The physical meaning of the weak coupling and
low-density limits

The hydrodynamic limit can be studied also for the
diffusion process corresponding to the linear Landau
equation (2.19) and the continuous random walk process
corresponding to the linear Boltzmann equation (2.28).
When these processes are scaled according to (2.117),
their spatial part q'(t) converges to Brownian motion
in three dimensions with diffusion constants D„and D&,
respectively (Nelson, 1967; Papanicolaou, 1975). To
a large extent the success of the linear Landau and the
linear Boltzmann equations presumably comes from the
fact that these equations describe qualitatively correct-
ly the long-time behavior of the Lorentz gas, although
with the wrong diffusion constant.

The computation of the diffusion constants D and
D, is straightforward, since P happens to be an eigen-
vector of the collision operator. For the linear I.andau
equation one obtains

for large t.
Now scaling (2.131) according to the weak coupling

limit

((q'(t)-q)')~- 3tcD(c"V, p, P). (2.132)

lim cD(c' 'V, p, P) =D„(p, P)
&~0

=- )tom, (p)
IPI' .

2z&p
(2.133)

Thus the weak coupling limit describes the behavior
of the Lorentz particle at zero coupling, however
extrapolated from the region of small coupling in a
nontrivial (i.e., including the prefactor c) way. Sim-
ilarly, one concludes that the linear Landau equation
gives the leading c dependence of other physical
quantities for small coupling strength c''.

The physical meaning of the low-density limit is
analyzed in the same way. Sealing (2.131) according
to (2.25), we obtain

As c 0, t—he left-hand side converges to ((qo(t) —q)2)z,
where q'(t) is the spatial part of the diffusion process
corresponding to the linear Landau equation, for which
it is known that ((qo(t) —q)')&-3tD„(p, P) for large t.
Therefore one expects that

D =(I/'»)I pl'/p~, (2.126) ((q'(t) —q)')))-tcD(V, cp, P) . (2.134)

with u given either by (2.16) or by (2.22) in the case
of a nonideal scatterer distribution. I pl' results from
averaging over the uniform momentum distribution on
the sphere of radius I pl. For the linear Boltzmann
equation, when conservation of energy and the fact that
V is central are used, the differential cross section
can be rewritten as

dp'&(p'I p) =(I/4~I pl')5(I pl —Ip'l)&)p)(@' 0),
(2.127)

with 0'=p'/Ip'I, @ =p/Ipl. I.et

By the same argument as before, one expects that

lim cD(V, cp, P) =D, (V, P)
P~ 0

a )
Ipl

2~ 'p n(l p I)
(2.135)

Thus the linear Boltzmann equation describes the
motion of the Lorentz particle at zero-density non-
trivially extrapolated from the low-density region.

We summarize the situation by means of the following
diagram:
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coUpIing
strength

pping

density
D= cO

ti on 1 Markov process in q, p-space
on

Morkov process in q-space (2.136)

tion with density p. Outside the slab there are no
scatterers. At the bottom wall there is a constant
incident flux of Lorentz particles with isotropic mo-
mentum distribution (I/4m~pi')6(i ji —iP'i)dP'. The
Lorentz particles diffuse through the slab. Some of
them will leave the slab at the top wall, some of them
at the bottom wall. [In a more mechanical picture,
one could imagine the half-space q, ~ 0 filled with an
ideal gas of density p and with an isotropic momentum
distribution (1/4m[P[')5(iP[ —ip'i)dP'. For a fixed
configuration of scatterers the system then would
evolve according to Hamiltonian dynamics. j In the
steady state, which is reached in the limit as t —,
there will be a steady flux j(L) of particles from bottom
to top wall depending on the height L of the slab. By
Pick's law

j(L) =(1/L)D

D denotes the diffusion constant

We should add a word of warning: For some models
the diagram may be completely degenerate. For ex-
ample, in the case of the two-dimensional. wind-tree
model with overlap of scatterers allowed, van Beijeren
and Hauge (1972) argue that, because of the formation
of paths which almost retrace themselves, the mean-
square displacement grows more slowly than t. Their
result is confirmed by a computer study of %ood and
Lado (1971). This means that for this model D always
equals zero. Despite this fact, the linear Boltzmann
equation can be derived in the low-density limit and
will predict a finite diffusion constant.

E. The problem of the existence of transport coefficients
The proof of the existence of finite transport co-

efficients is one of the outstanding problems in non-
equilibrium statistical mechanics. For ideal sys-
tems, i.e., ideal fluids, and ideal crystal. s, the trans-
port coefficients, such as thermal conductivity and
diffusivity, are infinite (Rieder, I.ebowitz, and Lich,
1967; Casher and I ebowitz, 1971). The one-dimen-
sional Hayleigh gas has a finite diffusion constant
(see Sec. II.B.4). An impurity in.a one-dimensional
harmonic chain with nearest-neighbor coupling has a
finite diffusion constant (see Sec. IV.A). For a one-
dimensional. harmonic chain of length L with random
masses, the thermal conductivity grows as WL

[Papanicolaou (1976); Verheggen (1979); see also
O'Conner and I ebowitz (1974) and O' Connor (1975)].
A real breakthrough was the proof of Bunimovich and
Sinai of the existence of a finite diffusion constant for
a two-dimensional Lorentz gas with a periodic con-
figuration of scatterers (see Sec. II.C.1).

As pointed out in the previous section, the existence of
a finite diffusion constant for the Lorentz gas is equiva-
lent to an integrable decay of the velocity autocorrela-
tion function. Another way to attack the problem is to
use a kinetic definition of the diffusion constant (I ebo-
witz and Spohn, 1978). The idea is to choose a set-up
as in an actual diffusion experiment. We consider a
slab of height L in the q, direction and infinitely ex-
tended otherwise. The slab is filled with scatterers
which are distributed according to a Poisson distribu-

for L sufficiently large compared to the mean free path.
Experimentally, (2.136) defines the diffusion constant.

In the case of hard-sphere scatterers there is an
intuitive expression for the steady state. I et P/[Pi = Q
and let dQ be the normalized surface measure of the
sphere S' in three dimensions. I et Psbs(q, &p; L) be the
probability for the Lorentz particle to reach (in other
words, to be absos bed at) the bottom wall, given that
it started at q in direction Q. If initially q was over-
lapped by a scatterer, the probability of the Lorentz
particle's being absorbed is zero. Then the steady
state f(q, Q) dqdQ (density e of the incident flux) is given
by

f(q r Q ) 'dq d &p =P abs (q, —y; L) dq d @ . (2.137)

By translation invariance of the Poisson distribution,
f(q, Q) is independent of q, and q„q =(q„q„q,). (A
similar expression holds for a smooth scatterer po-
tential. . Again the basic quantity which enters is the
probability of the Lorentz particle to be absorbed at
the bottom wall, given that it started at q with mo-
mentum P.)

Therefore, the steady-state currentj (L,R, p), de-
pending on the radius R of the hard sphere scatterers
and on their density p, at the point q through a cross-
sectional area parallel to the 1-2 plane is given by

j(L,R, p)=IPI Jt d@ schmo, P, (qb, -p;L),
s2

(2.138)

D(R, p) = lim Lj (L,R, p) . (2.139)

Clearly, the problem is to show that the limit (2.139)
exists and that it is different from zero and infinite.
Basically, one has to get a handle on the absorption
probabilities for a non-Markovian process. This is
a poorly understood subject, and it should be no
surprise to learn that the existence of the limit (2.139)

where Q, is the component of Q in the qs direction. By
conservation of mass and by symmetry of the Poisson
distribution, the steady-state current is independent of
q. Therefore, setting q =(q~, qs, L) in (2.138), the
steady-state current is just proportional to the proba-
bility of getting all the way through the s}.ab —as ex-
pected The dif.fusion constant D(R, p) is then kinetically
defined by
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is an open problem. Physical. ly, one would l.ike to
argue in the following way: Divide the slab into N
horizontal layers of constant thickness L/N. Roughly,
if the Lorentz particle is in the layer i, after a typical
mean time interval, it will have an equal. probability
of being in either the layer i+1 or the layer i —1; Be-
cause of long-range dynamical correlations this will
not be strictly true. There will always be some mem-
ory left. In any event, roughly, the Lorentz particle
performs a symmetric random walk for which it is
well known that the probability of a particle's being
absorbed at s =1 before reaching i =N, given that it
started at i, is (N —i —1)/N, which gives the desired
1/L dependence.

For fixed height L the diffusion current j (L, R, p)
close to the Boltzmann-Grad limit was investigated
by I ebowitz and Spohn (1978). This is a nontrivial
problem, since the time of absorption is unbounded,
whereas convergence of the process always involves
a largest, although arbitrary, time. One finds the
expected result, namel. y, that under the seal. ing
(2.26),

lim j (L, eR, s 'p) =j (L, R)
Q~p

(2.140)

exists and thatj (I,, R) is the diffusion current computed
with the same boundary conditions as before, but with
the dynamics of the Lorentz particle inside the slab
governed by the linear Boltzmann equation. Further-
more, Aizenman and Spohn (1979) prove that

j(L,R) = —1+0Ipi (2.141)

i.e., for the linear Boltzmann equation the limit (2.139)
exists and the kinetically defined diffusion constant
coincides with the one defined by the Green-Kubo
formula. For a fixed interval [L» L,j, p '«L„one
can choose e small enough (and p, = e 'p) such that for
I., & I-& I„Fick's law of diffusion is satisfied to
within an error c. Experimentally, so to speak, the
result is fine. However, the interchange of the limits
L, —~ and z- 0 has not been proved. In principle, there
could be a nonuniform dependence on L.

Using the kinetic definition of the diffusion constant,
it can also be argued that physically the Boltzmann-
Grad limit indeed corresponds to a low-density situa-
tion. If Fick's law of diffusion is valid, then according
to (2.139),

F. FIuctuations

So far we have studied average (with respect to the
distribution of scatterers) properties of the Lorentz
particle. However, many results should in fact be
true for a typical, configuration of scatterers. This
also corresponds more closely to the physical situa-
tion, where one thinks of one typical. configuration of
scatterer s being r ealiz ed, say, by the impurities of
a crystal. The averaging over scatterer configurations
is then just a device to obtain typical properties of
the Lorentz gas. An example is given by the mean
field limit: If we choose a sequence (q„.. . , q„) of
scatterer positions such that

—Z/(e;)- f f(q)~(do)
1

N,.
~

as N- ~ for all continuous functions f, then in the
limit s-O, N=c, the motion of the Lorentz particle
is governed by the linear Vlasov equation (2.47) (cf.
Theorem 2.5). Here we want to discuss two other
example s.

The first one can be extracted out of Braun and
Hepp (1977). In Sec. II.A. 6 it was shown that in the
mean-fiel. d l.imit

q'(t)-q(t), f'(f)-P(f) (2.146}

in probability as c- 0, where q(t), p(t} are the solutions
of (2.47) with initial, conditions q, p. I et us consider
the fluctuations of position and momentum around their
deterministic path q(t},P(t}, i.e., the "fluctuation
oh servabl. es"

g (t) =s ''(q '(t) —q(t)),
n'( )=fs "(P'(f)-P(f)).

(2.147)

Let

(2.148)

mediately poses the problem of whether it yields a
result identical to the one obtained from the Green-Kubo
formula. We have not been abl. e to settle this question
by means of simple formal. manipulations. In our
opinion, the equivalence of the two definitions is just
another facet of the hydrodynamic limit. If q'(f) in
(2.117) converges in a sufficiently strong sense to
Brownian motion, then one would also expect that the
absorption probabilities of q~(t) are close to those of
Brownian motion which are known to behave as 1/L.

which under the scaling (2.25) becomes

j ((1/s)L, R, rp) -D(R, cp) s/L .

By (2.140), where an equivalent scaling is used,

(2.142)

(2.143)

be the fluctuations in the number of scatterers in A.
In addition to the assumptions of Theorem 2.5 we as-
sume that g (}f~) converge jointly to a Gaussian process
with mean zero and covariance kernel vq(dq, dq'). In
particular, for the covariance

limj —L, R, ep =j (L, R) = —,. —1+0 — . (2.144)D, 1 l

A" I pI.
»~v'(V(x )('(x. ))=J ~((ds, &e').
g~ p ~xa'

(2.149)

Therefore, one expects that

lim ED(R, ep) = —,D, ,
1

g~ p
(2.145) ('(t), n'(f) —4(t), n(f) (2.150)

Furthermore, the scatterer potential. V should be four
times differentiable with uniformly continuous deriv-
atives. Then in the mean-field limit

which is the result obtained already in (2.135).
The kinetic definition of the diffusion constant im-

as a process. g(t}, q(t) is a Gaussian stochastic process
defined as the solution of the stochastic differential
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equation

t'(t) =q(t),
d

—g(t) =A. (q(t))g(t)+w(t),

with initial conditions $(0) =0, q(0) =0. A(q) is the
matrix with matrix elements

&;,(q)=, +;{q)=-J~ (dq'), , -V (q-q'),

t

(w;(t)w;(s)) = ~z(dq', dq")E';(q(t) —q')

x E,( q(s) —q"), (2.153)

i,j =1, 2, 3. For small c, we may set heuristieally

q' (t) =q(t) + c'"4(t), P'(t) =P(t) + e"n(t) (2 154)

The fluctuations around the deterministic path are
Gaussian with a tendency to spread in the course of
time. '

Our second example refers to the Lorentz gas in the
l.ow-density l.imit. We consider hard-sphere scatterers
with Poisson distribution conditioned on the Lorentz
particle being located at q. The initiaL distribution
of the Lorentz particle is g(x)dx= 5~@(P)dP with the
momentum distribution being absolutely continuous
with respect to Lebesgue. For a bounded and con-
tinuous observable f, the mean

:Q - Jt dx f(x)g(x (-t, x, Q) ) (2.155)

is considered as a random variable on the space of
configurations. Then the distribution of G tends to
a 5 function in the limit c-0.

2'roPosi tion 2.9: Under the assumptions of Theorem
2.2 and Corollary 2.4,

l.imG~ = dx xg x, t (2.156)

in probability. g(x, t) is the solution of the linear
Boltzmann equation (2.28) with initial conditions g.

Proof: We have to show that

lim dPdp'h P h P' p. d
+~0

x fi(x (t, q, P, Q))f(x (t, q, P', Q))
~f

dxf(x) g(x, t) . (2.157)

Equation (2.157) is regarded as coming from a Lorentz
gas with two particles both starting at q but with dif-
ferent momenta P and P'. In principle, one should now
repeat the proof of Theorem 2.2. If p @p', then one
considers paths for which each col.lision comes from a
separate scatterer. Since the fluctuation in the number
of scatterers vanishes, the motion of the two particl. es
becomes independent and this contribution converges

(2.152)

q =(q„q„q,). w(t) is a Gaussian stochastic process
with mean zero and covariance

to E,., (f(~(t)))E', ,, (f(&(t))) ass-0. [X(t) is the sto-
chastic process corresponding to the linear Boltzmann
equation. ] By normalization the contribution of the re-
maining paths has to go to zero. Since the set ip p'}
has dj dj' —measure zero, the assertion follows by
dominated convergencea

Cl.ose to the limit, up to an exceptional set of small
measure, a, l.l configurations yield practically the same
result as the linear Boltzmann equation. Note that the
motion of the Lorentz particle is deterministic for a
fixed configuration of scatterers, whereas the motion
is stochastic for the l.inear Boltzmann equation. How-
ever, with regard to expectation values over some
absolute1y continuous initial momentum distribution,
there is practically no difference. A specific example
is the diffusion current discussed in the previous
section [for which the same fluctuation result is proved
in Lebowitz and Spohn (18'l8)]. For small densities,
the diffusion current j(L, cR, e 'p, Q) for a fixed con-
figuration Q is practically the same for most config-
urations. The current fluctuates only very little
around the diffusion current j (L, R) computed from the
linear Boltz mann equation.

III. INTERACTING PARTICLE SYSTEMS

A. Nonlinear Nlarkov processes

An interacting particle system is specified by its
Hamiltonian

n

H= g —,'P,'+ QV, (q; —q, ) . (3.1)

t- x,"-(t,x) =(q,'(t, x),P,'(t, x)), (3.2)

depending on the initial condition x = (x„.. . , x„)~ I'
and on c through V~.

