
Homework 3

1. Another classic application of the Fisher equation
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in ecology is the description of waves of invasion. Let’s look for traveling
wave solutions of the form n(x, t) = f(x− ct).

a. Show that f solves a second-order ordinary differential equation.
b. Convert this second order equation to a system of 2 first-order equa-

tions.
c. Noting that a travelling wave solution will be a solution of a boundary-

value problem with f(∞) = 0 and f(−∞) = 1, and that f(x) ≥ 0,
use the phase plane to determine for which speeds travelling wave
solutions can exist.

2. Consider a quasispecies model with a string genotype-space, where the
genotype is represented by a binary string (b1, b2, . . . bn) of length n, re-
production number

Rn,n = θ1−n+
∑

bk .

Suppose mutation of each bit is independent and unbiased, occurring with
probability m. Naively, this model is difficult to simulate exactly for large
n because there are 2n trait strings. However, the genotype-space can be
radically simplified by the observation that we need only track the total
number of 1-bits, and that

Mj+k,j =
min(j,n−j−k)∑
u=max(0,−k)

B(u, j,m)B(k + u, n− j,m)

where B(x, n,m) is the binomial probability of x of n outcomes, when
each occurs with probability m. Based on the discrete-time matrix model
nt+1 = MRnt, plot the critical mutation probability m∗(n) above which
mutation collapses the population and discuss.

3. Suppose that instead of a right-cone, a limpet grows a cone that is tilted,
and so that the bottom is an ellipse instead of a circle. If the angle of tilt
from perpendicular is α, what is the optimal aspect ratio s = h/r for the
cone shape as a function of α?
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