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Abstract. Thls paper addresses  the problem of The above applications require a network of sensors in
locating a finite number of sensors to detect an event , =~ " .
. : . L ...~ “which it is crucial that an event does not go undetected
in a given planar region. The objective is to minimize

the maximum probability of non-detection where the becguse Of. Its 'OC?“.'O” within a region. This can be
A . . achieved with a minimax formulation because in such
underlying region consists of a convex polygon. The

sensor ocalon problem has a_muliude of 165, e poorest responee 8 made (0 e 26 gocd as
applications, including the location of aircraft P ' b

detection sensors, the placement of sentries along is appropriate include locating fire stations, hospitals

border to detect enemy penetration, the detection ofg?d tgmlb;éz;nce bases [Flzinga and Hearn 1972,
nuclear tests, and the detection of natural and astria ]

hazardous man-made events. The problem is awith this in mind, the problem can be thought of as a
difficult nonlinear nonconvex programming problem facility location problem with an objective of
even in the case of two sensors. A fast heuristic basegbroviding equitable service to the customers, where
on Voronoi polygons is developed in this paper. The the facilities being located are the sensors, and the
algorithm can quickly generate high-quality solutions. customers are the event (source) locations. In location
Computational experience is provided. theory terminology, a problem of this type can be
classified as a continuous multifacility problem.
However, in the problem studied here, the objective
terms are not simply weighted distances as in most
location problems, but a propagation function of
distance converted into probabilities of detection.

1. Introduction: Suppose that in a confined planar

region an event occurs. The problem is to position a
finite number of sensors so that the probability of
detecting such an event is maximized. The
effectiveness of each sensor decreases with its distanck is assumed that events, within the scope of this
from the event. The solution to such a problem hasresearch, produce a ‘signal’ that interacts with the
numerous applications. For the military, the location environment through which they propagate. As the
of aircraft detection sensors, the placement of sentriesignal is transmitted from the event to the sensor (or
along a border to detect enemy penetration, and thesise-versa) various processes interact with the signal
detection of nuclear tests are just three examples. Theo produce noise. The causes for the noise can vary,
detection of natural events as well as the detection ofdepending on the type of event one wishes to detect,
hazardous man-made events are also importanhowever regardless of the type of processes that
applications. These events can be the result ofproduce the noise, the effect is a reduction in signal
accidents as well as deliberate terrorist acts. intensity, referred to as signal ‘fading’ or signal

attenuation.
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Throughout this paper the specific noise generated bystandard inverse square law, which appears in reodel
the sensor itself, such as thermal noise from thedescribing phenomena such as radio frequency
electronics and circuits, or interference from other intensity, gravitational attraction, and the force
sensors will be neglected. That is, the idealized sensobetween charged particles.

will produce no noise and is perfectly shielded from

interference. A second dpf, termedxponential decayis given by

— ; bd" H

Propagation models can be used to estimate anda(d) -”Ae ' O<,A£1’ b,n>9whereA s the
predict the fading of a signal produced by an event agProbability of detection atd =0 with parameter
it traverses through a region. In principle, the and exponent. Exponential type models have had a
attenuation over every path between an event ande€occurring theme in many different disciplines for
sensor can be predicted. This method produces #Pproximating the decay of a process. Exponential
propagation model based on ray-tracing or ray-paths.decay occurs whenever something changes at a rate
However, to make this possible, detailed knowledge Proportional to itself. For example, in air quglit
on every terrain feature in the region is necessary,management, a Gaussian model is used to predict the
which leads to the computational effort being concentration levels of airborne pollutants from a
excessive for continuous regions [Saunders 1999].source point.  Pollutant concentration decreases
Instead, a propagation model can be based on axponentially in the Gaussian model.
empirical model, which is produced by fitting & A final dpf can be considered as a combinatiorhef t
function to an extensive set of actual path Iosg previous two dpfs and has the form
measurements. The model can then be used in K/ ) i
environments similar to the original [Saunders 1999]. 2(d) = 1- € , k,;n>0. This has exponential
For many complex propagation models, no analytical form with a power decayk/d") component and is
fprm of the mode_l exists. Rather, a functlon_ generator ..o to agravity decay
(i.e., black box), is used to generate a functional value
based on various inputs. By changing the dfp parameters, families of detecti

. . . robability functions can be generated. Also,ntan
Path loss can have various meanings, but here, it refergbjective here is to explore a solution procedure f

to the ov.er;ajlll tdecreek;set In S'gtﬂal mtert]snyddtﬁe to an roducing good solutions to the sensor location
Increase in distance between the event and the Sensoﬁ'roblem in a timely fashion, for which these dpdi®

For example, for electromagnetic waves, as the S"gn""sufﬁciently realistic. The algorithm developedthris

(rjgdm:.es, thetmtensny cqncetntratlr?n.splreac:cs OUtF')n all paper is not tailored for a specific dpf, but addies
irections into an approximate spherical surface [ erez o problem in a more general sense.