On a macroscopic level, physically one is interested
in the average number of particles in an arbitrary cell
ACA & R' at time t. In other words, the object of in-
terest is the time-dependent one-Particle correlation
function pf(x„ t), defined by

dxqpj~ xq, t = p dx n A, t x (3.3)

(q, ,p, ) =x, stands for the position and the momentum of
the jth particle. The mass of a particle is set equal
to one. V, 40 is a central, twice continuously dif-
ferentiable potential of finite range. Since, as for the
Lorentz gas, the potential will be scaled later on,
have already introduced here the scaling pa, rameter c.
The system is assumed to be enclosed in the bounded
region & with smooth boundary aA. (Under some cir-
cumstances it may be desirable to admit an unbounded
region A. The infinite volume limit would have to be
discussed separately. ) It turns out to be convenient not
necessarily to fix the number of particles. Then the
classical phase space is I'=U„o(AxR')". A state of the
system is described by a probability measure on I".
The initial state of the system is denoted by p', where
the scaling parameter c is introduced here already for
convenience. The solutions of Hamilton's equation of
motion with Hamiltonian (3.1) and specular reflection
at BA define the evolution of the jth particle
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p„'(x„.. . , x„)= p', (x, ) .
1

(3.4)

At a later time, of course, correlations will build up.
But the evolution

S', :p,'(x, ) —p,'(x„ t) (3.6)

is well defined for any initial p, . S, preserves posi-
tivity and normalization. However, in contrast to the
Lorentz gas, S,' is nonlinear.

With the same reasoning as for the Lorentz gas we
adopt the following sealings:

(i) Weak coupling limit,

for all Borel sets A C Ax R', where n(b„, t) denotes the
number of particles in b. at time t. [In general,
p,'(x„t)dx, is a measure onAxR'. ] Of course, for
various quantities the two-particle correlation function
will be important. Also, instead of studying the aver-
age number of particles in 6 at time I; one may ask for
the actual number of particles in 4 at time t. All these
refinements will have to be discussed later on.

Let us adopt the point of view of &educed dynamics.
For a given initial one-particle correlation function
p,'(x,) we simply assume that the system is completely
uncorrelated, i.e., that the correlation functions of the
initial measure are

I = dx~p~ x~ p dx
r

(3.11)

ance JP'(dx)P~" (&) = jdx, p,'(x,) by definition, P' is
normalized to one. The process corresponding to the
probability measure P' is denoted by X'(t) (T.his is
the analog of averaging over all configurations of scat-
terers in the case of the Lorentz gas. )

The significance of the process X'(t) is the following:
The single time distribution

Let 0 be the space of all possible pathst- (q(t), p(t)) HA x R'. The motion of the jth particlet- x„'(t,x) defines a path in Q. For any given initial
condition x = (x„.. . , x„)H I', one has then n distinct
paths in 0, one for each particle. We define a measure
P") on 0 by giving weight one to each one of the n paths.
The pi ocess corresponding to the probability measure
(1/n)P'*) is denoted by X")(t). Clearly, X~') (t) is deter-
ministic. For every initial x& I its time evolution can
be reconstructed from X~") (t) immediately. The analog
of X'" (t) for the Lorentz gas is the motion of the
Lorentz particle for a fixed configuration of scatterers.
X'" (t) is, so to speak, one possible history of the inter-
acting parti'cle system.

We define a probability measure P' on Q by averaging
P") over all initial configurations

V,(q) = c"'V(q/c),

p&(x,) =c 'r(x,);
(ii) Low-density limit,

V. (q) = V(q/&),

pf(x, ) =c 'r(x, );
(iii) Mea,n-field limit,

(3.6)

(3.7)

P (X (t)KA)= (f t', Pd, (),)) J P,d())„ t) ().12)

is the (normalized) one-particle correlation function,
the quantity of central interest. [The analogy to the
Lorentz gas should be clear. There P'(X'(t) H A) also
defined the reduced dynamics. ] The multitime distribu-
tions

(3.13)

V, (q) = cV(q),

p', (x „)= c 'r(x, ) .
(3.8)

Therefore, also at time t, pf(x„ t)- c '(v=1, 2, 3). One
then expects that

lim c"p,'(x„ t) =r(x„ t) = (S)r)(x,)
+~0

(3 9)

exists and that the change of the limiting scaled one-
particle correlation function r (x„t) should depend only
on the present one-particle correlation function,

(3.10)

I is a nonlinear operator and S, should be a semigroup
of nonlinear transformations. On general grounds, I
has to be quadratic and has other properties which to
elucidate is one of the objectives of this section.

For system+reservoir models it turned out to be ex-
tremely useful to study the probability distribution of all
possible histories of the tagged particle. Here we try
to adopt a similar point of view for an interacting parti-
cle system. (A different approach will be discussed in
Sec. III.E.) Physically, we will study the dynamics of
the system of particles through the collection of all its
time -dePendent self-correlation functions.

give the probability of finding the same particle at
time t, in'„. . . , at time I;„ in@„. This is just the
definition of the time-dependent self-correlation func-
tions.

If X'(t) is conditioned to start at y &Ax R', then

P~( ~ . iX (0) =y) (3.14)

describes the motion of a test particle (which has the
same physical properties as all the other pa, rticles)
immersed in the fluid, where the test particle starts
at y and the fluid has the distribution p,

' conditioned on
one of the fluid particles being located at y. For ex-
ample, if n is fixed and p"'=f(x„.. . , x„)dx,. . .dx„, then
an arbitrary fluid particle is picked as a test particle
and initially fixed at y and the remaining (n —1) fluid
particles have the initial distribution

f(y)x, ).. . , x„,)dx, . . .dx„,
-1

ct"
~ . dxq ~ g) ~ ~ ) x~ ~ ~

The motion of a test particle in a fluid was studied
all the way along in Sec. II. Here, the Quid is inter-
acting and initially not in thermal equilibrium. But the
reasoning from Sec. II should carry over. One expects
that the scaled process X'(t) with measure
P'(.

~
X'(0) = y) will converge to a Markov process X(t)
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as c- 0. However, the l~m~t~ng Markov process we'll be
nonhomogeneous in time, since the fluid evolves by it-
self. In Sec. II the forward equation of the limiting
Markov process depended linearly on the scaled one-
particle correlation function of the scatterers. Assum-
ing the same behavior here, the limiting Markov pro-
cess X(t) should be governed by the forward equation

for all x, y, z ES, 0& & & t; r ~ 0 (homogeneity in time).
The transition probabilities P, (y~x) are defined by

(3.21)

and satisfy, by Eq. (3.20), the semigroup property

(3.22)

a—„f(y, f) = I-,«& fb', t) . (3.15) The (forward) Markov semigroup S, is defined by

L„&,& is a linear operator acting on f depending itself
linearly on the scaled limiting one-particle correlation
function r(t) of the Quid.

How does x(t) itself develop in time'? This is easily
answered by noting the identity

P'(X'(t+ v) HA)= dy P' (X'(t+ 1)HA iX'(t) = y)

(S~f)(y) = Z P~b'lx)f(x)

one'(S) and can be written, by (3.22), as S,f=e
As is well known, I has the structure

(Lf)(x) = Z (~(xly)fb) -~(six)f(x)),
@AS

(3.23)

(3.24)

xP'(X'(t) =y}.
Inserting (3.12), we obtain

c' dx, p,'(x» t+ v-)
A

where W(y~x) ~ 0 is the transition probability per unit
time from x to y. Conversely, if I is of the form
(3.24), then (e 'f)(y) =Z„P,(y~x)f(x) defines transition
probabilities from which the measure P„ is build up by
the Chapman-Kolmogorov equations as

P„(X(t,) =x„.. . , x(t„)=x„)
dyP ' t+7 HA. X' t =. y p& y, t . 3.].6 = P,„,„,(x„(x„,) P, ,(x,jx) . (3.25)

By (3.9), c'P', (x„t+v) converges to x(x„t+v), whereas
the right-hand side of (3.16) converges to
J„dx,f(x„t+ 7'), where f(t+ T) is the solution of (3.15)
with initial conditions r(t) at time t Takin. g the deriva-
tive at 7 = 0, one obtains the evolution equation

d, ~(t) =L,(,)~(t) =-«(t) .

If the test particle has the same initial distribution as
all the other fluid particles, then (3.15) yields the non-
linear evolution equation for the one-particle correla-
tion function.

The structure just uncovered was studied on an ab-
stract level first by McKean (1966, 1967) and called by
him a nonlinear Markov proce». This is a process
in which the transition mechanism depends on the pres-
ent state of the system itself. Since the understanding
of this structure is of some importance, let us depart
for a while to the abstract setting.

To avoid measure theoretical complications, let us
choose a process X(t) with finite state space S. The
path space 0 then will consist of all right continuous,
piecewise constant functions from 8, to 8 with a finite
number of jumps in any finite time interval. A Markov
process P on 0 is defined by

A non/inear Markov Process on 0 is again a family
of Markov processes fE'z$, but is now indexed by
probability distributions f on S ti.e. , f(x) - 0, Z„~~ f(x)
= 1]. Pz has the properties

P~(X (0) =x) =f(x)

(the initial distribution is f) and

(3.26)

Pz(X(t) = y~X(s) =x)=P &(X(t —s) = y~X(0) =x) (3.27)

(homogeneity in time) for all x, yH S and 0 & s & t, where

(S~f)(x) =Pf(X(t) =x). (3.28)

Let me explain the meaning of (3.27). The distribution
of the system (=—Quid) evolves as f-S,f If the init. ial
distribution of the system is f, then the probability of
reaching y at time t, given x at time s (for a test parti-
cle to reach y at time t, given it started at x at time &),
equals the probability of reaching y at time t —s, given
x at time 0, provided the initial distribution of the sys-
tem is corrected to S,f. S,f satisfies the semigroup
property

(S, S, f)(x) =P„,(X(t,) =x}

= Z P„2,(X«,) =xlX(0) =y)(s„f)b)

P(X(t+ 7) =xlX(s), s & t)=P(X(t+ T) =xlX(t)) (3.18)
yES

Pf t +t2 xX t2 y Pf t, =y

P„(X(0) = y }= 5 ~

(the process starts atx) and

P„(X(t)= z iX(s) = y)

=P„(X(f+~) =z(x(s+ T) =y)

(3.19)

(3.20)

for allx&& and any t, T~ 0. The Markov processes
usually encountered are really a family of Markov pro-
cesses $P„IxE Sj having the following structure. To
each x&S there exists a Markov process P„with

=P @(t,+t.) =x)= (S .. .f)(x), (3.29)

(3.30)

where L is a nonlinear operator on 2'(S). However,
from (3.30) alone, one cannot recover the nonlinear

where the Markov property of Pf was used in the last
step. However, S, is in general nonlinear. Formally,
one can still write

S~f=L Sgf,
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Markov process. To a nonlinear forward equation one
can associate many nonlinear Markov processes. What
is needed is the forward equations for each Pf. Clearly,
if in addition

evolved measure at time t, should satisfy

li m c'"p„' (x„.. . ,x„,t) = . , r {x,, t) . {3.36)

&P =Q &.f(x)
xgS

(3.31)
r(x, t) is the solution of the Landau equation

8 r—(q, p, t) =-p V r(q p t)
is assumed, then one is back to the familiar (linear)
case described before.

The simplest example of a nonlinear Markov process
is provided by the Carleman equation (Carleman, 1957).
In that case, S= (-1, 1), and the forward equation for
Pf is

8
,—,g(, t) = (f(, t) .f(x, t)) (g(-, t) -g(x, t)), (3.32)

where f(x, t) is the solution of

—„f(x,t) = (f(x, t)+f(-x, t))(f(-x, t) -f(x, t)), (3.33)

(3.34)

and that the collection LP„Ir ~ 0) will form a nonlinear
Markov process. In other words, the processes X('„)(t)
should converge to a nonlinear Markov process as
c-0.
B. The Landau equation

Landau (1936) studied a weakly coupled gas in order
to understand the evolution of a plasma and arrived at
an equation for the one-particle density. An excellent
source on the Landau equation is the books by Balescu
(1963, 1975).

Prom our experience with the Lorentz gas and from
what I will say about the Boltzmann equation in the
following section, the way to proceed is rather clear.
One chooses a sequence of initial states p' such that
their density increases as s ' (c in d dimensions) and
such that they are essentially uncorrelated, i.e., such
that the nth correlation function of p' satisfies

lim s'"pP. (x„.. . , x„)=, I r(x, ) . (3.35)

p' evolves according to the dynamics given through the
Hamiltonian (3.1) with potential c'~'V(q/c). Then the
correlation functions $p„'(t) In ~ 0) of t)'(t), the time

with initial condition f(x). The formal analogy with the
(spatially homogeneous) Boltzmann equation is of course
no coincidence, since (3.33) was meant as a simple
model for understanding the structure of the latter.
[The illuminating article by McKean (1975) is strongly
recommended. There the main point is a study of hy-
drodynamics for the Carleman equation. This is the
nonlinear analog of the problem discussed in Sec. II.C.]

Let me summarize where we now stand: We consider
an interacting particle system characterized by its
interaction potential V, and with initial state p- corres-
ponding to the correlation functions LpgIn ~ 0). The po-
tential and the initial states are scaled as (3.6), (3.7),
or (3.8). Then to each r ~ 0 the process 2Ci'„&(t) with path
measure P~„') is constructed as above. One expects that
weakly on Q,

3

+ dpi' q, p, t a, p —p rq, p, t
J=j. ~PJ

+ dp'v Q~P, t

3Z, D;, (P -P), r(q, t, t)
f,g=1 J

(3.37)

with initial datum r (q, P), where D,, is the diffusion
matrix (2.20) and a, is the drift term,

~, (p) = —~p, /IpI'. (3.38)

+ dP& q, P, t

3

P» D;, (t —P)
&

f(q, P, t) .
1,J= 1 4 J

(3.39)

(3.39) together with (3.37) has the structure of a non-
linear Markov process.

The Landau equation seems to be rather neglected
in the mathematical physics literature; in comparison
to the Boltzmann equation, at least, it is rather sur-
prising how little is known rigorously about it. To
my knowledge, one of the few results is the proof of the
existence and uniqueness of the solution of the spatially
homogeneous Landau equation in a finite time interval
by Arsen'ev and Peskov (1978).

C. The Boltzmann equation

In 1872 Boltzmann introduced an equation, later to
bear his name, which describes the time evolution of
the one-particle density of a dilute gas. The Boltzmann
equation is still the cornerstone of the kinetic theory
of gases. From the beginning the problem of the rela-
tion of the Boltzmann equation to the underlying dy-
namics 'was pressing. [The Ehrenfest article (Ehren-
fest and Ehrenfest, 1911) gives a vivid account on the
conceptual difficulties raised by the irreversible char-
acter of the Boltzmann equation. ] On a formal-level,
Grad's careful analysis (Grad, 1958) seems to be the
most satisfactory answer. He also introduced the limit
in which the Boltzmann equation becomes exact. The

The Landau equation has properties which formally
are similar to those of the Boltzmann equation; in
particular, the usual II theorem is valid and the Max-
wellians are the only stationary solution of the collision
term.

The evolution of a test particle in the fluid is
governed, in the weak coupling limit, by the linear
Landau equation

3

qf(P, P, t)= P&, + df (P—P, () Z (P —P))
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close relationship between the full BBGKY hierarchy
for hard spheres and the Boltzmann equation was
pointed out by Cercignani (1972). Lanford, 1975, gave
a proof that, for short times, the solutions of the
BBGKY hierarchy converge to the solutions of the
Boltzmann hierarchy. This is one of the gems in the
field. We w'ill give here only a short summary em-
phasizing certain aspects. The reader is urged to con-
sult the articles by Lanford (1975, 1976a) and the thesis
of King (1975).

