
Autumn, 2021

Math 597 Homework 2

1. At 17 degrees Celsius, a small amount of iodine and bromine are added to pure
liquid xylene. Iodine and xylene levels are approximately constant, so changes
in the rate must be due to changes in bromine concentration. (Data collected
by A. Neyens, published in Hill, 1977, page 45) Below is a data set on
bromine’s reaction with xylene. If we hypothesize that the reaction rate has
the form

dy

dt
= −kym

where y is the concentration of bromine, k is the rate constant, and m is the
reaction order, what do you estimate the reaction’s order to be?

Time (minutes) Bromine concentration (moles/liter)
0.000 0.3335
2.250 0.2965
4.500 0.2660
6.330 0.2450
8.000 0.2255
10.25 0.2050
12.00 0.1910
13.50 0.1794
15.60 0.1632
17.85 0.1500
19.60 0.1429
27.00 0.1160
30.00 0.1053
38.00 0.0830
41.00 0.0767
45.00 0.0705
47.00 0.0678
57.00 0.0553
63.00 0.0482

Answer: There are a few different approaches. One is to solve the ODE
numerically, fitting the initial condition, k, and m. Another is to solve the
differential equation exactly in terms of m and k and then fit the curve to the data.
In this method, there is a complicating special case when m = 1. Fortunately, the
best fit is sufficiently far from m = 1 that we can ignore the special case. We also
have a choice of leaving the integration constant as a free parameter or estimating it
directly from the data’s initial state. I picked the latter -- the fit to the data is very
good, and it’s a little easier to deal with 2 free parameters instead of 3.
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The best estimate of m = 0.156 suggests this reaction isn’t obeying the classical law

of mass action, since under mass-action, m is always an integer. However, the rate is

still a good match to a power law, and might be explained with a mild generalization.

2. Suppose B blue particles and Y yellow particles move through a space with N
sites at random, and that N is much larger than B or Y .

(a) Suppose the particles are bosons (multiple particles can exist in the same
place at the same time) and independently uniformly distributed through
the space. What is the probability that a random site will have atleast
one blue particle and one yellow particle.

Answer: (
1− (1− 1/N)B

) (
1− (1− 1/N)Y

)
Allowing multiple particles to occupy the same location at the same time

avoids complications that would require introduction of factorials and more

complicated combinatoric.

(b) The binomial approximation states that when x is small and y is large,
(1 + x)y ≈ 1 + xy. Use this to derive an approximation for the probability
a site has both blue and yellow particles, in the limit as N gets large.
Answer:(

1− (1− 1/N)B
) (

1− (1− 1/N)Y
)
≈ (1− (1−B/N)) (1− (1− Y/N))

= (B/N) (Y/N)

(c) If σ is rate at which blue and yellow particles make green particles when
a site is occupied by both, and green particles never split back to blue or
yellow, find a formula for the expected rate of removal of blue particles
from the system.

Answer: We’re now going to make the opposite assumption to the first
argument -- that no site contains more than one blue or yellow particle at any
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given time. Then the reaction rate is given by the numbers of occupied sites
specified in the above answer, so

flux =
σ

N2
BY.

Frustratingly, we’re betting on an inside straight -- that we can have yellow
and blue together in the same place, but there’s never more than 1 of each.
But as long as B/N and Y/N can be considered small, this isn’t a bad
approximation.

It is kind of interesting that this derivation of the bimolecular law of mass

action doesn’t explicitly invoke any spatial geometry -- the sites N may be

distributed in 1, 2, or 3 dimensions. The principle assumption in extrapolating

to a rate now, is that at each time-step, all particles distributions are

INDEPENDENT not just of each other, but also of their positions at the

previous time-step. In higher dimensions, this is an easier assumption to justify,

with the extreme-case being that all spatial sites are arranged as nodes in a

complete graph, where movement between every pair of locations is equally

likely to occur instantly. This extreme is obviously unrealistic, but there are

several weaker hypotheses that imply similar conclusions.

3. Write a system of four differential equations representing the following reaction
network.

X + F
a−⇀ Y

Y + F
b−⇀ Z

Z
c−⇀ 5X

Answer: There are 4 species, F, X, Y, Z, that we need equations for.

˙[F ] = −a[X][F ]− b[Y ][F ] (1)

˙[X] = −a[X][F ] + 5c[Z] (2)

˙[Y ] = −b[Y ][F ] + a[X][F ] (3)

˙[Z] = b[Y ][F ]− c[Z] (4)

4. Find a reaction network representing the following system of differential
equations. The dot is used to represent the derivative, so Ṡ = dS/dt.

Ṡ = b− βSI −mS,

Ė = βSI − αE −mE,

İ = αE − γI −mI,

Ṙ = fγI −mR.
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Answer:

b−⇀ S, S + I
β−⇀ E + I

E
α−⇀ I, I

fγ−⇀ R

I
(1−f)γ−⇀

S
m−⇀ , E

m−⇀ , I
m−⇀ , R

m−⇀

5. Determine the reaction network represented by this poorly drawn directed
hypergraph.

Answer:

V −⇀ W, J −⇀ W, H −⇀ J, H −⇀ V, G −⇀ U,

U + V −⇀ V, U +H −⇀ V, G+H −⇀ H, G+ V −⇀ H
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