1998]. Thus, empirical models usually involve some
form of an inverse function of distance, with the The following assumptions are made for the sensor
parameters being adjusted to match propagationlocation problem (SELP).

conditions. 1. Themsensors to be located are identical.

One such detection probability functions (dpf) is
derived from the wireless communication industry, i )
specifically macrocell placement. Macrocells are the convex polygon in the plang ).
towers used outdoors for providing mobile services
with coverage from around 1 km to many tens of
kilometers [Saunders, 1999]. The derived dpf,

The regionS where detection takes place is a

3. The event occurs with equal probability
anywhere in the regiog

referred to apower decayis given by 4. The regionScontains no existing sensors.
o(d) = —2— , 0<a£m, n>0 where p(d) is 5. The detection probability function is only
m+d" dependent on the distance from the event to
the probability of detecting an event at a distadce theith sensor.
away f_o_r a given re_1t|oa/m and exponent. The 6. All sensors are in perfect working order with
probability of detecting an event at distance zisro no internal or external influences affecting
given by the ratioa/m. If a=m, the detection performance. This idealized sensor has
probab|||ty is unity when the event occurs at aseen perfect discrimination and no false detections.

In addition, if n = 2 in this case, it becomes the
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That is, it will signal a detection only when objective function is then optimized along this
the event is present. direction using a one-dimensional optimization

7. The effectiveness of a sensor is independentprocedure'

of its location within the regio8. From an application standpoint, research has been
done in the field of wireless communication,
specifically with respect to the base station lmcat
problem (BSTLP), a problem to which the SELP could
be applied. With the increased demand for mobile
communication services and deregulation acts
(Tutschku 1998), the competition between service
9. The probability of detection is a non- providers and potential revenues has driven the

increasing, real-valued, continuous function research for finding an optimal deployment of base

of distance from the event. stations which is both cost effective and provites
maximum possible coverage. The BSTLP involves
locating multiple base stations within a region hhi
providing an acceptable quality of service to medbil
(Howitt and Ham 1999). The BSTLP is different from
the SELP in that the traffic and capacity on eaabeb
station is an important consideration.

8. There are no constraints on the location of the
sensors except that they must be located
within the regionS. That is, all points within
the region S are candidates for sensor
locations.

10. The sensors operate independently of each
other.

It is understood that these simplifications may bet
valid in some actual cases. However, achieving
solutions to simpler models can provide the For the problem of locating one sensor in a planar
foundation, insight and understanding to develop region, with the detection probability being a
methods for more complex models. Because of thedecreasing function of distance, the maximum
nonconvex nature of the objective function, verifyi  probability will occur at the point(s) where the
that the solution obtained is a global optimum ban  distance between the sensor and the event is a
quite difficult even for small problems. maximum, which corresponds to the event occurring
somewhere on the boundary of the region. Thus the
Drezner and Wesolowsky [1997] addressed the .onier of the smallest circle which encloses tigore
p“_’b"?m of Iocatlng_)-|dent|cal signal detec'gors on a s the optimal placement for the sensor. This lemob
unit line and a unit square. They considered two is commonly called a 1-center problem [Elzinga and
dpf's: p(d):min{l,R’ /d } andp @ )=e*. For  Hearn 1972, Plastria 1995] in facility location.

the wunit line problem, they used mathematical However, when the number of sensops>1, the

programming and a special algorithm designed to Problem i§ again a difficult nonlinear nonconvex
achieve the necessary conditions for optimalityhilé/ programming problem.

convergence of the algorithm was not proven, the gor golving the 1-center problem, a method based on
algorithm always converged for their test problems v, on0i diagrams [Shamos and Hoey, 1975] provides
and produced a better solution after each iteration an understanding of the strengths of computational

For the square planar problem, four procedures weredeometry. — Many location problems, previously
considered: a univariate search, a mathematicalconsidered quite hard, are being addressed using
programming formulation, simulated annealing, and a methods based on various types of Voronoi diagrams
Demjanov-type method. The planar problem was [Plastria, 1995, pg 262; see for example &, al,
formulated using a finite number of possible event 1984, Okabeet al, 1992 and Aurenhammer, 1991,].
locations to produce a uniform grid covering the A Voronoi diagram can be described as follows

square region. This provides an approximate soiuti [Preparata and Shamos, 1985]: L8t be a set
to the continuous problem. containing a finite number of points (e.g. sensans)