1. Convergence of the solution of the BBGKY hierarchy
to the solution of the Boltzmann hierarchy

We consider a system of hard spheres of diameter c
and unit mass inside a bounded region A with smooth
boundary &A. [The restriction of A being bounded will
be lifted below. The results referred to later on extend
to positive potentials scaled as V, (q) = V(q/c) with cer-
tain regularity properties (King, 1975).] The number
of particles is not necessarily fixed. So the classical
phase space is I' = U „,(A x R')". Not all points of the
phase space can be realized because of the hard-core
exclusion.

The spheres (particles) are elastically reflected
amongst themselves and at the boundary 8A. For pair
collisions and collisions with the wall the dynamics
are thereby well defined. For grazing collisions and
triple and higher collisions the dynamics simply re-
main undefined. Alexander (1975) has shown that the
(complicated) set of initial phase points which lead to
such higher collisions at any later or previous time is
of Lebesgue measure zero. Therefore, if the initial
distribution of hard spheres is absolutely continuous
with respect to Lebesgue, such exceptional sets are of
probability zero and can be discarded.

Let the initial state Q' of the system be specified by
the absolutely continuous probabilities of finding exactly
n particles at dx, ~ ~ dx„, $f„(x„.. . , x„)
x (1/n!)dx, ~ ~ dx„~n & 0). The scaling parameter c has
already been introduced for convenience. Then the
correlation functions $p„' ~(n

~ 0) corresponding to this
state are defined by

1
~ ~ ~ 6p„(x„.. . , x„)= ~ dyl ' ' dymf n+m

m=0 ~ ~ (&x&3) m

x (x„.. . , x„,y„.. . , y ) . (3.40)

The time evolution of a state of the hard-sphere sys-
tem is studied by means of the time evolution of the
corresponding correlati on functi ons. A straightf orward
computation which is, however, nontrivial to justify
rigorously (Cercignani, 1972; Lanford, 1978) leads to
the following evolution equation:

Here (d is a unit vector in H' and du the surface mea-
sure of the unit sphere ~' in three dimensions. H„'
describes the evolution of n hard spheres of diameter c
inside A. (11.2) is the BBGKY hierarc&y for hard
spheres. The solutions of the BBGKY hierarchy are
denoted by

p„'(x„.. . , x„, t) = (V;p')„(x„.. . , x„) (3.42)

for the initial vector of correlation functions
pf.' —(pC p C )

At this stage we can formally lift the restriction that
A has to be a bounded region. So A may be, for ex-
ample, a slab or the whole three-dimensional space.
It is also clear that specular reflection at 8A is only
one choice out of many possible boundary conditions;
we could consider, for example, a stochastic boundary
condition at BA corresponding to a wall with a certain
temperature. All these boundary conditions would be
included in the definition of H„.

We want to study the low-density (Gra, d) limit of the
solutions of the BBGKY hierarchy. The hard-core
diameter was scaled already as c. As for the Lorentz
gas, the density of particles should then increase as

(On this scale the mean free path —c'c ' remains
constant, whereas the volume occupied by spheres
—c'c ' tends to zero as c- 0.) Therefore for ea,ch
hard-sphere diameter c one chooses an initial state
with correlation functions p„' such that pg

—c '". With
this in mind, we define the rescated correlation func-
tions

Then (3.41) reads

d—r„'(t) = H„'r„'(t) C„' „„r„'„(t), (3.44)

where the collision term in curly brackets is abbrevi-
ated as C„' „,, Regarding the sequence t(r„' ~n ~ Oj as
vector r' one can write {3.44) compactly as

dt
r'(t) =H'r'(t)+C'r'(t), (3.45)

dt ~ dt, s'(t —t )

where H' is a diagonal matrix with entries H„' and C'
is a matrix with entries C„„„,and zero otherwise.

Let us consider H' as the unperturbed part of the
operator H'+C' and C' as the perturbation. The time-
dependent (Dyson) perturbation series for the solution
of (3.45) then reads

x O' ~ ~ O'8'(t, )r', (3.46)
8

St Pn { lt &xn& t) HnPn (xltp ' r n&xt) where r' stands for r'(0), and where (S'(t)r')„
= (e" 'r')„=e " 'r„' gives the evolution of n hard spheres
of diameter c inside A, always including the specular
reflection at &A. Solutions of the BBGKY hierarchy are
always understood in the sense of (3.46). Of course, one
has to say in what sense (3.46). converges.

To see what the formal limit s- 0 of {3.46) should be,
let us consider the typical term

xp„"„(x„.. . , x„,q;+ ex, P„„,t(I .

(3.41)

n

+c' g d(„„f d~~ (P:, P.)—
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S'(s)C„' „,,S'(t)r„'... (3.47)

S(s)C„„„S(t)r„„, (3.48)

where S(t) is the free motion including specular reflec-
tion at the boundary and

(C„„„r„„)(x„.. . , x„)

~+n+z&& o) Pg ~n+3
~

~

(I .-P +~) —oj n

urn 1(x+& ) ' ' ' s q& &p & t ' ' ' t q j &p n+1)

—r„„(x„.. . , q, ,P, , . . . , q, ,P „„)}. (3.49)

P,'. ,P„'+, are outgoing momenta to the incoming momenta

p, ,p„„and momentum transfer in direction ~. There-
fore, formally, as s-0 (3.46) goes over to

dt,„.dt, S(t —t )

with t, s &0. Expression (3.47) describes the evolution
of n hard spheres for a time s, adjoining the (n+ l)st
sphere with momentum P„„and position such as to
touch the jth sphere, the evolution of n+1 spheres for
a time t, and finally the sum over all j = 1, . . . , n,
momenta P„+, and possible touching points q, + c~. Be-
sides the possible collision at time s at the point, where
the jth and (n+ 1)st sphere are joined, other col-
lisions may occur. These are, however, of zero
probability in the limit c-0 and (3,47) converges to

for all c & v., with a positive constant M independent of c.
Second, r„' has to converge to r„ in such a way that the

series (3.46) converges term by term to the series
(3.50). For the initial phase point x'"' = (x„.. . , x„
E (A xR')" let q,. (t, x'"'), j = 1, . . . , n, be the position of
the jth point particle at time t under the free motion.
Then

r„(t) =Ix'"& = (x„.. . , x„) H (A xR')"~q, (s, x'"')

Wq, . (s, x'"')

for i cj =1, . . . , n a.nd -t & s & 0, if 1~0, 0 & s & -I;, if t
pt

In words, I'„(t) is the restriction of the n-particle
phase space to the set of all phase points that under
free backward streaming over a time t, if t is positive,
(or free forward streaming over a time ~t~, if t is nega-
tive) do not lead to a collision between any pair of par-
ticles, regarded as point particles. By this restriction
only a set of Lebesgue measure zero is excluded from
(A xR')".

Note that (i) I'„(t) depends only on the free motion;
(ii) I „(t) a I"„(t') for t'= nt, a ~ 1; (iii) I"„(t)x I'„(—t); and
(iv) that x'"'H I „(t) is equivalent to x'"&~ I'„(-t), where
x'"' is the pha, se point obtained from x'"' under the re-
ver sal p,. -p, In particular, I'„(t) is not invariant under
reversal of velocities.

The suitable choice of convergence is then as follows:
(C2) There exists a, continuous function r„on (AxR')"

such that

x C CS(t,)r. (3.50)
lim c'"p'„= li m r„' = r„,
Q-+ P C~O

(3.53)

Differentiating (3.50) with respect to t. one obtains the
Boltznzann hierarchy for hard spheres

8
BS
—r„(x„... , x„, t)

+ (C„„„r„„)(x„.. . , x„, t) . (3.51)

zha x, (3.52)

-p, ~ 9', includes the specula, r reflection a,t BA.
For t & 0 the same reasoning leads again to (3.51),

but with the sign of the collision term reversed.
To prove (that r'(t) defined by (3.46) indeed converges

to r(t) defined by (3.50) as s -0 we need two conditions.
First, the initial correlation functions r' have to be

bounded uniformly in c. This guarantees the uniform
convergence of the perturbation series (3.46) for some
interval ~t~ & t,. [Heuristically, the finite radius of con-
vergence comes from the following fact: For n=1, in
(3.46) the time integration yields t"(1/m!), whereas the
m collision operators yield roughly ml. For a better
result, cancellations have to be taken into account. ] If
AB denotes the normalized Maxwellian at inverse tem-
perature P, then a suitable choice for this bound is as
follows:

(Cl) There exist a pair (z, p) such that
s'"

/ p'„(x„.. . , x„) i
=

J r„'(x„... , x„)i

uniformly on all compact sets of I „(s) for some s ~ 0.
Theorem 3.1 (Lanford): Let (p„'~n~ 0) be a sequence

of initial correlation functions (not necessarily coming
from a positive measure) of a fluid of hard spheres of
diameter s inside a region A and let t pg!n ~ 0} satisfy
(Cl) and (C2). Let p„'(t) be the solution of the BBGKY
hierarchy with initial conditions p„and let r„(t) be the
solution of the Boltzmann hierarchy with initial condi-
tions r„.

Then there exists a t, (z, p) & 0 such that for 0 & t
& to(z, p) the series (3.46) and (3.50) converge pointwise
and such that p„'(t) satisfies a bound of the form (Cl)
with z'&z, p'& p. Furthermore,

iim c'"p „(t) = lim r'„(t) = r„(t), (3.54)

umformly on compa. ct sets of I'„(s+ t).
For -t, '(g, p) & t& 0, (3.54) holds, provided that s &0

and that in the Boltzmann hierarchy the collision term
C„„,is replaced by -C„„+,.

t, (z, P) may be chosen as —,
' M3/»z~P. The second

factor has physically the meaning of the mean free time
of a Boltzmann gas in equilibrium at inverse tempera-
ture P and density z.

Lanford (1976a) shows how to construct initial states
satisfying (Cl) and (C2). One chooses a continuous one-
particle density r bounded by the Maxwellian and a fi-
nite partition 6',. of A &R', which becomes finer and fin-
er a,s c-0. Then in each cell, 4',- particles are uni-
formly distributed such that their hard-core exclusion
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is respected and such that their number is r.'f~('dx,
xr(x, ), up to a, relative error of the order c. This de-
fines an initial state with correlation functions p„. Un-
der certain regularity. assumptions on the sequence of
partitions, (Cl) and (C2) with s=0 are fulfilled.

The reader may wonder how Lanford's theorem es-
capes the conflict between the reversible character of
the BBGKY hierarchy and the irreversible character of
the Boltzmann hierarchy. The point is that if for the
sequence of states V', p'-, 0 & t ~ —,'t, (z, P), we reverse all
momenta at time t and thereby form a new sequence of
initial states p', then p' does not satisfy the condition
(C2) of Lanford's theorem and therefore the theorem is
not (and, moreover, should not be) applicable to this
sequence of initial states.

We describe now three interesting properties of the
Boltzmann hierarchy. The first one is the well-known
"propagation of chaos. "

ProPerty 2: If the initial. conditions of the Boltzmann
hierarchy factorize

r„(x„.. . , x„, t) =f(x„ t)
'

r(x, , t) . (3.61)

r(x, t) is the solution of the Boltzmann equation (3.57)
with initial condition r(x), and f(x, t) is the solution of
the linear Boltzrnann equation

+ (~P1 44) (d ' P —P1
(u (P-P )—o

x(r(q, p,', t)f(q, p ', t)

—r(q P t)f(q, P, t)3 (3.62)

with initial condition f(q,p).
The third property will be important for discussing

fluctuations.
ProPe~ty 3: If the initial conditions of the Boltzmann

hierarchy are of the form

(3.55)

then the solutions with this inital condition stay facto-
rized

n

~„(x„.. . , x„)= Qf(x, ) (zh, (x,.)),
j=l j=1

then its solutions are
n ) n

r„(x„... , x„, t) = f(x, , t)
i

'

(za, (x,.)}.

(3.63)

(3.64)

r(x, t) is the solution of the Boltzmarln equation

8

,r(q, p, t) =-p—.V,r(q, P, t)

dp) d(d (d ' (p -p) )
~. 0 -P1)- o

xb'(q, p ', t)r(q, Pl, t)

(3.56)

8 f(q P, t) = -P—&,f(q,P, t)

r+ Z .0-P1)= 0

{f(q,p.', t) +f(q,P ', t) -f(q,P„t) -f(q,P, t)}

Pl ~ (P Pl)~ ()(Pl) ) (3 65)

f(x, t) is the solution of the linearized Boltzmann equa
tion

—r(q, P, t)r(q, p„ t)}, (3.57)

with initial conditions r(q, p).
Property 1 implies the validity of the Boltzmann

equation in the following sense. Assume that the initial
correlation functions 1pgn ~ 0} satisfy the bound (C1)
and that

lim z'"p„""(x„..., x„)= ' r(x,.), (3.58)

uniformly on compact sets of ((x„.. . , x„) K (A xR')"
~

q,. cq&, i cj =1, . . . , n} with some continuous r. Then,
for 0 & t & t,(z, p),

r„(x„... , x„)=f(x,) r(x,.),
i=2

then its solutions are

(3.60)

lim c'p', (x„t) = r(x„ t),
C~O

uniformly on compact sets of A xR', where r(x„ t) is the
solution of the Boltzmann equation (3.57) with initial
condition r(x,).

The second property comes from considering one of
the fluid particles as a test particle. This property was
used already in the proof of Theorem 2.8.

Projerty 2: If the i.nitial conditions of the Boltzmann
hierarchy are of the form

with initial condition f(q,p).
Property 3 is proved by inserting the Ansatz (3.64) in

the Boltzmann hierarchy and by then using repeatedly
the fact that the collision operator acting on the Max-
wellian vanishes. Note that (3.65) corresponds to lin-
earizing the Boltzmann equation around the stationary
Maxwellian as hs(1+f).

It should be understood that Properties 1-3 are sub-
ject to the restrictions of Theorem 3.1; in particular,
the initial conditions have to satisfy the bound (C1) and
the results are valid only up to to(z, p).

2. Convergence to a nonlinear Markov process

With the support of Theorem 3.1 it is only a small
step to prove that in the low-density limit the processP'"" constructed in Sec. III.A converges to a nonlinear
Max'kov px'ocess as 8 0—within the llIDltations lID-
posed by Theorem 3.1, of course.

Let 0 be the path space already introduced for the
Rayleigh gas: 0= U„,A„, where (y„t„.. . ,y„, t„)
HR "is in 0„, if 0~ t, + ~ .+t„~ T=t, (z, P). On 0, a
probability measure is constructed in the following way:
Let p.

' be the initial distribution of the hard spheres
with diameter s and let (pgn~ 0} be the corresponding
correlation functions. For each initial configuration x
= (x„.. . , x„)H I'„ the motion of the jth fluid particle t
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I

(q, (t, x. ),p, (t, .x)), 0 & t& T, defines in the obvious way a
path in Q. This path is given weight one. Since xis a
configuration of n fluid particles, a measure P'"' on 0
is thereby defined with total mass n. Then

E'(d;(E'(t, ))f,(tt'(t, )l) = (3' J dx, tt', (x,))

x dx, , x, ~' V'. . . V,'p, x, , 3.74

P = ' Qx p xl ILL, dxP ~

r
(3.66)

tt (t) =3(0)+J dx(t (x). (3.67)

Theo~em 3.2: Let p. 'be a sequence of initial states
with correlation functions (p„~n~ 0) satisfying condition
(Cl) and

We denote a process corresponding to P' by X'(t)
=(q'(t),P'(t)). p'(t) is a, jump process on R with a finite
number of jumps in any finite time interval. Because of
the mechanical motion,

0 & t, & t, & to(z, P). By Theorem 3.1, e'"(V', p')„conver-
ges to (V, r)„, uniformly on compact sets of I"„(t,). The
same is true for e'"f(VE p') „. Since t, & t,(z, P), there
exists a pair z'(6' such that f(V,',p') satisfies (C1) with
z ', P'. Therefore, f(V,',p') satisfies the conditions of
Theorem 3.1. Since t, & t, (z, P), one has t, —t, & t, (z', P'),
From Theorem 3.1 one concludes, then, that

iim E'(f, (x'(t, ))f,(x'(t, ) ) )
g~0

-1
xl x xl dxl 2 xl Vg g 1 Vg x 1 xl

lim s'"p„'(x„.. . , x„) = '
r(x,'). (3.68) (3.75)

uniformly on compact sets of I'„(0) with some continu-
ous r, r(x, ) &zh()(x, ).

