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Measure preserving transformations

Idea: reflect the physically “observable” behavior of some phys-

ical processes through time.

Examples:

1. Hamiltonian systems

2. Geodesic flows

3. etc. etc.
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Classification Problem

In 1932, von Neumann proposed the project of classifying the

ergodic measure preserving transformations up to isomorphism.

Lots of positive progress on this (Halmos-von Neumann, Kolmogorov-

Sinai, Ornstein etc. etc.) and some anti-classification results

that show the general problem is intractable.
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Basic Objects

For this talk we consider the most concrete situation.

• Separable, non-atomic measure spaces (i.e. ([0,1], λ).)

• Discrete time, i.e. Z acting by invertible measure preserving

transformations.
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Coding Issues

Many classification results, and all anti-classification results dis-

cuss global properties of some Space of measure preserving trans-

formations.

• These spaces have different topologies (and potentially dif-

ferent Borel structures).

• Many results discuss generic classes. But dense Gδ sets are

very sensitive to the topology.
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The Basic Model

1. MPT=def {T | T : [0,1] → [0,1] is an invertible Lebesgue

measure preserving transformation}.

This is universal: every measure preserving transformation on a

standard space is isomorphic to a member of MPT.

It has a topology that makes it a Polish group:

Two measure preserving transformations are close iff they take

very fine partitions very similar places.

In this example we fix the measure space and vary the transfor-

mations.
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Conjugacy

A very convenient fact is that in MPT, conjugacy coincides with

isomorphism.

An example of a coding issue:

• (F, Rudolph, Weiss) The conjugacy relation on MPT is com-

plete analytic (e.g. NOT Borel).

The best context for proving this result is a different topological

space. We then have to transfer the result back to MPT.
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To what extent are all models for the measure preserving

transformations equivalent?
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Rudolph’s Thesis

All models for measure preserving transformations are

equivalent

What could this mean?
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Equivalence should mean (at least) that:

Borel properties in one model are Borel in another

A stronger version would be that:

Isomorphism invariant properties P are generic in one model iff

they are generic the other.

Glasner and King called properties invariant under isomorphism,

dynamical properties.

Note:

generic=dense Gδ=comeager
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The definition of a Model

For T ∈ MPT, let [T ] be its conjugacy class.

A model for a class C ⊆ MPT is a Polish space (X, τ) and a con-

tinuous map π : X → MPT such that for a relatively comeager

set of T ∈ C, π−1([T ]) is dense.

• Why continuous?

• Why density?
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Basic lemma

Let (G, Y ) be a Polish group action. Suppose that

π : (X, τ) → (Y, σ)

is a continuous map such that for a comeager set of y ∈ Y, π−1([y])

is dense in X. Then a G-invariant set D ⊆ Y is generic iff π−1(D)

is generic in X.

Note that the range of π might be a meager set.

Corollary Suppose that (X, τ, π) is a model. If P ⊂ MPT is a

dynamical property then P is generic in MPT iff P is generic in

(X, τ).

13



The definition of equivalence

Two models (X, τ, π), (Y, σ, ρ) are equivalent iff there is a Borel

bijection b : X → Y such that for all x ∈ X, π(x) ∼= ρ(b(x)).

In English: b takes a code for a transformation to a code for an

isomorphic transformation

Note that if I is a Borel invariant for isomorphism for the model

X and Y is equivalent to X, then I is a Borel invariant for iso-

morphism for Y.

Two models are strongly equivalent iff for all P ⊆ C that are

closed under isomorphism, π−1(P ) is generic iff ρ−1(P ) is generic.
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Examples of models for MPT’s

1. MPT=def {T | T : [0,1] → [0,1] is an invertible Lebesgue

measure preserving transformation}.

2. SIM([0,1]Z) (Really only aperiodic SIMS).

The collection of measures µ invariant under

sh : [0,1]Z → [0,1]Z.

(If we fix a homeomorphism T : X → X then the space of T -

invariant measures has the weak* topology.)
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Are these models “equivalent”?

• (Glasner-King) These spaces models are not homeomorphic

but have the same generic dynamical properties.

• (FRW) These two spaces are models that are equivalent.

• Thus the two models are strongly equivalent.

One way that this is relevant: the fact that MPT is a Polish

group means that there are 0-1 laws for category: hence we have

the same 0-1 laws for the SIM’s.
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More examples of models

3. SIM(ΣZ): Shift invariant measures on ΣZ where Σ is a

countable set.

These cannot model periodic transformations, but DO model all

ergodic transformations. Since the ergodic transformations are

a generic dynamical property, this model is interesting.
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Rational SIMS

Basic open sets in ΣZ are determined by s ∈ Σ<∞, we write the

set 〈s〉.

A measure µ ∈ SIM(ΣZ) is called rational iff for all basic open

sets 〈s〉, µ(〈s〉) ∈ Q.

Basic open neighborhoods in the topology on the Q-SIMs are

given by exactly determining the values of finitely many basic

open sets in ΣZ.

This topology is stronger than the weak* topology and with this

topology the Q-SIMs are a meager set in SIM(ΣZ).
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Q-SIM(ΣZ)

Theorem(Foreman-Weiss) The Q-SIM(ΣZ) realize every ergodic

measure preserving transformation (and densely often.)

The proof uses ideas from several fields: Markhov Shifts, Eu-

lerian circuits, Diophantine approximation along with a fusion

argument.
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Examples

1. MPT.

2. SIM([0,1]Z).

3. SIM(ΣZ) where Σ is a countable set.

4. Q-SIM(ΣZ).
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Examples

1. MPT.

2. SIM([0,1]Z).

3. SIM(ΣZ) where Σ is a countable set.

4. Q-SIM(ΣZ).

5. IEω.
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Examples

1. MPT.

2. SIM([0,1]Z).

3. SIM(ΣZ) where Σ is a countable set.

4. Q-SIM(ΣZ).

5. IEω.

6. Q− IEω.

The natural maps from each space into the previous spaces have
meager range! Could they possibly have the same generic dy-
namical properties?
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Obstacle

The ergodic measure preserving transformations are disjoint from

an open dense set in in Q− IEω.

Genericity is different (even for dynamical properties): the reason

is that transformations are not realized densely often.

(This can be made to happen artificially by declaring an orbit to

be OPEN and keeping the topology on MPT Polish.)
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Rudolph’s Thesis

Theorem The following models are all strongly equivalent:

1. MPT.

2. SIM([0,1]Z).

3. SIM(ΣZ) where Σ is a countable set.

4. Q-SIM(ΣZ).

5. IEω.

In fact, with the exception of the Q-IE’s all the “natural” models
we know of are equivalent. The Q-IE’s fail for a “trivial” reason.
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The end
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