. . _ the plane. For each poipt 1 S, the set of locations
The Demjanov-type algorithm, according to Drezner |

and Wesolowsky, provided the best solutions for the IN the plane closer tg; than any other point i is an
test problems in a ‘reasonable’ run time. Theentrr element of the Voronoi polygon gf; , denotedV (i) .
station locations are improved by moving them ia th  The Voronoi diagram associated wiis V =
direction of steepest descent. The direction iméb {V(l),...,V (n}, where n is the number of points
using a method proposed by Demjanov [1968]. The
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contained irS. Several algorithms exist for computing formulation of the problem. This is followed by a
Voronoi diagrams. Okabet al [1992] give a detailed detailed description of the TLP algorithm,
description of incremental, divide-and-conquer, and computational experience, and concluding remarks.
plane-sweep methods.

Love et al [1973] reformulated the continuous i
minimax (i.e., p-center) location problem as a 2. SELP ModeI.ASl‘Jppoge that an event occurs at
constrained nonlinear programming problem and thenlocationz=(x, y)I $ and that the placement of
used a penalty function method referred to asm sensors (detectors) must be decided within re§ion
sequential unconstrained minimization technique For convenience, an event occurring at locagamill
(SUMT). Elzingaet al [1976] used a technique in be referred to simply as event The probability of
nonlinear programming known as Lagrangian duality detecting the event with thigh sensor (located at
to produce a problem which is easier to solve x; =(x,Y)) is p(d) where
numerically. Drezner and Wesolowsky [1978] used an
approach that involves the numerical integration of d :d(ZJﬁ):\/(X' x)’+ (y y)® represents the
ordinary differential equations. Charalambous [I98 Euyclidean distance between senisand eventz. The
transforms the problem into a sequence of poorest response for the SELP will occur where the
unconstrained squared Euclidean minisum problemsprobability of non-detection is largest. Under the
which have analytical solutions. Brady al [1983] = minimax criterion the largest probability of non-
developed an interactive graphical program for detection for the region should be made as small as

addressing the minimax location of multiple fagt possible. LetX =(x;,x,, ,X,) denote the vector of
The algorithms success depends on an individual's

ability to perform a pattern recognition task. Bege @l S€nsor locations. Then if tire sensors operate
the minimax location problem is not everywhere independently of each other, the probabilgyz, X)
differentiable subgradient algorithms [e.g., Chatedt that an event is not detected for a fixed st of
al., 1982; Demjanov 1968] have also been used. Thesensors is the product that each sensor indiviguall
p-center problem in an area was addressed by Suzukéloes not detect eventand is given by:

and Drezner [1996], who developed a location-

allocation type algorithm utilizing Voronoi polygsn g(z , X) - 8 1- p(d(z,xi )) (1)
i=1

Although there are similarities between th&enter

problem and the sensor location problem discussed i Consider that an event occurring at=(x, y) is a
this paper, there are significant differences. e Pph d iable withp() being a given probabilit
center minimizes the maximum distance between'2" C_)m var|e'1 € withp N9 'glv P iy
facilites and demand points. It is an allocation density function (pdf). Forany sétl S

problem, and thus each demand point is assigned to -

and interacts with its closest facility. On thehant Pr{zl A= p(a)dawhere
hand, the objective function in the sensor location A
problem involves the product of probabilities, ki
each event point interact with aénsors. It is easy to
see that an optimal set of facility locations fbe p-
center problem will, in general, be a very poousioh The maximum value of the probability of non-
to the sensor location problem. detectiong(z, X) is denoted by

Whereas prior techniques for solving signal detecti
problems have relied on discretization, simulated
annealing, and other search techniques, this paper
attempts to exploit the geometry of the problerheat
than consider the specific form of the objective
function. This is done by deriving local informaii ~ The event pdf acts like a weight which produces a
from Voronoi polygons and adjusting sensor position balance between the point of maximum probability of
by a technique called toward the largest peak (TLP) non-detection and the ‘point’ where the event isstno
The remainder of this paper is organized as follows likely to occur. In the case where the event siaeed
The succeeding section provides a mathematicalto occur with equal probability anywhere in theioeg

p(a)da=1,p(a)2 0 foralld S 2

y(X)=mZa><p(2)g(z X)
o 3)
=max pg)O 1 pi(d(z x))

i=1
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S (i.e., the case of complete spatial randomngxg),  XgyeeXim and the boundary of the convex polygan
becomes a constant and can be dropped from equatioR g mentioned earlier, there are a number of algorit

(3) without affecting the optimal solution. By o efficiently finding the Voronoi diagram of ariite
minimizing y, the poorest response is made as small