Then

x'(t) —x(t), (3.69)

as c-0 in the sense that all finite-dimensj. onal distri-
butions of X (t) converge weakly to the finite-dimen-
sional distributions of X(t). X(t) is a Markov process.

Let P„be the path measure corresponding to the lim-
iting Markov process X(t). Then $P„~r & zhej form a
nonlinear Markov process in the sense that

Z„(X(t) a&~X(s) =x)=a„„,(X(t-s) W W~X(0) =x),
(3.70)

0 & s & t & T. r(s) is the solution of the Boltzmann equa. -
tion (3.57) with initial condition r.

I'roof: Let V,'p be the solution of the BBGKY hierar-
chy (3.41) in the sense of the perturbation series (3.46)
with initial conditions p = (p„p„.. .). Let V,r be the
solution of the Boltzmann hierarchy (3.51) with initial
conditions r. If f is a, bounded and continuous function
on A xR', then fp is shorthand for (f(x,)p, (x,),f(x,)
xp, (x1,x,), . . .).

We have to show the convergence of

Convergence of the higher-order correlation functions
is proved in the same way.

We denote by S, , the propagator corresponding to the
solution of the linear Boltzmann equation (3.62), where
r(x, t) is the prescribed solution of the Boltzmann equa-
tion with initial condition r(x). Then, using Properties
1 and 2 and the fact that the initial distribution of X(t) is
r(x,)/fdx, r(x, ), one obta. ins

-1
Et(. (3.33)=.(f dx, r(x) jdx t(x)(3, r)(x) (3.33)

—1

Et(. (3.')5) =(fdx, r(x),
x dxl 2 1 t 8 1 Ss 0+ xl

and the analogous expression for the higher correlation
functions. This proves that X'(t) converges to X(t),
where X(t) is the Markov process with (3.62) as a for-
ward equation and with initial distribution r(x,)/fdx1
xr(x, ).

Equation (3.VO) follows from the form of the linear
Boltz~ann equation a

E'(f (xl(t, )) . f.(x.'(t.))) (3.71) D. The Viasov equation

for continuous f„.. . ,f„of compact support, 0 & t,
& ~ ~ ~ &t„&T. From Sec. III. A, we have

E'(f(E'(t)))=(' J d, ttl( ))

x c' dx, x, V

Therefore, by Theorem 3.1,

(imE'(j(E'(t)))= (f dx, r(x,))C~O

dxl xl Vg7' 1 xl

A straightforward calculation shows that

(3.72)

(3.V3)

The Vlasov equation (Vlasov, 1938) describes the mo-
tion of an interacting particle system in the mean field
limit, thereby taking into account the influence of weak
long-range forces. Often a collision term of Landau
type is added. The Vlasov equation is of central impor-
tance in plasma physics and in stellar dynamics.

The convergence of the mean field limit was shown by
Neunzert (1975 and 1978) and independently by Braun
and Hepp (1977). Their results are essentially com-
plete and point for point match the heuristic discussion
of Sec. III.A; in particular, the convergence to a non-
linear process can be proved for this limit. One sim-
plifying feature comes from the fact that the limiting
nonlinear Markov process is deterministic.

The correct limit can be easily guessed from either
Sec, II.A. 5 or from the BBGKY hierarchy. We consider
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a (finite) particle system in R3 interacting via the twice
continuously differentiable pair potential V&. V& is
scaled as in Sec. II. A.5 as V, =@V. +=-VVis the
force. Then the BBGKY hierarchy for the time-depen-
dent correlation functions reads'

8
np (x, &. . . , x, t)

P,- V, —c Fq —q,. V&
g=1 ~ z&y

xp'„(xl, . . . , x„, t)

d&g+a+ Vg In+a ' pPn+a» . . ~ ~+»"
j a

(3.78)

In the mean-field limit the force between two individual
particles goes to zero, w hereas the force on a particu-
lar particle exerted collectively by all others stays fi-
nite. As in Sec. II A.5, this is achieved by increasing
the density as c '. Therefore

N c)
q', ( dx)=N(s) '5(-x- x,.(t)). (3.83)

5(x —x,) is the point measure concentrated at x, H R'
xR'. x, (t) is the .position and the momentum of the jth
fluid particle at time t. [p,', (dx) is the normalized sum
of N(s) delta functions concentrated at the locations of
the fluid particles at time t in the one-particle phase
space. ] If N(s) s = 1 and if

ministic) nonlinear Markov process.
One can prove the convergence of the solution of the

BBGKY hierarchy to the solutions of the Vlasov hier-
archy in the mean field limit for arbitrary times and
for a large class of potentials (Braun and Hepp, 1977).
A particularly nice result is the following, since it does
not use any statistical assumptions at the initial time.

Theorem 3.3 (Neunzert, 1975; Braun and Hepp, 1977):
I et V be a twice differentiable potential with bounded
derivatives. Given N(s) particles interacting via the
potential c V, let

lim c"p„'=r„.
C~O

(3.79)
lim t),o(dx) = r, (dx)
G~p

weakly on R', then

(3.84)

Then, as s -0, (3.78) formally converges to the V/asov
lsierarcky lim p.', (dx) = r, (dx)

~ p

(3.85)

P. 'V 'V Xa~ ~ . . ) X„~t~
~ ~ ~

q=a

dx +a+ g& g a Vp r xa ~ ~ ~ x a t 3 80
j=a J.

If initially the factorization

r„( „,. . . , x„)= ' r(, )

is assumed, then the scaled one-particle correlation
function of the fluid evolves according to the Vlasov
equation

8
r(q, p,—t) = -p V,r(q, p, t)

, dp, r q„f„tE q-q, v,

xr (q,p, t), (3.81)

d
q, P(&)=fA, 4', ~(o. ,P 0&(q(&) —q ). (3.82)

Equation (3.82), together with (3.81), defines a (deter-

with initial condition r(q, p). The existence and unique-
ne'ss of solutions of the Vlasov equation have beeneste, b-
lished by Neunzert (1975) and, independently, Dobrushin
(1979). A test particle in the fluid evolves according to
the effective Hamiltonian

H.„(q,P, t) =-;)' + f us, ~P;(v, .P„~)V(. q, )

weakly on R' and r, (dx) is the weak solution of the Vlas-
ov equation with initial conditions ro(dx)

If r, (dx) has a differentiable density, r, (dx) = r, (x)dx,
then so has r, (dx) = r(x, t)dx and r(x, t) is the classical
solution of the Vlasov equation with initial conditions
r, (x).

Miirman (1978) considers a degenerate type of mean
field limit. The central finite range potential Vis
scaled as V, (q) = V(q/c), and the number of pa. rticles
increases as s ' (in three dimensions). In the limit the
BBGKY hierarchy formally converges to the Vlasov
hierarchy with a 5 potential. J)Jl (q, —q„„)in (3.80) is
replaced by [fdq V(q}]5(q,. —q„„)V,„.) Under certain
assumptions Murman shows the existence of a subse-
quence of the solutions of the BBGKY hierarchy which
converges weakly in suitable spaces to a solution of the
degenerate Vlasov hierarchy.

E. Fluctuations

So far we have studied the dynamics of the fluid by
choosing an arbitrary fluid particle as a test particle
andby then considering its stochastic motion through
the changing fluid as in the case of the I orentz gas. If
the test particle has the same initial distribution as all
the other fluid particles, then this procedure yields the
dynamics of the one-particle correlation function.
Physically, the fluid is studied through its time-dePen-
dent self-correlation functions.

There is a complementary point of view, which is ad-
vocated by Hepp and Lich (1973c) in a somewhat differ-
ent context (see Sec. V. E) and by Lanford (1975), and
which I want to develop now. Here the dynamics of the
fluid are studied via its tinze-dependent total correlation
functions. [A definition of these correlation functions
can be found, among other places, in Appendix A of
Lebowitz and Percus. , (1967)].
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Let us consider an interacting particle system in the
bounded region A. We scale the potential and the initial
state according to the weak coupling limit, the low-den-
sity limit, or the mean-field limit. Let 6 ( A&&R' be a
bounded region. Then the +&etage number of particles
in a at time t is f~dx, p,'(x„t). If the molecular chaos
assumption (the assumption that the limiting scaled cor-
relation functions factorize) is satisfied, then, under
some further conditions,

llm 8 dx1 p1 x1~ t = dx1 'v x1~
g ~0

(3.86)

—c dx, dx2p2 x„x„t x, x2

2

X1Pl X17 1 X1P1 X1% 1

(3.88)

Since for the chosen scaling c'"pf(x„x„t) -x(x„t)
xx(x„t) as c-O, the variance of c"X'(f, t) converges to
zero as c-0. Thus, the distribution of c'X'(f, t) be-
comes sharply peaked around jdx, x(x„t)f(x, ) for small
c. This result offers the following interpretation of a
Markovian limit for an interacting system: For small c
and for a, typical initial particle configuration (x„.. . ,x„)
(typical with respect to the initial measure p,'),

X '(y t) (x„.. . , x ) —= x -"f dx, x(x„ t)f(x ) . (3.89)

So the kinetic equation yields information about typical
initial configurations rather than about average quanti-

where r (x„t) is the solution of the Landau equation, the
Boltzmann equation, or the Vlasov equation. So the
properly scaled average number of particles in 4 at
time t can be computed from the solution of the kinetic
equation. (The way the scaling was introduced in Secs.
III. B, III. C, and III. D, v=3 corresponds to the weak
coupling limit, v=2 corresponds to the low-density lim-
it, and ) = 1 corresponds to the mean field limit. )

The ~ctzgaE number of particles in 4 at time t will, of
course, differ for different initial configurations of par-
ticles. Since a probability distribution of the initial
configurations is given, the number of particles in 4 at
time t is a random variable on F. To discuss its prop-
erties we have to introduce some notation. For a (mea-
surable) one-particle function f: AxR'-R, let X'(f) be
the following sum function on I'.

X'(f)(x„.. . , x„) =
Q f(x;), . (&.8&)

and let X'(f, t) be the function X'(f) evolved under the
dynamics with pair potential V, . X'(f, t) is a, random
variable on (I', p.'), where p,

' is the initial measure.
X'(f, t) depends on c through the dynamics and through

If f is chosen to be the indicator function y~ of the
set A Iyz, (x,) = 1 if x, K ~, yz, (x,) =0 otherwise], then
X'(yz„ t) is the number of particles in L at time t.

Let us compute the variance of. c'X'(f, t) for a contin-
uous f of compact support,

p'(I c'X'(f, t) —p'(c"X'(f t)) I')

ties. In passing, let me note that (3.88) offers a neat
solution to an old and puzzling problem: Inasmuch as
the kinetic equation becomes valid, the actual and the
average number of particles in the region 6 at time t
coincide.

On the other hand, assume that for an initial measure
p,
' with correlation functions satisfying (Cl) and (C2),

the variance of c'X'(f) tends to zero as c-O,

Iim p'(I c'X'(f) —p'(c'X (f)) I') = 0
g~Q

(3.90)

for all continuous f of compact support. Then, by Prop-
osition 2.3, necessarily

n

~„(x„.. . , x„)= '

~, (x,). (3.91)

Thus no f1uctuations in the scaled number of particles in
arbitrary regions are equivalent to the assumption of
molecular chaos. The theorems of Lanford and of
Braun and Hepp imply then that if initially the scaled
number of particles does not fluctuate, it will also not
fluctuate at a later time.

To study the fluctuations in more detail one has to
magnify them tremendously: One subtracts out the av-
erage value and studies the fluctuations only on a scale
proportional to c, '~2. Therefore one defines the fluc-
tuation field

k'(f, t) =c' '(X'(f, t) —p'(X (f t))] ~ (3.92)

x"X'(f, t) =f dx, x(x„Elf{x,—) + x" ~*{(y, t ) (3.94)

for small c. The scaled number of particles in a re-
gion 6 evolves to first order deterministically accord-
ing to the kinetic equation, and its fluctuations around
the deterministic path are Gaussian. This picture is
quite familiar from other areas of statistical physics;
see, for example, the survey article by van Kampen
(1976b).

It is believed that the Gaussian random field g (f, t)
has the following structure. If one writes formally
((f, t) = Jdq dp f(q,p)$ (q,p, t), then $(q,p, t) should satis-
fy the linear, time-dependent stochastic differential
equation

—„5(q,P, t) =(I„„)4)(q,P, t)++(q,p, t). (3.95)

L,„«& is the time-dependent linear operator obtai. ned by
linearizing the kinetic equation at w(t), and E(q,p, t) is a
Gaussian white noise fluctuating force with mean zero.

There are two instances where the formal picture can
be justified rigorously.

Theorem 3.5: (Braun and Hepp 1977). Let V, =cV,
where Vis four times differentiable with uniformly con-

Conjecture 3.4: Under further assumptions on the ini-
tial state p', on the scaled potential V„and on f,

(3.93)

as c-O, where g(f, t) is a Gaussian random field. IThis
means that the joint distribution of g (f„t, ), . .. ,
x$'(f„, t„) converges weakly to a Gaussian distribution. ]

Therefore one expects that
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600 Herbert Spohn: Kinetic equations from Hamiltonian dynamics

tinuous derivatives, and let the sequence of initial
states p.

' be such that its correlation functions c"p„' con-
verge weakly to the product g,". , r and such that

s"(~'(f)—p'(~" (f))) =- ( '(f) (3.96)
converges to a Gaussian random field E(f) as c -0 for
all three times differentiable f with uniformly contin-
uous derivatives. [The joint distribution of g'(f, ), . . . ,
8'(f„) converges weakly to a Gaussian. ] Then

f'(f, t) —((f, t) (3.9'I )

x F (q —q ') ~ V( $ (q, p )

dV d0 0 ~f' + 0 —0 +I&V~P~~

(3.98)

where r(t) is the solution of the Vlasov equation (3.81)
with initial condition x.

For the low-density limit, one has only a very re-
stricted result (van Beijeren, Lanford, I ebowitz, and
Spohn, 1979). One considers a. system of hard spheres
of diameter c in thermal equilibrium. p. ' is then the
grand canonical equilibrium distribution at inverse
temperature P and fugacity z, = c 'z. (This corresponds
to increasing the denaity as s-'. ) The distribution of
c'X'(f, t) concentrates at J dq dp zh8(p)f(q, p). The sys-
tem approaches the state of an ideal gas in equilibrium
as c -0. As regards the fluctuations, at least the co-
variance of the fluctuation field can be shown to con-
verge as p -0.

Theorem 3.t): Let f, g (= L'(A x R', zh, (P)dq dP) = 3C

with scalar product ( ~ )8 „and let 0 ~t —s ~t, (ez, P).
'Then, we have

(3.99)

where L is the linearized Boltzmann operator (3.65).
[/e '

~
t ~0) is a contraction semigroup on K (Klaus,

19'7 5).]
If one assumes the limiting fluctuation field to exist

and to be Gaussian, then its covariance (3.99) implies
that it is of the form (3.95). Since r(t)'=zh~, L„«) is the
linearized Boltzmann operator. The fluctuating force
E(q, P, t) has the covariance

dpdpf(p)g'(p)(F'(q p t)&(q p t))

= —.'&(t —t )5(q —q)

df7dp~d(d M ' p p~ zh, o p~ zing p M ' p —f7~ 0

x (f(p,')+f(p') -f(p, ) f(t)))

x (g(p,') +g(p') -g(p, ) —g(p)). (3.100)

as c —0 in the sense of weak conve rgence of all finite
dimensional distributions. $(f, t) is a. Gaussian random
field determined by the stochastic differential equation
(3.95) with initial conditions $(f). The fluctuating force
is identically zero, and L „&,) is the linearized Vlasov
operator

(&„,,()(o, u)=-( .x.((x, ()—I&q'dt 'x(q', n', t)

One notices tha. t the covaria. nce has the form —(f ~
(L

+ L*)g )8, as derived from the fluctuation-dissipation
theorem.