. . 2
as possible. Therefore, the problem can be wraten set of points in [see, for example, Preparata and

Shamos, 1985 , Okalet al, 1992]. [Okabeet al,
(SELP) 1992] also demonstrate how to define a supplemental
min y (XX o) = set of points to avoid infinite Voronoi polygonghe
Xy X VL2 atm intersection of the Voronoi diagram with the enigs
o) ) convex polygon S vyields the desired Voronoi
Xmig max O L p (d(z 'Xi)) polygons. In the implementation that follows, THeP
v = algorithm generates the vertices of each Voronoi
As mentioned earlier, (4) is a difficult nonlinear, polygon using an efficient simplex-type proceduratt
nonconvex programming problem whem>1. A takes into account the Voronoi diagram and the

solution algorithm for (4) can be visualized as an enclosing polygors

iterative two-phase process. For a fixed set nbees Once the probability of non-detection is determined
locations, the value o is found (or approximated).  for each Voronoi vertex, the sensor location within
In general, the calculation of the value 9f is  each Voronoi polygon is repositioned by moving it
nontrivial and is often approached through toward the largest local peak(s), thus reducing the
discretization of the s& The sensors are then moved peak (probability) and improving the overall objeet
and y is recalculated. As this process continues thevalue. Moving an individual sensor may not improve
goal is to decrease the value gf unti no the objective at all; in fact, it may actually mattes
improvement can be achieved by sensor relocation.OPiective worse. Therefore, all sensors are moved
This is the basic strategy adopted in the TLP aggtp simultaneously using local information derived from

which is outlined in detail in the following seatio the individual Voronoi polygons. After repeatiriyst
process until no further improvement is possibihe t

sensors are repositioned using global Voronoi
3. Toward the Largest Peak (TLP):Given a single information to fine tune the solution. This second
2 phase can result in a significant improvement ia th

sensor located in a convex polygonal reglh <, final solution, however using only global inforneii
the peaks (or points of maximum probability of non- i generally inferior to using local information

detection y) occur at the vertices db where the  fo|owed by global information. A more precise
distance between the sensor and the event is gnathematical statement of the algorithm follows.
maximum. Now consider the case of two sensors

where the setS is a square with verticeg0,0),

(10,0), (0,10), and (10,10). Note from Figure 1(a)

that the probability of non-detection is zero ag th
sensor locations with the peaks occurring along the
boundary of the region S and the ridge running
between the two sensors. This ridge corresponds
precisely to the boundary of the Voronoi polygon
containing each sensor (see Figure 1(b)). Thuthisn
case, once the Voronoi polygons are determined the
value of y can be found by determining the
probability of non-detection of each of the versiaa

the Voronoi polygons. This is more efficient that
discretizing the entire s& and is the basic strategy
employed in the TLP algorithm to find an approximat
value of y in the generai-sensor case.

Givenm sensor locations,....x, 1 S, the algorithm
determines the Voronoi polygons based on the points
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tessellation of the s& LetV,* represent the set of

vertices of the Voronoi polygon corresponding to
sensor Iocationqk (see Figure 2).

Step 3. Determine the probability of non-detection

a; =a(vj) =(ﬂ5 1-p (d(vi ,)gk)) for each Voronoi
i=1

~ m k
vertexv;l V" .
i=1

Step 4. For each sensor locatiot , let

k - k-
Gimax = ”]?;k( qj and IQtvimax -

vil

{va VK g= q"max} . Thatis,q,,, is the
maximum probability associated with the vertices of
(a) Probability of Non-detection the Voronoi polygon containing sensor Iocati)dh

and V. . is the corresponding set of vertices. The
- ( 1.0 : current maximum probability of non-detection is

k  — k
® X, = (4’9) qmax_igli)](ﬂlqmaw

Step 5. Computeh; = (v; - xik) and let
vaVk

i max

h' =(hi,...h¢,). Thenh/|h

vector that attempts to move each sensor locatfon

toward the largest local peak(s) in its Voronoi
polygon.

is a unit direction

Step 6. For each sensor Iocatiodl‘ , compute
X1 =/ +D(h; /|n]) for step lengthD. FindV/***,
(B 0) n the set of vertices of the Voronoi polygon

’ corresponding to each Iocatio«ﬁ*l. Determine the
probability of non-detectiom; for each point

1
—~
()]
'_\

.X1

(b) Voronoi Diagram

i 1 . m
Figure 1. Two Sensors wh&is a Square. v, Vikﬂ and the corresponding value erf:;lx
i=1

TLP Algorithm Step 7. If gkt < ¥, , then replac& by k+1 and
PHASE | — This phase uses local Voronoi information 90 t0 Step 4. Otherwise, replaeby 0.7 . If
to reposition the sensors. D < e, then stop; otherwise, go to Step 6.

Step 1. Set the iteration countér=1 and choose an
initial set of sensors locatiort,...x 1 S

Step 2. Find the Voronoi diagram corresponding to
the discrete set of points’,....xX and form a
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PHASE Il — This phase uses global Voronoi
information to reposition the sensor locations loase

l.

Step 8. Given the set of sensors location

x5,..xKT S determined in Phase |, set the iteration
counterk =1.

Step 9. Find the Voronoi diagram corresponding to
the discrete set of points’,....xX and form a

tessellation of the s& LetV;* represent the set of
vertices of the Voronoi polygon corresponding to
sensor location .

Step 10. Determine the probability of non-detection
Jyy

a; =q(v;) =Q 1-p (d(vj ,xk)) for each Voronoi
i=1

~ m k
vertex v; 1 V" .
i=1

Step 11. Let g = max g; and let
vl _m\/ik
i=1
. m
Voax = Vi1 VM :iq= di, - Thatis, gy, is the
i=1
maximum probability associated with the vertices of

all Voronoi polygons and/¥_ is the corresponding

vertex set. Le¥ . . be the subset o, consisting

i max

of the points that are closest 1§ .

Step 12. Computeh, = (v; - %) and let
vaVn‘ﬁax

h' =(h;,...h;,). In this case,h/|h| is a unit

direction vector that attempts to move sensor lonat

xik toward the closest global peak(s).

Step 13. For each sensor Iocatiod\‘, compute
XK= xk o+ D(hi /||h||) for step lengthD. Find V¥,
the set of vertices of the Voronoi polygon
corresponding to each Iocatio«ﬁ”. Determine the
probability of non-detectiom; for each point

)

Vi

max ! imax "

m
V¥ along with g, V! andv/<?
i=1

Step 14. If g < g%, , then replacé by k+1 and

go to Step 11. Otherwise, replabeby 0.79D. If
D < e, then stop; otherwise, go to Step 13.

VK = v v, Vo, V,, Vo)

Figure 2. Voronoi Polygons for Four Sensors and
k
Vertex SetVi

Choosing a Set of Initial Solutions

Since SELP is a nonconvex programming problem, it
has many local optima, and the choice of initial
solution plays an important role in final solution
quality. One option is to use many randomly
generated initial solutions. However, through
empirical testing, it was determined that initial
solutions generated by uniformly distributing sesso
along the boundary of typically generated high
quality solutions. Thus, this was the tactic used
initiate TLP. Four types of starting solution setsre
generated. Ldt represent the longest side®énd let

X, = (X, Y.) represent the mean of the verticesSof

In a Type 1 initial solution, them sensors are
uniformly distributed along the boundary 8f with
the first sensor located on sitle Five different such
starting solutions are generated by varying thétipos

of the first sensor oh. The first sensor is located at
five different positions uniformly positioned along
side L. Finally the sensors are moved from the
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boundary toward the center poirt. That is, if x,

represents a boundary point, the correspondingosens
location will be 0.75¢, + 0.2%. .

A Type 2 starting solution is generated in basyctie
same way as Type 1 except that one of the sensors i
located atx, with the remainingm- 1 located along

the boundary ofS as in Type 1. In this case the

boundary locations are repositioned  using
0.8, + 0.2&,. Again, five such solutions are
generated.

A Type 3 starting solution is generated in the same

way as Type 2 except two sensors are located along

the longest diagonal ofS with the remaining
m- 2distributed along the boundary. ¥, and x,

represent the endpoints of the longest diagonal, th
two interior points are located & 60k, + 0.4&, and

0.4k, + 0.6&,. Again, five solutions are generated,

in this case the boundary solutions are repositione
using 0.85¢, + 0.1%, .

In a Type 4 solution, the sensors are divided into
groups when the number of sensorss greater than
n+1 wheren is the number of vertices & SinceS
hasn vertices and vertices are critical points in the
computational of the maximum probability, a setnof
sensors are uniformly located along the boundaiy as
a Type 1 solution and repositioned using
0.9, + 0.1&, . The remainingm- n sensors are

also located along the boundary as Type 1 and
repositioned using0.5(x, + 0.5&,. Three different
positions are used for each set of sensors anthame
combined for a total of nine solutions.

Thus, a total of (5 + 5 + 5 + 9) = 24 starting $iolus
were used.

Figure 3 provides an example of each type of sigrti
solution when there are nine sens@ns=9) andSis

a squargm=9).