Outline of the Proof: One notes that

(('(f, x)('(X, t))x, =x' f Xx, p', ( „t)X(x), (3.101)

where p', (x„ t) = (V,'p'), (x,), with

p!(x„., x.)= gf(x;))X'., .(x„.)
+ ~+n+1 n+j. peq n +1& '

& +n+1

—p~„„(x„.. . , x„)p~, ,(x„„)), (3.102)

and p,„ the equilibrium correlation functions. An equili-
brium estimate shows that the second term vanishes in
the low-density limit. To the first term one applies
I anford's theorem using Property 3~

d 1
dt q;(t) = p, (t),

(4 1)

d
P;(t)=- g V, ,q,-(t).

d

jrz"
m,. is the mass of the jth particle, and P~, , V, ,q,.q. is
the potential energy which is assumed to be positive
with V,, = V, ,. (V,J is a vx v matrix. ) For the study of
Markovian limits Poincard recurrences have to be
avoided, which is achieved by considering an infinite
harmonic lattice. %e describe briefly how the dy-
namics of the infinite harmonic lattice are constructed.

Let M be the matrix with matrix elements Rlj j and
let V be the matrix with matrix elements V,j. Then the
equations of motion read schematically

d p (t) o —V p (t)
dt

q (t) M-' 0 q (t)

where q(t) stands for the vector (q, (t)
~ j (= Z~) and .p(t)

for the vector (p,. (t) ~j(= 2'). Equation (4.2) should be
solved for a class of ini. tial data which is large enough
to support interesting states, but which is small enough
to guarantee uniqueness of solutions. A convenient
growth condition is to require that qj, pj are polyno-
mially bounded. 'Then the classical phase space of the
crystal is s'(I'), the space of polynomially bounded se-
quence over 1 = Z~'U ~ ~ U Z~ (2v times). s'(I') is the
dual of s(I"), the space of sequences decreasing faster

(4.2)

IV. LATTICE MODE LS

A. The harmonic lattice

A general crystal lattice is specified by a basic
underlying lattice and by a unit cell (which may contain
more than one particle). For simplicity, and since we
are not going to do real lattice dynamics, anyhow, let
us choose the simple cubic lattice Z" and one particle
per unit cell (Bravais lattice). Then q,. (=- R" denotes the
displacement of the jth particle from its equilibrium
position j (= Z and. p,. (= p" its conjugate momentum. For
physical systems, usually d = v = 3. In the harmonic
approximation the equations of motion read
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than any polynomial. To construct the dynamics on s'(I')
the idea is to solve the equations dual to (4.2):

Iim Z„(X'(t))= E„(X(t)),
(4.6)

d $(t) 0
dt

~n(t) -V 0
(4.3)

lim &„(X'(t)X'(s)) = E„(X(t)X(s))
6 0

for all t, s (Nelson, 1967).
Two cases have been studied in some detail.

is s(I'). Sufficient conditions, for the solutions of (4.3)
to stay in s(I') are, e.g. , (i) M is bounded above and
below and (ii)

~
V,.~ ~~be "'-~' with suitable constant

b, c)0. Then, if T,* denotes the solutions of (4.3),
their dual T, are solutions of (4.2) and therefore define
the time evolution (phase flow) of the harmonic crystal
on s'(I').

The thermal equilibrium state of the crystal at inverse
temperature P is described by the Gaussian measure on
s'(I') with mean zero and convariance

q
M 0

0 V-'
(4.4)

For this measure to be well defined, (4.4) has to be a
continuous, strictly positive, bilinear form on s(I").
(4.4) is obtained by taking the infinite volume limit
through a, sequence of finite volume canonical. equili-
brium states with tied down boundary conditions. (If
A{:2,'" is a bounded region, then having tied down
boundary conditions will mean q,. = 0 for j c Z" (A. ) For
other boundary conditions other equilibrium states may
be reached. These are still Gaussian but not mean
zero. Additionally, there are many other Gaussian
measures invariant under the dynamics T, (Spohn and
Lebowitz, 1977).

'The approach described here is found in the article
by Lanford and Lebowitz (1975) and also in the thesis by
van Hemmen (1976).

Customarily, one particle, say the one indexed by
zero, is regarded as a test particle. For the study of
heat flow and other problems, it is convenient to con-
sider several. test particles. So we choose a bounded
simply connected region A( 8" and-consider the parti-
cles in A as the system (of test particles) and the parti-
cles in Z I A as the infinite reservoir. Initially, the
positions and the momenta of the particles in A are
fixed at x = (q, , P,. ~i c A) and the reservoir is in thermal
equilibrium conditioned on -the system particles being
at x. Then, as for the I orentz gas, the motion of the
system is described by the stochastic process X'(t). c
is a scaling parameter coming from scaling the inter-
action, the mass, etc. Since the dynamics are linear,
and since the equilibrium measure is Gaussian, 2P (t) is
a Gaussian stochastic process; but non-Mar&ossian, in
general. . In the spirit of our enterprise, the process
X'(t) is scaled in such a way that

x'(t) —x(t)
as c-0, where X(t) is Markovian. Since X(t) is Gaus-
sian and Markovian, its generator has a linear drift
term and a constant diffusion term. The task of prov-

l

ing (4.5) is greatly simplified by the fact that for a se-
quence of Gaussian processes it is sufficient to show
the convergence of the mean and the covariance,

&, f.(t)= — ~™t.(t)+&(t),

(4.7)

with initial conditions q„g, (Rubin, 1961). E'(t) is
Gaussian white noise with mean zero and covariance
V'(t)& (t')) =4m'&~ P '&(t —t'). For fixed ma'ss IVI ~ m,
scaling the positional part of the process according to
(2.117) leads to the Wiener process with diffusion con-
stant 2D = (2Pgmy)-' independent of M (Morita and Mori,
1976). Ford, Kac, and Mazur (1965) scale to a long-
range interaction while keeping the mass of the im-
purity fixed. This scaling also leads to the Qrnstein-
Uhlenbeck process.

(ii) The singular and weak coupling limits

These limits are motivated by quantum-mechanical
models. They can be handled by the methods of Davies
(1974a, 1974b, 1976b). Some examples have been worked
out by Spohn and Lebowitz (1977).

The interaction matrix V is split into
'

V Vs Vs+ VR (4.8)

by combining all couplings between system and reser-
voir particles in V ~ and by combining all couplings
between system particles themselves and external po-
tential. s on system particles in V . The interaction
between system and reservoir is assumed to be weak,
V, = gV ". To obtain a nontrivial effect for the sys-
tem, time has to be reseal. ed as

(4.9)

Since the coupling to the reservoir is weak, the system
particles will make far excursions and will oscillate

(i) The single impurity

In this case, v=1, d arbitrarily, and V,.&
is a nearest-

neighbor interaction potential with coupling constant v,
i.e. , V, , =2K and V,-,. =-v, if i and j are nearest neigh-
bors, and V,.~=0 otherwise. The mass of all the reser-
voir particles is equal to m, and the mass of the im-
purity at the origin is M. The reservoir is in thermal
equilibrium at inverse temperature P conditioned on
the impurity being located at q, . In a certain sense this
model. is exactly soluble. Therefore, the effect of a
finite reservoir, the duration of Poincarb recurrences,
memory effects, approach to equilibrium, etc. , can be
studied quite explicitly (Hemmer, 1959; Rubin, 1960,
1961; Mazur and Montroll, 1960; Cukier and Mazur,
1971; Morita and Mori, 1976). Certainly, this model
helped to understand some of the features of nonequili-
brlum statlstlcal mechanics.

In one dimension the scaling (2.58) to (2.61) for the
, impurity leads to the Ornstein-Uhlenbeck process
determined through the stochastic differential equation

d 1
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602 Herbert Spohn: Kinetic equations from Hami atonian dynamics

V. =c'U'+cV' +V . (4.11)

Equations (4.9) to (4.11) define the singular cougliyg
limit. The origin of the name can be seen by going to
the t-time scale. Then

V =V g'V +c'U
Mg ——M +gM

(4.12)

The motion of the reservoir and the couplings between
the reservoir and the system are scaled in such a way
as to produce in time &-correlated Gaussian forces
(= white noise) acting on the system.

Computing the expectations (4.6), one observes that
one has to prove the existence of

lim PT;P .
0

(4.13)

T, is the time evolution defined by (4.2), with V, and
111, as in (4.12), and P projects onto the system. In
words, one has to study, for small c, the dynamics of
the system particles with V, and M, as in (4.12) for the
particular initial condition, where all reservoir parti-
cles are at rest at their equilibxium position. Under
certain conditions on V and M, (4.13) can be proved
using the methods of Davies (1976b). In the limit the
effect of the reservoir is local in the following sense:
Only to the dynamics of those system particles which
are directly coupled to the reservoir are a friction term
and a stochastic force as in (4.7) added. The friction
coefficients and the diffusion matrix depend on the de-
tails of the reservoir and the interaction.

'The other way to compensate for the fast motion of the
system on the f.-time scale is simply to subtract out
the uncoupled motion of the system. (This method is
frequently used for quantum-mechanical systems. ) The
dissipation due to the coupling to the reservoir is stud-
ied relative to the uncoupled motion. We keep the
masses fixed and scale the interaction as

US + VSR+ VR (4.14)

We denote the stochastic motion of the system with this
scaling as X'(t) and the deterministic dynamics of the
uncoupled system by T', . (2', are the solutions of (4.2)
with M and V inserted. ) Then one wants to study

rapidly relative to each other on the t-time scaled.
There are tzv~ different ways to compensate for this.

One possibility is to increase the system masses and
to decrease the interaction between system particles.
If M~ denotes the (diagonal) mass matrix of system
particles, then

(4.10)

and

Here, T', is the dynamics of the harmonic crystal with
V as in (4.14). Again the Davies methods can be used
to prove (4.16) under certain conditions on V and M
t see Spohn and Lebowitz (1977)]. In the limit, the effect
of the reservoir is nonloca/: Every system particle
diffuses in position and momentum space. Physically
the origin of nonlocality can be understood in the follow-
ing way: An excitation of the system travels back and
forth inside the system many (-c ') times until it dissi-
pates into the reservoir. In the meantime the excitation
has completely forgotten from where it originated.

p,'+ Q f(q,. —q, )'+ c(q,. —q, )'}; (4.17)

where (l, j) denotes a pair of nearest neighbors. For
infinite anharmonic crystals with strong restoring
forces the existence of the time evolution for a large
class of initial data has been proved by Lanford, Le-
bowitz, and Lieb (1977). Their results have been ex-
tended, as to include (4.17), in addition, by Marchioro,
Pellegrinotti, Pulvirenti, and Suhov (1979) and by
Marchioro, Pellegrinotti, and Pulvirenti (19'l9). One
would like to study the evolution of initially "uncorre- .

lated" states for weak anharmonicities. Our previous
study of interacting particle systems suggests the fol-
l.owing analogy to the propagation of molecular chaos:
If the initial state of the crystal is a Gaussian pro-
bability measure, then, in the limit of small coupling,
at a later time it will still be a Gaussian measure with
mean and covariance determined by a nonlinear equa-
tion.

In the trea, tment in the physical literature of problems
of this kind (Peierls, 1955; Prigogine, 1963), the re-
sulting nonlinear equation has been called a phonon-
Boltzmann equation. This stems from the following
picture: 'The harmonic crystal is thought of as a gas of
noninteracting normal modes (=—phonons). The anhar-
monicities then introduce some interaction between
phonons. For small g the interaction is weak and one
expects some kind of Boltzmann (or rather Landau)
equation to be valid.

At present, even to extract a consistent set of con-
jectures from the literature seems to be hard.

B. The anharmonic lattice

I include this section only to remind the reader of yet
another open problem.

If one goes beyond the harmonic approximation for a
crystal, then anharmonic terms are included in the
interaction. A typical example is the crystal with weak
anharmonic nearest-neighbor interaction defined by the
Hamiltonian function

V. QUANTUM-MECHANICAL MODE LS4.15
A. Some general remarks

The rescaling of time as f-, = g- t is introduced since the
dissipation is-expected to be of the order c'. Equation
(4.15) is a Gaussian process, since it is a linear com-
bination of Gaussian processes.

Computing the expectations (4.6) one observes that
essentially one has to prove the existence of

(4.16)

It is clear how to write the quantum-mechanical. ver-
sion of the models discussed so far. Physical ques-
tions, too, such as determining mean square displace-
ment of a test particle, are easily formul. ated. How-
ever, one should not draw the analogies too closely.
There are many quantum-mechanical models without a
classical counterpart. A good example is provided by
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the quantum theory of radiation [see, e.g. , Louisell
(1973)], which in a very practical sense is the main
field of application of the weak coupling limit. 'There
an atom is coupled to the electromagnetic field (a coup-
ling which in comparison to the other physical para-
meters is indeed weak, na.mely, of the order of the
fine-structure constant), and one is interested in the
transition rates between different bound states. Addi-
tionally, the classical model may behave qualitatively
differently f rom its quantum-mechanical counterpart.
For example, for the Lorentz gas with a periodic con-
figuration of scatterers the mean-squa, re displacement
of the classical Lorentz particle is proportional. to f.,
whereas the mean-square displacement of the quantum-
mechanical Lorentz particle is proportional to t' (as for
a free pa, rticle) because of coherence effects.

The broad classification of model. s is the same as in
the classical case. One has interacting particle sys-
tems. For these only mean-field-type limits can be
handled. This leads then to reversible, but nonlinear,
evolution equations (Sec. V.E). In particular, the pro-
blem of the quantum-mechanical (nonlinear) Boltzmann
equation is open, despite extensive investigations on
the formal level (Kadanoff and Baym, 1962; Fuijita,
1966).

'The models primarily considered are of the system
+ reservoir type. If , denotes the Hilbert space asso-
ciated with the system, and „ the Hilbert space as-
sociated with the reservoir, then the formal Hamil-
tonian of such a model is

for all pc T(K~). By definition, T; is linea, r, T', p~0,
if p~0, and tr~(T', p) =tr~p. In particular, a state is
mapped onto a state.

If the scaling is appropriate for a Markovian limit,
then one expects, as in the classical case, that

l&mf t=~ t s
6 0

(5.3)

and that T, satisfies the semigroup property

(5.4)

p-ApA*, (5.5)

where A is a bounded operator on K~. (More generally,
the effect of a, measurement is given by a completely
positive map p-K, . A,.pA~*. ) Then the nth time corre-
lation function is constructed by evolving the state
p@p~ for a time span t„performing a measurement
at time t„evolving the new state for a time span /2

etc. , i.e. ,

~t +t ~t ~t
1 2 l 2

t„ t, ~0. jT, ~
t ~0] is the quantum-mechanical analog of

a Markov semigroup. 'The structure of T, has been in-
vestigated only in recent years. %e review some of the
resul. ts in the following section.

The higher-order correlation functions are organized
in a particular way. One imagines that at times 0«f,
& t,, ' ' ' « t„measurements are performed on the system.
As a generalization of the von Neumann projection pos-
tulates, one assumes that the effect of a measurement
is given by

s &+Bshe+ 1 HR (5.1) tr[(A„+1)U'(t„—t„,) ' ' ' U'(t, —t, )(A, ~1)
on x'& BK» where H» is some interaction term. An
important distinction with no classical counterpart is
between models where the system Hamiltonian H~ has a
discrete spectrum and those where H~ has a continuous
spectrum. In physical terms it is the distinction be.-
tween a spatially confined particle (=—bound states) and
a spatially unconfined particle (=—states in the continuum,
extended states), i.e. , where the particle can move in
all of R'. The Markovian limit for systems with an H~
with a discrete spectrum, is, in essence, understood,
whereas the case of an H~ with a continuous spectrum
still presents certain difficulties.

For classical models we argued that the dynamics of
the test particle (= system) is in a natural way regarded
as a stochastic process, A Markovian limit is then a-
eertain scaling for which the process becomes Marko-
vian. Could the same point of view be adopted for a
quantum- mechanical system 'P

Let us first consider the single-time correlation func-
tions, or, equivalently, the reduced dynamics. %"e de-
note by T(3Cs) the set of all trace class operators on

Then a state of the system is described by a den-
sity matrix p E: T (3C~) with p ~ 0 and trzp = 1. Suppose
that at t=0 the state of the joint system is pQ pR, where
p is an arbitrary state of the system and p„a fixed
state of the reservoir, e.g. , pR is the thermal equili-
brium state at a certain temperature. If tr~ denotes the
partial trace of the reservoir, then the reduced dy-
namics T,' corresponding to the scaled Hamiltonian H'
is defined by

(5.2)

x U'(t, )(p@pR)

x U'(t, )*(A,Z 1)*

x U'(t, t, )+. . . U'(t„—t„,)*(A„g 1)*],
I

where U'(t) = e-'" ' is the dynamics corresponding to
the scaled Hamiltonian O'. By the polarization identity

(5.6)

BpA*=4 f(A+B)p(A*+ B*)—(A —B)p(A* —B *)

-t(A+ tB)p(A* —fB*)+t(A —tB)p(A*+ tB*), (5.7)

an arbitrary time-ordered correlation function is ob-
tained in thi s fashion.

If the scaling is appropriate for a Markovian limit,
then one expects, again as in the classical ease, that

(A, @1)U'(t,) (p'3p )U' (t, )*(A,@1)*U'(t,—t, )*

x U'(t„- t„,)*(A„@1)*]

= try[A„(T, , ~ ~ T (A, (T, p)A,*)' ' ')A„*],

(5.8)

where T, is the semigroup of the limiting reduced dy-

namicss.

The structure (5.8) is generally assumed in the physi-
cal literature [Haake (1973), for example]. Lindblad
(1979a, and 1979b, cf. also 1979c) uses (5.8) as the de-
finition of a quantum stochastic process. Equation [(5.8)
is the quantum version of the Chapman-Kolmogorov
equations. ] There are also somewhat different pro-
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posals by Accardi (1975 and 1976), extended by Frigerio
(1980) and by Lewis (1980), and by Davies (1976a).

States of the system are described by density matrices
pc T(3C) satisfying p ~0 and trp= l.

We imagine the system somehow coupled to its sur-
roundings. Then the Hamiltonian dynami. cs e-""pe""
appropriate for an isolated system are to be replaced
by a more general class of linear dynamical maps T,:
T(3C)-T(3C), i~0. If the total probability is conserved,
then the minimal requirements on T, a.re (i ) that T, be
positive, i.e. , p~O implies T,p~O, and (ii) that T, pre-
serve the trace, i.e. , tr[T,p]= trp. (i') and (ii) just
ensure that a state is mapped onto a state. The Marko-
vian assumption' is formalized by the semigroup pro-
perty (iii):

(5.10)Tt„p —T, T, p,1 2 2

t„ t2~0. This allows us to write T, = e ', where L is a
linear operator on T(3C), provided there is some con-
tinuity in t. Typically one requires strong continuity
(iv):

l.im llT, p pll, =o.
t 0

(5.11)

We translate (i) to (iv) to the Heisenberg picture. One
defines the dual time evolution T*, by

tr[A(T, p)] = tr[(T,*A)p]

for all pc T(3C), A c B(3C). Then (i) to (iii) translate to

(i') T,* is positive,

(ii) T ~~1 = 1,
(iii) T)* ) = Tg Tg

The appropriate continuity to require is

(iv) lim tr[p(T,*A —A)1 = 0
t-0

for all p c 7'(3C), A c B(3C) (ultraweak continuity). Fur-
thermore, one would like to have (as the notation sug-

For a classical Markov process the single-time distribution
evolves by a semigroup. The converse is not true, however.
There are examples of non-Markovian processes with the sin-
gle-time distribution evolving by a sernigroup. This situation
may occur also for a quantum stochastic process (I.indblad,
1979c).

B. Quantum-dynamical semigroups

Quantum-dynamical semigroups are the generaliza-
tion of Markov semigroups to noncommutative alge-
bras. Large parts of the theory have been developed on
the level of von Neumann and C*-algebras. Since we
want to apply the theory to quantum systems with a
finite number of degrees of freedom, we restrict our-
selves to the case of all bounded operators on a separa-
ble Hilbert space.

There is associated a separable Hilbert space 3C to
the quantum system consideration. Let B(3C) be the
algebra of all bounded operators on 3C, and let '1'(3C) be
the set of all trace class operators on 3C. T(3C) is a
Banach space under the trace norm

(5.9)

(i) up to (v) define a (quantum) dynamical semigroup.
Two problems have been studied in detail. (a.) We

know that T, = e~t. What is the form of L? Can we see
directly from the infinitesimal generator L whether or
not it generates a dynamical semigroup? (b) Can one
say something about ergodic properties of T„ in par-
ticular, about

lim Ttp
t--w oO

from the knowledge of the generator L?
The first problem was answered by Lindblad (1976a)

for dynamical semigroups with. a bounded generator
(which is equivalent to the norm continuity of the semi-
group) and independently by Gorini, Kossakowski, and
Sudarshan (1976) for a finite dimensional Hilbert space
[cf. also the simplified proof by Paravicini and Zecca.
(1977)l.

Theorem 5.1: T, = e~ t is a quantum-dynamical semi-
group with bounded generator L if and only if

Lp= —i[H, p]+ P [V;p, VP]+ [V&, pV,*], (5.13)

where H=H*, V,.cB(R), jcI. The decomposition into
the two parts in (5.13) is not unique. There are other

gests) T,* the dual of a map on T(3C). This is guaranteed
by

(v) T,* is normal.

This means that if tr(pA„)- tr(pA), then also tr(pT,*A„)
—tr(pT,*A) (ultraweak continuity of T,*).

The example of the previous section suggests a
stronger kind of positivity, called complete positivity.
'The importance of this property has been realized only
in recent years (Kraus, 1971; Gorini, Kossakowski,
and Sudarshan, 1976; Lindblad, 1976a). Complete
positivity makes the mathematical theory really go.
Physically it is not an additional assumption —at least,
if one believes that the system, together with its sur-
roundings, is described by Hamiltonian dynamics.
Imagine that there is another system associated with
the Hilbert space 3C„of finite dimension, n, which is
regarded as dynamically uncoupled to the system of
interest. Then the dynamics of the joint system are
described by T,* 1&„& on B(3C)4 B(3C„). One would also
expect T,*@1&„)to be positive. However, in general,
this is not the case. One then calls the map. T,* +-
positive if Tt*1(„) is positive, and calls T,* completely
Posifi»e, if T, is n-positive for all n. Since one can
always imagine the system of interest to be coupled to
an n-level system in such a trivial way, it is natural to
strengthen (i') to (i):

(i) T,* is completely positive.

For dim3C= 2, linear maps on T(3C) are 4 && 4 matrices.
In this case, Gorini, Kossakowski, and Sudarshan
(1976) parametrized the positive and completely posi-
tive semigroups explicitly and found that complete
positivity is a considerable restriction.

In passing we note that (i) up to (v) imply that T, and
I' t* are contractions, i.e. ,

Rev. Mod. Phys. Vol. 52, No. 3, July 1980



Herbert Spohn: Kinetic equations from Hamiltonian dynamics 605

canonical forms of the generator which are sometimes
useful. L* can always be written

L*(A)=KA+AK*+ 4 (A) (5.14)

where H= H* and c, , is a (complex) positive matrix.
For a given L, H is uniquely determined by trH= 0 and
the c, , 's are uniquely determined by the choice of the
E,- 's.

For unbounded generators, L is of the standard form
(5.14) on some appropriate domain in all known cases.
Davies (1977c) shows that semigroups with a certain ex-
tension property are all of the standard form. It should
be remarked that, as is well known from the .commuta-
tive case, for unbounded L, in general, one can con-
struct many dynamical semigroups with L as generator,
depending on the choice of the boundary conditions, i.e. ,
on the choice of the domain.

Tx'le ergodic properties of dynamical semigroups are
interesting and nontrivial extensions of the classical
ideas on time-continuous Markov chains. Let us denote
by ( )' the commutant of the set ( ) in B(X), e.g. , $A)'
is the set of all operators commuting with A. Then
Frigerio (1978) proves the following result, [cf. also
Davies (1970), Evans (1977), Frigerio (1977), Wata'nabe

(1978), and Frigerio and Spohn (1978)].
Theorenz 5.2: Let T, = e~t be a dynamical semigroup

with bounded generator I. of the form (5.13). If there
exists an invariant state po, T,p, = po, with Ranpo = K
(i.e. , no zero eigenvalues), then the following two prop-
erties a.re equivalent: (i) po is the unique stationary
state and (ii) M(T) = JLH, V&, V,*,j ei)'=(Cl).

If the Hilbert space K is finite dimensional, then
there always exists at least one stationary state. How-
ever, it might have zero eigenvalues and it is not known
whether Theorem 3.8 applies in that case. For an in-
finite dimensional Hilbert space it may happen that. all
initial states move out to "infinity" and that no station-
ary state exists at all.

Approach to equilibrium is not guaranteed by the ex-
istence of a unique stationary state, since purely os-
cillating solutions may occur. Using in a stronger way
the effect of the dissipative term, Frigerio (1978)
proves the following result, [cf. also, Davies (1970),
Spohn (1976), Spohn (1977a)].

Theo&em 5.3: Let T, = e ' be a dynamical semigroup
with bounded generator of the form (5.13). If T, has at
least one stationary state p, and if the linear span
lin(V, , i ci) is a self-adjoint set with (V;, i ci) =(Cl),
then Ranpo = K and

lim tr(AT, p) = tr(Ap, ) (5.16)

for all A cB(IC) and states pc T(JC).
If there are several stationary states, their struc-

with bounded K c B(IC) and bounded completely positive
map 4: B(K)-B(K) such that K+A*+ 4(l)= 0. Another
form is the one given by Gorini et al. (1976), which is
valid for a finite (1V-) dimensional Hilbert space.
Choose a, basis ((I/vcV )1,E, ~ i = 1, 2, . . . , Ã' —1) in T(BC)
such that trE, = 0, trl",.*E,. = 5,-, Then

1 2~]

I.p = -i[H, p]+ — c,. /I, [F, , pE,*)+ [E,.p, I'z*.]), (5.15)

tures can still be analyzed. If M(T) of Theorem 5.2 is
not trivial, then there exists a family (P ) of pairwise
orthogonal projections with+„P„= 1 such that M(T)
AM(T}'=$P„)". Two extreme cases together with all
their linear combinations may occur. If (V;

~

i cI}'
=M(T) = (Pj', then for all A cB(Ã) and all states
pc T(K),

lim tr(AT, p) = g tr(pP „AP„).
t ~oo Fl

(5.17)

In pa, rticular, all states of the form P„pP„=p are sta-
tionary. If (V, ~icI)'=M(T)=IP„)", then for all Ac B(BC)
and states pc T(K),

lim tr(AT, p) = g tr(P„pP„) tr(pg „AP„)
t ~ao n

(5.18)

In that case, P„p+„/tr(P„p+„) are stationary states.
Note that the asymptotic effect of Tt is a reduction of
the wave packet corresponding to the measurement of
an observable B=Z„b„P„.

We end this section with some, in a certain sense,
exactly soluble dynamical semigroups. Other examples
of semigroups will naturally arise in the following sec-
tion.

For self-adjoint H,

(5.19)

has the solution
oo

(2~t) 1 /2 ds e 8 /t 2eiHspei//s
t

~ oo

(5.20)

sometimes called Gaussian semigroups. An example
of a similar type is

p(t) = U p(t)U p(t)
d
dt

(5.21)

with unitary U. Its solution is

T,p= —e 'U*"pU".
0 PZ 4

(5.22)

Kossakowski (1972) studied in detail dynamical semi-
groups of this structure.

Another class of "exactly soluble" semigroups has
received considerable attention recently (Davies, 1972;
Lindblad, 1976b; Evans and Lewis, 1977; Davies,
1977a; Damoen, Vanheuverzwijn, and Verbeure, 1977,
1979; Vanheuverzwijn, 1978; Evans, 1978; Frigerio,
Gorini, and Pule, 1979), and these are now known as
quasifree dynamical semigroups. Recall that if for a
quantum particle in one dimension the Hamiltonian is
quadratic in x, i d/dx, then the explicit solution is easily
found (e.g. , free particle, harmonic oscilla, tor, etc.}.
Interestingly enough, if one adds a dissipative term of
the form (5.13) which is quadratic in x, i d/dx (the V; 's
are linear combinations of x and id/dx), then one can
still write down the solution in closed form (I.indblad,
1976b). More generally, if for a Bose or Fermi field
the Hamiltonian is quadratic in the creation and annihil-
ation operators, the solution is obtained in terms of
unitary transformation on the one-particle space of the
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is of the form

QIE 4, (5.29)

where 4 = a*(f)+ a(f) for some fc3' a.nd Q = Q
*c B(X).

Then the average force on the system vanishes

(5.30)cd+(4) = 0.
Let us .assume that the coupling between the system

and reservoir is weak, i.e. , sQ4. Then, as pointed
out already for the harmonic lattice, there are two
types of weak coupling limits. The first one treats the
motion of the system on the order one and the dissipa-
tion on the order c', whereas the second one scales in
such a way that the uncoupled motion of the system and
dissipation are of the same order of magnitude. The
limits correspond to the scaling

C. System coupled to a thermal reservoir

1. The weak coupling limit

First I will describe the standard model and then will
comment on possible extensions later.

The dynamics of the uncoupled system, associated
with the separable Hilbert space 3C, is given by a self-
adj oint Hamiltonian H on K.

The reservoir is assumed to be an ideal Fermi gas iri

a stationary quasifree state, typically in thermal equil-
ibrium. The construction is well known [see, e.g. ,
Davies, (1976a)]. Let 8 be the CAB algebra, over the
complex reservoir one-particle Hilbert space K~. This
is the C* algebra. generated by the bounded operators .

a(f} which are conjugate linearly with respect to fc Kz
and which satisfy the anticommutation relations

(5.31)H =HH 1+sQI34+ ISA

H~ = g'H 1+ gQ 4+ 1H~ . (5.32)

h(t) = ~R(4oi, 4), (5.33)

which is a time-dependent equilibrium correlation func-
tion of the reservoir. The crucial condition for the ex-
istence of the weak coupling limit (in either form) is

dt ht 1+t (5.34)
0

for some 5& 0. For the usual free dynamics in three
dimensions the typical fall-off of an equilibrium corre-
lation function is t 'i', so (5.34) is satisfied. Equation
(5.34) shows that in order for the weak coupling limit
to exist, the r'eservoir has to be infinitely extended.
(This is a necessary, but certainly not a sufficient con-
dition. ) For a spatially confined system (5.34) cannot
be satisfied.

Let us first consider the scaling (5.31). If initially
system and reservoir are uncorrelated, then the re-
duced dynamics Tt~ is defined by

.(f).*( )"*().(f) =(g ~f»,
a(f)a(g)+ a(g)a(f) = 0

(5.23)

for all f,gcICR. A quasifree evolution on 8 is definedby

u, a(f) = a(e '"'f), (5.24)

where h is the one-particle Hamiltonian of the reser-
voir. The formal Hamiltonian of the reservoir is then

H = g (fi
~
hf;) *(f;) (f;), (5.25)

with f, an orthonorm. al basis in JCz. Typically, Kz
=L (R', dk) and (e '"'f)(k)=e '~ 'f(k). States on 8 for
which all truncated correlation functions of order larger
than two vanish are called quasifree. They are defined
by

(5.35)tr(AT,' p) = (p e id )(o', A e 1)

for all Ac&(M), pc T(3C), where o.'~i is the dynamics of
the coupled system corresponding to the Hamiltonian
(5.31).

Since the dissipation is of order c', the evolution has
to be studied on a time scale c 2.