° ° ° ° i
°
)
L] Type 1 ® i *
°
Type 2
) ° ° ° ° °
° ) L4 °
° °
)
)
¢ Type 4
L4 ° °
Type 3. °
[ ] [ ] ) )

Figure 3. Examples of Starting Solutions

Figure 4 provides a graphical depiction of an aiti
Type 1 solution and the first five iterations oéthLP
algorithm for a 5-sensor problem on a square.

Choosing a Step Length

The choice of the step lengfh in Step 6 of Phase |
and Step 13 of Phase Il also has a significant ainpa
on the efficiency of the algorithm as well as thelgy

of the final solution. If the initialD is small, then
many additional iterations may be necessary and the
local optimum found will likely be near the initial
solution. Whereas if the initiaD is large, it may be
possible to find a local optimum that is some dista
away from the initial solution, but there may be an
excessive number of unsuccessful steps where the
objective does not improve. Consider Phase 1. Let

x%,...xK represent the current solution and for each
X<, let \/i'ﬁnax:{va vkiq= qkmax} as in Step 4.
Let dfyy = min - min {d@v; x} . Thatisdly, is

i — Tk
i=1,.m vjl Vi nax

the minimum distance between the sensor locations
and their respective largest local peaks. Thealloov

the algorithm the opportunity to find multiple ldca
optima based on a single initial solution, two iaiit

step sizes were used,dX, and 9d¥.. Note,
however, that in Step 6, the step length may be
reduced by multiples of 0.75 until a successfup sse
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taken. LetD be the actual successful step length

Fminimax used an average of 222.63 seconds.

used at iteration k. Then since the step lengths o Additional computational testing can be found in
successive iterations generally decrease during theCavalier.etal [2005].

course of the algorithm, two step lengths rulesewer
used for iteration k+1: min{ 6D drﬁf’,}} and

min{ 6D" erml} :
chosen using empirical testing. So, in essencaséh
is solved twice, one with a small initial step léngnd
once with a large initial step length. Both ofdbere

followed by Phase IlI, in which the step length rule

min{ 6D dr‘ﬁ,,*nl} was used.

These parameter settings were

4. Computational Results: The TLP algorithm was

coded in FORTRAN and compiled with Compaq
Visual FORTRAN Professional Edition 6.6.B. For
comparison, the routine Fminimax in the Matlab

Optimization Toolbox was also used to solve SELP.

Fminimax is specifically designed to solve minimax-
type problems. A coars&0 50 grid was used to
discretize the setS and evaluate the maximum
probability of non-detection. This grid size was
chosen to attain a reasonable resolution (0.2 based
10" 10square) while also taking into account cpu
time. Ten randomly generated starting solutionsewe
used for each run of Fminimax, which was compiled
using Matlab Compiler version 7.0.

Both programs were run under identical conditions o
a PC with an Intel Pentium 4 2.4 Ghz CPU with 512
MB of RAM. For comparison, the probability of non-
detection for the final solution of each algorithwmas
determined by utilizing 4000 100C grid. Table 1,
provides a summary of the results whé&nis a
10" 10square and the dpf is gravity decay with

p(d) = 1- g3 Considering all 29 problems, the

5. Conclusion: This paper presented a heuristic
algorithm for determining the location of a finite
number of identical sensors to detect an event in a
given planar region. The planar region was assumed
to be a convex polygon and the objective is to
minimize the maximum probability of non-detection.
The problem is a difficult nonlinear nonconvex
programming problem with a multitude of
applications. The heuristic algorithm utilizes @noi
polygons to estimate the probability of non-detatti
and to determine a search direction. Computational
results demonstrated that the algorithm is relbtive
fast and generates high-quality solutions.

6. Acknowledgment: This material is based upon
work supported by the National Science Foundation
under Grant No. 0400140. Any opinions, findings,
and conclusions or recommendations expressedsn thi
material are those of the author(s) and do not
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average cpu time for TLP was 19.49 seconds whereas

Fminimax required an average of 524.82 seconds.

TLP attained a better final probability of non-dgien
in 17 of the 29 cases.