Theorem 5.4 (Davies, 1976b): Under the assumption
(5.34),

~R(~*(f.) o*(f,)o(g, ) ~(g„))=5„.detk«f ~gi&)

(5.26)

where 0&8 & 1 is the defining operator. The equili-
brium state at inverse temperature P and chemical po-
tential p. corresponding to the one-particle Hamilton-
ian h, is given by

lim sup
~~
T;p —e' """'""pI,= 0

g~0 0+ C2t+~T
(5.36)

for all pc: T(R), where
(5.27)(eii(h-iL ) + 1)-1

system. If a dissipative term is added which is quad-
ratic in the fields as in (5.13). (the Ii;. 's are linear
combinations of the creation and annihilation operators),
then the solution is obtained in terms of a bounded semi-
group on the one-particle space of the system together
with a numerical factor to guarantee positivity. Spe-
cific examples of quasifree dynamical semigroups,
such as the Bloch equation for spin relaxation and the
harmonic oscillator with emission and absorption of one
energy quantum only [cf. Haake, 1973], have been used
in physical applications for some time.

e-iht~ e&ht (5.28)

which, in particular, is true for the thermal equili-
brium state (5.27). The system-reservoir interaction

The dynamics of the uncoupled reservoir are as-
sumed to be the quasifree evolution e„and thp initial
state ~~ of the reservoir is assumed to be stationary
arid quasifree. This implies that the defining operator
A has to satisfy

Kp= dt kt * -t, +ht p, -t
0

(5.37)

E p= dtht * e" e" +ht e" pe"
(5.38}

with Q(f) ei tHpe iih and e-itH, -' iip enHipei Hi

In parentheses, it should be remarked that the usual
second-order perturbation theory applied to the differ-
ential form of the equations of motion leads to
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ljm T0 - e(-& ~ E&~ ~ l+&)tp- e& " tp-C 2t
6~0

with

(5.40)

T~oo F
(5.41)

Indeed, if the spectrum of H is discrete, then 'Theorem
5.4 holds with K replaced by K, equivalently, for
t& 0

(5.42)

in trace norm
In general, the limit (5.41) exists only if the spectrum

of H is discrete. So, a Markovian limit, where free
motion and dissipation are on different scales, is a
somewhat delicate object, to say the least, ~f the spec-
trum of H is continuous [cf. Davies (1978) for an illum-
inating discussion].

From (5.42) it is clear that e» '' is completely posi-
tive and that (e '~t~ 0) is a dynamical semigroup. It
is not hard to compute K' explicitly. Let H =Z„sg„
be the spectral decomposition of H, 1.et

[cf. Haake (1973), Agarwa, l (1973)]. In general, the
semigroup exp{(-i[H, ]+c'K,)t3 neither preserves posi-
tivity nor satisfies an approximation as (5.36) (Dumcke
and Spohn, 1979).

From simple examples it can be seen that the semi-
group expo-i[H, ]+O'K)t] does not preserve positivity,
in general, and therefore is not a candidate for a bona
fide limiting dynamics. A way out is to study the dis-
sipation relative to the uncoupled motion of the sys-
tem. Let T,p= e ' '~'p. Then one has to investigate
the limit of T'~, ,T", 2, as-c-0. From (5.36),

t
T0 2 e( sC EH ~ )+K)tp p+ dS T -2 ~T0 -2 T -2

(5.39)
~ e ("& & 2E H, o 3+K )sp ~

Therefore one expects that

gonal elements of a statistical operator decay exponen-
tially with oscillations superimposed. If the spectrum
H is nondegenerate, then the statistical operators dia-
gonal in the energy representation form a set of states
invariant under e~ '. On these states e "' induces a
classical Markov jump process which is governed by the
Pauli master equation

—,p„(i)= g [H „„p.(i) —H „.p„(i)), (5.46)

H ~ = H@ 1+s 'Q C.m-4 + s '1 g Hs . (5.47)

Theorem 5.5 (Palmer, 1976b): If H is bounded, and
if h(t) satisfies (5.34), then

where W„=tr(P QP„Q)h(c —c„), i.e. , the transition
probabilities per unit time are given by the golden rule.
(5.46) implies that the dia.gonal elements of a statistical
operator reach their equilibrium values exponentially
fast.

here are a number of straightforward extensions.
The interaction term may be a finite sum 2; Q, Ca C,. and
4 could be a product of field operators. The reservoir
could be chosen as a quasifree Bose system. The sys-
tem may be coupled to several reservoirs at different
temperatures simultaneously (Spohn and Lebowitz,
1978). The generator is then a, sum of generators, one
for each reservoir. A much less simple task is the
case of a reservoir which is not quasifree. A particu-
lar model has been treated by Davies and Eckmann
(1975). The weak coupling limit can be extended to a
time-dependent system Hamiltonian (Davies and Spohn,

. 1978).
Let us return to the scaling (5.32), where the free

motion of the system and the dissipation are of the
same order of magnitude, namely, c'; One should im-
mediately go over to the rescaled time by t, =c 't. I et
T; be the reduced dynamics defined a.s in (5.35) but
with H scaled as

Q(co)= g P„QP
&m-~rg =~

(5.43)
11TI1 Tt p= e p,
g~ 0

the limit being understood in trace norm, where

L = [H, P]+is[Q—', P]+ h[Q, [Q, P]],

(5.48)

(5.49)

dt e'"'h(t) = 2h(~)+ is(~)-,
0

with real h(cu), s(u). Then

(5.44)

K p= -fs (d +K K, p

+ h(~)([Q(~)p, Q (~)*]+[Q(), pQ(~) *])] (5-45)

The ~ sum runs over all energy differences. Since
h(ur) ~ 0 as the Fourier transform of a two-point func-
tion, (5.45) is seen to be of the general form (5.15).

The time evolution generated by K" is well understood.
Let us assume that the reservoir is in thermal equili-
brium at inverse temperature P, that h(&u) & 0, and that
e~ is of trace class. If the system Hamiltonian H and
the coupling operator Q are sufficiently incompatible,
i.e. , if (H, Qj'=(C1], then as f- ~, every initial state
approaches the canonical equilibrium state e ~»/tre ~H

(Spohn, 1977a). In the energy representation off-dia-

with io" dt h(t) = &+is, h, s real. .
Note that the spectrum of H may be continuous. The

dissipative part of L is independent of H. This is an-
alogous to what we found for the Lorentz and Hayleigh
gas. The friction acts locally, in the sense that the dis-
sipative part acts only on states in support of Q. This
should be contrasted with K ", which does not act local-
ly, since it is intertwined with H in a complicated way.

The higher-order correlation functions follow the ex-
pected pattern (R. Dumcke, oral. communication). For
the scaling (5.47), (5.8) is valid under the same assump-
tions as Theorem 5.5. For the scaling (5.31) one has to
remember that the Ma, rkov approximation is taken re-
latively to the uncoupled motion of the system. So the
measurement p-ApA * at time t should be replaced by
p-A( t)PA( t)*, whe-re A(t)-=e' 'Ae '"' is A evolved
under the uncoupled system dynamics This then leads
to
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limtr[(A„(-s 't„)C8) l)U (s '(t„—t„,)) U'(c 2(t2 —t, ))(AI(-c 2t, ) l)U (c 't, )(pe coR)U'(s 2t, )*
C~ 0

x (A, (-e 't, )I 1)*U'(-s '(t, -t, ))' U'(s '(t„-t„,))*(A„~ -s 't„)g 1)*]

[A (eK (t & tz--I ). . . (&K (t2 t)-)(A (8 Ip)A *)) )A +] (5 50)

I

provided that the spectrum of H is discrete and that
(5.34) holds.

2. The singular coupling limit

The singular coupling limit was used by Hepp and
Lich (1973e), in their work on the laser, and studied
in detail by Gorini and Kossakowski (1976) and by Frig-
erio and Gorini (1976).

The system+ reservoir Hamiltonian is assumed to be
of the form

a(f) = a, (T,f) I3 1+ 8, a,*(T,f), (5.55)

with some bounded linear operators T„T,depending on
z, and P. On F, (3 F„H is represented by H' which de-
pends on c through T, and T, . By expanding in c, , one
obtains

I

i = 1,2. Then it' is known (Araki and Wyss, 1964; Bal-
slev, Manuceau, and Verbeure, 1968; Balslev and Ver-
beure, 1968) that the representation space is 6'II36:,.
The equilibrium state is represented by 4, 0, and the
annihilation operator by

H =HS 1+@ C(f')+ 1SH„, (5.51) H' = H, CO 1+q e (A+ ca+ s'C)+ 1e H + O(s'), (5.56)
where the reservoir is a. quasifree Fermi (or Bose)
field, and where 4(f') = a*(f')+ a(f'), as before. With
an appropriate scaling of f ~ and, possibly, of the res
ervoir state u~~, one can let the two-point function

td'(C(f')~ 4(f')) (5.52)

converge to a 5-function at t = 0 as c - 0. In this sing-
ular coupling limit one expects the motion of the sys-
tem to be Markovian.

Under the scaling (5.47), the reservoir two-point
function

s cds(@II t -2ttl)) (5.53)

tends to a 5 function at t= 0. Therefore, for this kind
of weak coupling limit precisely the phenomenon ex-,
pected for the singular coupling limit happens. Indeed,
Palmer (1976b) has shown that scaling H' as in (5.51) is
equivalent to scaling the Hamiltonian in the form (5.47).
Therefore in the limit as c —0 one obtains the evolu-
tion (5.48).

4. The polaron

The polaron (Frohlich, 1954; Feynman, 1955; Fey-
nman and Hibbs, 1965) is an electron moving in an
ideal solid, which is represented as a Bose field (with
one component for silnplicity) over the lattice Z . The
formal Hamiltonian of the polaron reads

E+ s'E x+ e g V(x —n)(a*(n)+ a(n))
2le n g gQ

a*n an
g+2t

(5.57)

where A, &, C, and H~ are bounded operators acting
on F, (3 F,. The initial state of the reservoir is QQy(3 QQ2.

Dropping the term of order c' one is back to a weak
coupling type of problem. Palmer shows that the re-
duced dynamics of the system with H" as in (5.56)
fwith the term O(s') dropped] has a limit as c- 0 on the
time scale s 't.

3. N-level system in a low-density gas

This problem has been studied by Palmer (1976a) in
his thesis. The analysis is not quite complete, and
properties of the limiting Markovian dynamics remain
to be investigated.

One considers an N-level system immersed in an in-
finite ideal Fermi gas. Collisions between the system
and the gas particles are assumed to be elastic

H = H z 1+Q I8) $a*(f, )a(f,)+ a*(f,)a(fI))+ 1 SHz .
(5.54)

f„f,c=- L'(R', dx) is the one-particle space of the Fermi
gas. Initially the reservoir is in thermal equilibrium
at fugacity z~ = c' and inverse temperature P. Note
that the interaction conserves the reservoir particle
number.

The idea is to use the representation space of the
thermal equilibrium state, i.e. , to work in the Hilbert
space provided by the GNS construction. Let Fy F2 be
two copies of the fermion Foek space over L, '(R', dx)
with annihilation operators a„a, and vacuum vectors
Q„A,. Let Nt be the number operator and (-1)H' = 8, ,

The Hilbert space of the electron is L'(R, dx).
stands for the Laplacian. m is the mass of the electron.
E is a constant external electric field. V(x) is a
smooth, rapidly decreasing interaction potential.
a*(n), a(n) stands for the creation and annihilation of the
nth oscillator. Note that we simply have a lattice of
independent ose111atol s (wllich IIligllt pRss Rs R model
for the optical mode). So far, the analysis has not been
extended to a harmonic solid with couplings.

Let T,' be the reduced dynamics (in the Heisenberg)
picture defined by

TEA ~ (ei tH (A I8) 1)e-I tH ) (5.58)

for any bounded operator A on L'(R~, dx) with ~H the
thermal equilibrium state of the ideal solid at inverse
temperature P. (T,' may be defined by first restricting
the interaction to a finite sum over the bounded region
A c:Z and then taking the infinite volume limit A-- Z .)

We want to study T~ for small coupling c —0. Note
that this problem is quite different from the ones we
had before. The electron is allowed to move in the
whole d-dimensional space (the spectrum of its Hamil-
tonian is continuous) and interacts with the reservoir
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at infinitely many different points. The results men-
tioned before cannot be applied to the polaron.

Theorem 5.6 (Spohn, 1977b): Let C,(R") be the Ban-
ach space of bounded continuous functions on 8," vanish-
ing at infinity equipped with the sup-norm. On C,(R )
let e ', t~ 0, be the semigroup generated by

(&f)(P)=& , f(D)—+f~(&D'(u)(f(()') -f(u)),

where the kernel K(dp'~p) is defined by

(5.59)

~(&)"~))= ~)'(( -) ')~'2 ()-~ ') '~(2 u* —
2

u'*+ )

+ (e —1) a p — ) ' —~)
a

2?m 2m (5.60)

A

V is the Fourier transform of V. e"' is a contraction
and preserves positivity.

Let p stand for the momentum operator. For f (=

C,(R ), let f(p), (e 'f)(p) be regarded as bounded opera-
tors on L'(R', dx). If d~ 3, then there exists a to&0
such that for all 0 ~ t ~ to:

lim T,'. 2,f(P) = (e"'f)(P)
C~O

(5.61)

H'= ~+ &'E x+ s g v(n) V(x -n),2' 8+Z~
(5.62)

where v(n) is a Gaussian random field with mean zero
and rapidly decreasing covariance {v(n)v(m))=g(n —m).
For this model. Martin and Emch (1975) investigated
e ' '$ in the weak coupling limit. Their ideas were
used by Spohn (1977b) to extend the results to the form
of Theorem 5.6.

weakly as operators on L'(R~, dx).
Theorem 5.6 proves only the convergence of the

momentum distribution. It is an open problem how to
scale and how to prove convergence of the spatial dis-
tribution (or of the whole statistical operator).

The polaron illustrates a typical quantum effect.
Classically, one obtains a diffusion equation in the weak
coupling limit (cf. Secs. II.A. 1 and II.A.2). Quantum
mechanically, however, in the limit, the motion is
described by a jump process: The electron interacts
in a unit time interval weakly with many oscillators.
Mostly nothing happens. But once in a while a finite
quantum of energy is transmitted causing a finite change
in the momentum. [The two terms in (5.60) correspond
to the emission and the absorption of one energy quan-
tum. ]

I should comment somewhat on the technique of proving
Theorem 5.6. For the weak and singular coupling limits
described before, one always uses the sufficiently fast
decay of the reservoir correlation functions in order to
control the limit. For the polaron the estimates rely
on the spreading of the freely moving wave packet, which
is on the order t " . The restriction d ~ 3 comes then
from the fact that quantities as {p~e' 'P) should be in-
tegrable as a function of time.

Instead of (5.57) one can study the motion of an elec-
tron through random impurities with

H, ~H, = -(I/2m, )~, —(I/2m, )~,. (5.68)

on L'(R', dx, )(3L'(R', dx,. ). They interact through a free
boson field with mass m ~ 0. The field Hamiltonian &
acts on the one-particle space as

(5.64)

The particles and the field are coupled by
2

A = Q )I dx V,. (x,. -x)8(a*(f„)+a(f„)).
p3

Here a*(f), a(f) are the boson field operators and
f„(k) =-f(k) e '"" is a suitable chosen test function shifted
by x.

One assumes that the coupling to the field is weak and
that the particles are very heavy. So the properly scaled
total Hamiltonian reads

(5.65)

H = E (r, H, + r. H2+ gA+8), ' (5.66)

which is just of the form encountered before. In this
static limit the interaction of the two particles is taken
into account by an effective potential V. If ~ denotes
the two-point function of the fielcI in the vacuum state
Q,

(5.67)

then, up to a constant, the effective potential is given by

y(x, x,)=, ( dxdy I,(x, -x)W(x —y)V, {x,-y).1

(5.68)

So, in the limit, one expects thedynamics of theparticle
to be governed by

H = -(I/2m, ) ~, —(1/2m, ) ~, + V(x, x,) .
Indeed, Davies (1979a) proves that for all

)t) c I.'(R', dx, )eL'(R', dx, ),

(5.69)

lim e

""'yen�=�

(e ""g)en.
C O

(5.70)

E. The mean-field limit for interacting quantum
systems

The standard model for a mean-field limit is a lattice
spin system, where each pair of spins interacts with the
same strength independently of their relative location.
The strength of the interaction decreases proportionately
to the size of the system. This system can also be

O. Effective Hamiltonians

The mean-field limit (cf. Sec. II.A.5) is an example
of the stochastic motion's becoming deterministic in
the Markovian limit. Here we take up this theme again,
which is of independent interest in quantum mechanics,
since it allows one to obtain the static (potential) inter-
action between quantum mechanical particles from a
field theoretical model (Davies, 1979a).