Both algorithms were also used to find sets of @ens

to monitor a polygon when the dpf was gravity decay

defined by p(d) = 1- €¥% . The polygon was a
six-sided polygon with vertex set {(0,0), (6,1)0(4),
(10,6), (6,9), (1,4)}, and Tables 2 summarizes the
results. Note that TLP yielded the better findution

in 17 of the 19 problems solved. TLP required an
average of 11.62 seconds of cpu time whereas
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Initial Type 1 Solution Iteration 1

Iteration 2 Iteration 3

Iteration 4 Iteration 5

Figure 4: Graphical Depiction of TLP Algorithm
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Table 1: Results for gravity decagy(d) = 1- &% onal0’ 10square

TLP Algorithm

MATLAB Fminimax

(% Difference)

Number | Probability of | CPU | Probability of | CPU Difference 100*(Pryp - Prriria)

of Non-detection | Time | Non-detection| Time | Prp- Peminimax —— 1L rea
Sensors Pip (secs) | Perimime (secs) min(Rrp, Peminimax)

2 0.865889 0.08 0.865890 29.4¢ - 0.000001 0.00

3 0.797697 0.16 0.796920 32.66 0.000777 0.00

4 0.587497 0.29 0.587680 50.63 - 0.000183 0.00

5 0.516551 0.48 0.513140 83.73 0.003411 -0.42

6 0.411270 1.16 0.409480 117.94 0.001790 -0.69

7 0.343288 1.81 0.341040 163.68 0.002248 -0.08

8 0.238105 2.30 0.238670 167.88 -0.000565 -0.03

9 0.180115 3.41 0.179560 225.04 0.000555 -1.26

10 0.148831 4.10 0.143860 207.65 0.004971 -2.23

11 0.108221 5.47 0.108110 263.7/7 0.000111 -0.89

12 0.082140 4.91 0.082084 300.63 0.000056 -0.87

13 0.055696 7.84 0.056095 411.23 -0.000399 -0.44

14 0.042850 8.46 0.041834 480.5 0.001016 -1.86

15 0.032697 12.94 0.032117 426.99 0.000580 -2.96

16 0.026663 10.10 0.023778 502.77 0.002885 -3.81

17 0.019994 14.66 0.017808 541.54 0.002186 -3.70

18 0.012355 14.87 0.012470 589.28 -0.000115 -2.08

19 0.009224 20.64 0.009837 655.79 -0.000613 -4.27

20 0.005885 17.13 0.006901 697.59 -0.001016 - 3.66

21 0.004487 29.68 0.005141 773.89 -0.000654 -4.28

22 0.002952 29.14 0.003564 857.93 -0.000612 -1.49

23 0.002262 31.68 0.002886 812.08 -0.000624 -3.94

24 0.001773 30.69 0.002023 959.1  -0.000250 -6.26

25 0.001124 43.44 0.001468 983.97 -0.000345 -4.29

26 0.000754 43.65 0.001512 970.27 -0.000758 -3.75

27 0.000604 54.45 0.001170 1091.89 -0.000566 - 8.65

28 0.000474 50.96 0.001047 907.42 -0.000573 -22.25

29 0.000232 62.34 0.000801 933.48 -0.000569 -5.12

30 0.000161 58.43 0.000681 981.38 -0.000520 -4.60
Proceedings of 2006 NSF DMII Grantees Conferentcd,diis, Missouri Grant #0400140




Table 2: Results for gravity decas(d) = 1- € ¥%" on a six-sided polygon

TLP Algorithm MATLAB Fminimax (% Difference)

Number | Probability of | CPU | Probability of | CPU Difference 100*(Prip - Prrinina)

of Non-detection | Time | Non-detection| Time | Prp- Peminimax P e
Sensors Pp (secs) | Perinimax (secs) min(Rrip, Peminimax)

2 0.723580 0.16 0.728530 18.0¢ - 0.004950 -0.68

3 0.583972 0.30 0.586960 33.18 - 0.002988 -0.51

4 0.426887 0.52 0.426470 53.37 0.000417 0.10

5 0.267728 0.99 0.275630 53.17  -0.007902 -2.95

6 0.190962 1.22 0.190430 106.74 0.000532 0.28

7 0.118905 1.72 0.129160 131.25 -0.010255 -8.62

8 0.068871 3.75 0.074820 139.68 -0.005949 -8.64

9 0.044392 5.15 0.048702 162.17  -0.004310 -9.71

10 0.026441 6.96 0.029896 229.45 -0.003455 -13.07

11 0.016524 8.69 0.018382 210.39 -0.001858 -11.24

12 0.009666 9.95 0.010921 305.81  -0.001255 -12.98

13 0.005254 12.68 0.006854 313.12 -0.001600 -30.46

14 0.002665 13.22 0.004049 330.32 -0.001384 -51.95

15 0.001550 17.20 0.002734 349.84 -0.001184 -76.43

16 0.000878 19.90 0.001995 440.49 -0.001117 -127.11

17 0.000519 22.99 0.001331 309.09 -0.000812 -156.30

18 0.000252 26.78 0.000831 350.18 - 0.000579 - 229.68

19 0.000151 31.83 0.000653 306.72 - 0.000502 -331.31

20 0.000087 36.84 0.000522 387.04 -0.000435 -500.28
Proceedings of 2006 NSF DMII Grantees Conferentcd,diis, Missouri Grant #0400140



7. References:

Aurenhammer, F. [1991] Voronoi Diagrams — a
Survey of a Fundamental Geometric Data Structure

ACM Computing Survey&3:345-405.

Brady, S.D., R.E. Rosenthal, D. Young [1983]
Interactive Graphical Minimax Location of Multiple
Facilities with General Constraints, IIE Transagtio

15:242-253.

Cavalier, T.M., W.A. Conner, E. del Castillo, S.I.
Brown [2005] A Heuristic Algorithm for Minimax

Sensor Location in the Plan&uropean Journal of

Operational Researchunder review.

Charalambous, C. [1981] lterative Algorithm for the
Multifacility Minimax Location Problem with

Euclidean Distances,Naval Research Logistics
Quarterly, 28(2):325-337.

Chatelon, J.A., D.W. Hearn, T.J. Lowe [1982] A
Subgradient Algorithm for Certain Minimax and
Minisum Problems — the Constrained CaSstAM
Journal on Control and Optimizatid20:455-469.

Demjanov, V.F. [1968] Algorithms for Some Minimax

Problems,Journal of Computers and System Science

2:342-380.

Drezner, Z. [1982] On Minimax Optimization
ProblemsMathematical Programming2:227-230.

Drezner, Z., G.O. Wesolowsky [1978] A New Method
for the Multifacility Minimax Location Problem,
Journal of the Operational Research Socig®1095-
1101.

Drezner, Z., G.O. Wesolowsky [1997] On the Best

Location of Signal DetectorsJ/IE Transactions

29(11):1007-1015.

Elzinga, D.J., D.W. Hearn [1972] Geometrical
Solutions for Some Minimax Location Problems,
Transportation Scienc&:379-394.

Elzinga, D.J., D.W. Hearn, W.D. Randolph [1976]
Minimax Multifacility Location with Euclidean
DistancesTransportation Scienc£0:321-336.

Howitt, 1., S.-Y Ham [1999] Base Station Location
Optimization,|IEEE Vehicular Technology Conference
4:2067-2071.

Iri, M., K. Murota, T. Ohya [1984] A Fast Voronoi-
Diagram Algorithm with Applications to Geographical

Optimization Problemd, ecture Notes in Control and
Information Science§9:273-288.

Love, R.F., G.O. Wesolowsky, S.A. Kraemer [1973]

'A Multifacility Minimax Location Method for

Euclidean Distances, International Journal of

Production Researchl:32-40.

Love, R.F., J.G. Morris, G.O. Wesolowsky [1988]
Facilities Location: Models and MethodsNorth
Holland, NY.

Okabe, A.; Boots, B.; and Sugihara, K. [19%}atial
Tessellations: Concepts and Applications of Voronoi
Diagrams,New York: John Wiley and Sons Ltd.

Perez, R. [1998] Propagation Effects on Interfegenc
in  Wireless Communication Services,|EEE
International Symposium on  Electromagnetic
Compatibility, 1:86-91.

Plastria, F. [1995] Continuous Location Problenms, i
Facility Location: A Survey of Applications and
Methods Edited by Z. Drezner, Springer-Verlag, New
York, pp. 225-262.

Polak, E., D.Q. Mayne, J.E. Higgins [1991]
Superlinearly Convergent Algorithms for Min-Max
Problems, Journal of Optimization Theory and

Algorithms69(3):407-439.

Preparata, F.P. and Shamos, M.l. [1985]
Computational Geometry: An IntroductionNew
York: Springer-Verlag.

Saunders, Simon R. [1999] Antennas and propagation
for wireless communication systems, New York: J.
Wiley.

Shamos, M.1., D. Hoey [1975] Closest Point Problems
Proceedings of the 6 Annual Symposium on
Foundations of Computer Sciend&1-162.

Suzuki, A., A. Okabe [1995] Using Voronoi
Diagrams, in Facility Location: A Survey of
Applications and MethodsEdited by Z. Drezner,
Springer-Verlag, New York, pp. 103-118.

Suzuki, A., Z. Drezner [1996] The-Center Location
Problem in an Ared,ocation Sciencéd(1/2):69-82.

Tutschku, K. [1998] Demand-Based Radio Network
Planning of Cellular Mobile Communication Systems,
Proceedings - IEEE INFOCOM:1054-1061.

Vardi, A. [1992] New Minimax AlgorithmJournal of
Optimization Theory and Applicatio7$(3):613-634.

Proceedings of 2006 NSF DMII Grantees Conferentcd,diis, Missouri

Grant #0400140