One considers two nonrelativistic particles with Ham-
iltonian
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610 Herbert Spohn: Kinetic eqoations from Hamittonian dynamics

thought of as a usual interacting particle system dis-
regarding statistics, where the strength of the inter-
action decreases in inverse proportion to the number
of particles. We will show that, if the initial state is
a product state, then in the limit it will remain a prod-
uct state. The single-site dynamics are given by a non-
linear equation of Hartree type, i.e. , by an effective
Hamiltonian which itself depends linearly on the state
of the single site at time t.

On the other hand, as with the physical analogue of
the classical system discussed in Sec. III.D, one may
consider either bosons or fermions interacting by a
pair potential. If by appropriate scaling, the mutual
interaction behveen any pair of particles can be ne-
glected, but the "collective" interaction is retained,
then an initially quasifree state will stay quasifree.
The one-particle density (two-point function) is governed
by the Hartree-Fock equation including the exchange
term. The convergence of the mean-fieM limit with
statistics included is an open problem.

Let us first consider the mean-field limit for the
lattice model. . Since there is no geometry, the sites
are labeled 1, . . . , N. At each site sits a quantum-
mechanical system associated with the Hilbert space
3c. The Hilbert space at site j is denoted by gcj =Bc.
As usual, the quantum system at site j is called the
spin at site j, although 3C need not to be finitely di-
mensional. (We will give an example of more compli-
cated single-site structure later on. ) Let A be a
bounded self-adjoint operator on 3C and V a bounded
self-adjoint operator on 3C K. Let A j =& be considered
an operator acting on ~j and V,j = V an operator acting
on K,.x, ', -, i tj. Then for a system with N lattice sites
the Hamiltonian is given by

H„= gw, . + —g v, , . (5.Vl
j=l + iAj=l

Each pair of spin interacts via V. In order to have
H„=N, the strength of the interaction is scaled as 1/N.

I et tr&„N& denote the partial trace over the Hilbert
spaces labeled by n, n+1, . . . , N, and tr„ the partial
trace over the nth Hilbert space.

Theoxern 5.&: If the initial state of the system is a
product state

n n

t —p ''(„t)= Q& +tQ v„, p '("„t'))
j=l ilj=l

N —n X —n —m+1x p ~ ~C„„, N n+m-l, n+m

x S(tv ) (g. ) p(t)t) (5.78)

Let II ll„denote the trace norm on T(8," ,K, ). Sin. ce.
S„'"'(t) preserves the II ll„norm, the mth term of the
series (5.78) is bounded by

(& /m On(n+1) . (n+~ —1)(411&11) lip„', ' ll„, (5 79)
)

If one assumes

(Cl) Ilp())()II & on

then the series (5.78) converges in trace norm for
)
t

f
- t, with t, & 4IIV all.

Let S„(t)p„=e 'Hn' p„e'"»', with H„=Z", ,A;. Clearly,
S„' '(t) p converges to S„(t)p„ in trace norm as N-~.
If one assumes

(C2) lim lip„' ' —p„11„=0,

then p„'"'(t) converges as N-~ in trace norm to

p„(&)= Q
m=O O«tm~ ~ ~ ~ -t~&t

.dt s„(t-t,)

n

V n„vn„j, q„'„'t
j=l

(5.v8)

which is written more compactly as

p '"'(t)=„—t(tt„'"'(t), p„'"'(t)) + (- )c „p„„'"..,,'(t),
(5.vv)

defining the n-particle Hamiltonian II„' ' and the collision
operator C„n„.

(N) -iH t iHLet S(~)(t)p„=e '"n ' p„e'"n '. Then the formal time-
dependent perturbation series reads

N-n

p„'"'(t) = Q .df, s„'"'(t t, )
p +pWt (» ~ ~ M t (t'm

p~ = p8 . .8 p (N times),

with pc T(gC), then

(5.v2) xc ~ ~ ~-'n n+1 tn+m-lt n+m n+m ( m) pn+m (5.80)

lim tr(„„„,(e '")p„e))'H )=)p)((t)8. - 8 p(t),
N~ oo

(5.78)

i —p(t)=[A, p(t)j+tr, /[V„+ V„„p(t)8p(t)]}, (5.v4)

with initial condition p.
Proof: Let p' 'c T(8,. ,K,.) be invariant under per-

mutations of the labeling and 1.et

in trace norm on T (8z, BC,)for all n . p(t) c T(3C.) is the
solution of the Hartree equation

Let p'"' be a statistical operator. Then II p„'"'(t) II„
= Ilp„' 'Il„by preservation of positivity and trace. There-
fore, if for the initial state the bound (Cl) is satisfied,
it remains valid for all times, and the argument just
given can be iterated to prove convergence of p„' '(t)
as N~ for all times.

One checks that for the particular initial state pN the
conditions (Cl) and (C2) are satisfied with p„=p8 .8 p.
Differentiating (5.80) with respect to t, one obtains the
limiting hierarchy equations

(N) (N)
I n

—irt:n+1, N ) P (5.v5) t —p„(t) = (QA;, p(t))„
Theo e '"N' p'"'e'"N' is also invariant under permu-
tations of the labeling and p(")(t) =tr&„„»(e '"~'
p' 'e' &') satisfies the differential equation + tr..i &j..i+V..i j V.,i ~ ~ (5.81)
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For these the product property is preserved in time
An example of Theorem 5.V is the strong coupling

BCS model. In the quasispin formulation the Hamil-
tonian reads

N N

3 & W +
HN —g 0'j — 0'g CT j.

j=l
(5.82)

e', 0', a are the Pauli spin matrices on C' satisfying
4o ', o }= 1, 4o ', o '}= 0 =Ca, cr }, o ' =[o ', o' ]. There-
fore we have the identification

x', =C', A = go', V = ,'(o-'vcr +c-r ec-r ).
The Hartree equation then becomes

i p(t) = c—[o', p(t)]

(a f o,. +a,.o r') .
N

(5.84)

a*, a are the creation and annihilation operator of a
harmonic oscillator acting on K„, (one boson). They
satisfy [a, a*j =1. Therefore we have the following
identification:

oc=3C„,QC', A =va'a+ ger', v=a(a*o +ao').

+[tr fo'p(t)}o +tr(o p(t)}o', p(t)]. (5.83)
From a somewhat different point of view this model has
been studied by Thirring and Wehrl (1967), Thirring
(1968), and van Hemmen (1978). Buffet and Martin
(1978) studied the BCS model, where, in addition, each
spin is weakly coupled to its own thermal reservoir.
This leads to an interesting dynamical behavior in the
limit as N -~.

Another extensively studied example is the Dicke-
Haken-Lax laser model. Strictly speaking, this model
is not covered by Theorem 5.7, since A and V are
unbounded. Without reservoirs, in the rotating wave
approximation, the Hamiltonian reads

N N

HN = p a,*. 0 - + g ~ 0' j3

rc([a, p(t)a*j+[ap(t), a*])

+y(-,'+rj)([o', p(t)o j+[o'p(t), o ])

+r(a —n)([o, p(t)o']+[cr p(t), cr ]). (5.86)

The first term drives the photon mode to its ground
state with rate ~ '. The two other terms pump the spin
to

p„= (-,' + q) cr 'cr + (-,' —q)o. o' .
Averaging (5.85) and (5.86) over a, a*, o', o', o'

(and possibly also a*a), one obtains the laser equations
as a closed set of first-order differential equations. It
should be noted that the solutions of these equations
have a very complicated structure. For asuitable choice
of parameters the laser equations. are, after some re-
scaling and subtracting out of phase factors, equivalent
to the equations of the Lorenz system (Haken, 1975).
[Lorenz (1963) approximated the hydrodynamic equations
for convection in a fluid layer which is heated from
below and cooled from above. He obtained a set of three
first-order (in time) ordinary differential equations
with a quadratic nonlinearity. Although rather innocent
looking, these equations display many nontrivial and
hardly understood mathematical phenomena. Recently,
the Lorenz system has been studied extensively, [cf.
Lanford (1976b) for a survey. ]

A third example is an interacting particle system with
Hamiltonian

a„= g ~,. + —g v(x,. x,), (5.s7)I
j=j, jlj=l

acting on I '(A ) for some region A( R . For the Lapl-
acian, suitable boundary conditions at 8~'~ are assumed.
If V is bounded, then the proof of Theorem 5.V ean be
modified to apply to the Hamiltonian in (5.87). An initial
state of the form (5.72) means that statistics are dis-
regarded. In the limit as N-~ the evolution of the
reduced density matrix is given by the usual Hartree
eQ'Qo tzo'fE

The Hartree equation then becomes
d 1

(5.88)

p(t) =-t[va*a+ c r',cp(t)]
Gt

The effective potential V, is

r, (x) = I dy v(x -r)p(y, r), (5.s9)
-iX[tr $a*p(t)}o -+ tr(ap(t)}o', p(t)]

-tX[tr (cr p(t)}a*+tr(o'p(t)}a, p(t)] . (5.s5)

To take losses of the radiation field and the pumping
of the two-level atoms into account. , one couples each
photon mode and each spin to its own reservoir. We
perform now fi~st the limit iV -~. Then the single-site
dynamics are governed by the Hartree equation (5.85)
with the term -i[H~z+1(s)Hz, p(t)] added due to the cou-
pling to the reservoir (see Sec. V.C). Then the singular
coupling limit is taken as described in Secs. V.C.1 and
V.C.2. The nonlinearity of the uncoupled system motion
does not enter the dissipative part. In the limit the fol-
lowing terms have to be added to the Ha, rtree equation
(5.85):

—x '(a) = —~a,.(N

N N

on R,". , Kj and their time' evolution

(5.90)

I ~(N)(/ t) —er'Hrrr ~«&(/) e &rr)r)-1
N

(5.91)

where p(y, y') is the integral kernel corresponding to
P-

The dynamics of various mean-field models were
studied in great detail by Hepp and Lich (1973c, 1973d,
1975). Their point of view has been described already
in Sec. III.E in the classical context. LetBbe abounded
operator on 3C, and let B'j =B be considered as an oper-
ator acting on Kj. Then Hepp and Lieb consider the in-
tensive observables
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Under the same assumptions as in Theorem 5.7,

lim —tr„„,$p„X&")(B, t)j= tr, $p(t)B},[l N3 X ~ l

, B(t) =/A ~ tr, (p(t)(V„+ V„)j,B(t)]
d

+t tr, f(V„+V„)[B(t),p(t)]j, (5.97)

(5.94)

Formally, the commutator [$' '(B„t, ), $ '(B„t,)] is
of order one. The fluctuations should therefore remem-
ber the underlying quantum-mechanical structure. In-
deed, Hepp and Lieb (1973c) show that under the same
assumptions as in Theorem 5.7,

iim (&")(B,t) =g(B, t), (5.95)

where $(B, t) is a quasifree Bose field. So quantum-
. mechanically a quasifree Bose field substitutes for the

classical Gaussian random field. More precisely, $(B)
is a Bose field over the one-particle Hilbert space ob-
tained by the closure of B(K), the set of bounded op-
erators on K, equipped with the scalar product

where p(t) is the solution of the Hartree equation (5.74).
The variance of (1/N)X'")(B, t) vanishes as X-~,

2

limtr„„t p —Bt '(B, t) —tr„„, p —B' '(B, t)I I=0.

(5.93)
So, in the limit intensive observables do not fluctuate.
Additionally, intensive observables commute in the
limit as N-~. In this sense the intensive observables
become classical and evolve deterministically as R-™.

Since intensive observables do not fluctuate in the
limit, one is naturally led to consider the fluctuation
observables

~«)(B, t) = (1/v~)(X&»(B, t) —tr, », I,p„X&~)(B,t)j}.

with initial condition B H. ere, p(t) is the solution of the
Hartree equation (5.74) with initial condition p. The
convergence (5.95) is then understood as the conver-
gence of all moments

itm tr„,fp„(&")(B„t,). . . (&~)(B„t,)j
g~ oa

=(g(B„t,). . . ((B„,t„)) (5.98)

where ( ) denotes the vacuum expectation.
The fluctuation theory exactly follows the classical

pattern. If the mean-field model is coupled to reser-
voirs, as in the case of the laser, the time evolution of
the Bose field is more complicated and is determined,
in addition to the linearized Hartree equation, by the
quantum analog of fluctuating forces.

I would note that the equilibrium properties of mean
field models have been s tudied by Hepp and Lieb
(1973a, 1973b), de Vries and Vertogen (1974), Fannes,
Sisson, Verbeure, and Wolfe (1976), and Fannes,
Spohn, and Verbeure (1979) and that they have been
exhaustively reviewed by van Hemmen (1978).

If we want to include statistics in the third example
with Hamiltonian (5.87), then Theorem 5.7 is not appli-
cable. A formal argument of how to proceed is as fol-
lows. Assuming either Bose or Fermi statistics, the
Hamiltonian in (5.87) is written in second-quantized
form as

H= dxdyh, y a*x a y

(A iB) = trfpA *Bj—tr(pA *jtr(pBj. + dxdy V —y a" x a* y a y a (5.99)

$(B) is in the Fock vacuum. The time evolution of the
field is quasifree and determined through the linearized
Hartree equation

with h(x, y) =h(y, x), acting on the Fock space over
L'(A) For a s.tate &u the correlation functions &d„are
defined by

&(B, t) = &(B(t)),

where B(t) is the solution of

(5 96) m„(x„.. . , x„; y„.. . , y„)=(d(a*(x„).. .a*(x,)a(y, ). . .a(y„))

(5.100)

Their time evolution is governed by the quantum-mechanical BBGKY hierarchy

9 „(x„.. . , „;y„.. . , y„; t)

I ttxtt&x, xt)tp(x„. . . , x,. „x, . . . , x„;y„.. :,y„;t) —
J tty tt(y„y)tp(x„. . . ,x„;y„.. . , yt „y,. . . , y„;t)I

j=l

+ V xi —x,. —V y,. —y,. ~„x„.. . , x„;y„.. . , y„;t

n

+ Q 2 Jl dx(V(x,. —x) —V(y,. —x))(u„„(x„.. . ,x„,x;y„.. . , y„,x; t) .
g=l

(5.101)

We assume that initially the system is in a quasifree
state with defining operator R corresponding to the
integral kernel R(x, y) [cf. 5.26]. Then

tt( ly ' ' y nyyly ' ' ' yyny ) dntP( &Jyyj) (5.102)

For bosons cu„ is the permanent of the n x n matrix
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$&(x;,y;)) and for fermions &u„ is the determinant of the
same matrix.

In a mean-field j.imit the force between any pair of
particles should tend to zero, whereas the total force
on one particular particle should stay finite. Forbosons
this is achieved by sealing

(5.104)

just as in the classical case. For fermions, (5.104)
does not make sense because of the Pauli exclusion "

principle. The proper mean-field scaling is open in
that case.

In the mean-field limit the BBGKY hierarchy formally
(5.103) goes over to

l

dyk()x)w ,,).„.x. „, x„;v„.. . , y; „v, . . .w„;&)}

n

+ g 2 J~ dx(V ix,. —x) —U(y,. —y)fur„„(x„.. . , x„,x;y„.. . , y„,x; t) .
j=l

(5.105)

The Ansatz

)y ) dt ('y, (5.106)

satisfies (5.105). Therefore a state which is initially
quasifree stays quasifree. The evolution of the defining
operator R(f) with integral kernel R(x, y, t) is governed
by the Haxtxee-I'ock equation

~(t) =[h+~,«»ft(t)) .. d
CO

(5.107)

Equation (5.107) should be considered a nonlinear evo-
lution equation on T(L (J) )}. h is the operator on L (A)
with integral kernel h(x, y), and the effective potential
VR is the operator with integral kernel

5( -y) JI dx 2V(x -x)f~(x, x)+V( -y)f~(x, y).
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