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1. (12 points) A mass-spring system is described by the equation

5u′′ + γu′ + ku = F (t).

(a) (4 points) Suppose k = 20. For what value(s) of γ would this system be critically damped?
For what value(s) of γ would this system be underdamped?

(b) (3 points) Suppose γ = 10 and k = 50. What are the quasi-frequency and quasi-period of
this system?

(c) (2 points) True or false: Suppose γ = 8 and k = 3, then there is no solution of the mass-
spring system, regardless of the initial conditions, that will cross the equilibrium position
more than once.

(d) (3 points) Suppose k = 80, F (t) = −9 sin(ωt), and the system’s displacement becomes
unbounded as t→∞. Find the value(s) of γ and ω.
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2. (15 points) Consider the linear equation

y′′′′ + 4y′′′ + 5y′′ = 0.

(a) (5 points) Find its general solution.

(b) (5 points) Given the initial conditions y(0) = 0, y′(0) = 0, y′′(0) = 2, and y′′′(0) = −10,
find the Laplace transform, Y (s), of the unique solution to the initial value problem. You
do not need to find the inverse Laplace transform of this function.

(c) (5 points) Rewrite it into a system of 4 first order linear equations in 4 unknowns.
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3. (15 points) Suppose L{f(t)} =
s2

s4 + 8
, and that f(0) = −1, f(1) = 2, f(2) = 6, f(3) =

1,f ′(0) = 3. Answer each question below. You do not need to simplify your answers.

(a) Determine L{2e10t−4 + e−t f(t)}.

(b) Determine L{f ′′(t)}.

(c) Determine L{t f ′(t)}.

(d) Determine L{−e3tt f(t)}.

(e) Suppose g(t) = L−1{ 1

s2
+ e−sF (s) + 2e−3sF (s)}. Evaluate g(2).
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4. (10 points) Rewrite the following piecewise continuous function f(t) in terms of the unit-step
function. Then find its Laplace transform.

f(t) =

{
4 + t e−2t, 0 ≤ t < 3
t2 − 6t+ 10, 3 ≤ t .
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5. (14 points) Find the inverse Laplace transform of each function given below.

(a) (7 points) F (s) =
s+ 6

s2(s+ 3)2

(b) (7 points) F (s) = e−4s
3s− 11

s2 + 4s+ 20
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6. (14 points) Use the Laplace transform to solve the following initial value problem.

y′′ − 2y′ − 3y = δ(t− 1)− u6(t)e−2(t−6), y(0) = 3, y′(0) = 0.
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7. (10 points) Consider the initial value problem.

x′ =

[
−5 3
−3 1

]
x, x(0) =

[
2
−5

]
.

(a) (6 points) Find the system’s general solution.

(b) (2 points) Solve the initial value problem.

(c) (2 points) Determine lim
t→∞

x(t).
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8. (10 points) Consider the initial value problem.

x′ =

[
1 −2
1 3

]
x, x(1001) =

[
0
2

]
.

(a) (7 points) Find the system’s general solution.

(b) (3 points) Solve the initial value problem.
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f(t) = L−1{F (s)} F (s) = L{f(t)}

1. 1
1

s

2. eat
1

s− a

3. tn, n = positive integer
n!

sn+1

4. tp, p > −1
Γ(p+ 1)

sp+1

5. sin at
a

s2 + a2

6. cos at
s

s2 + a2

7. sinh at
a

s2 − a2

8. cosh at
s

s2 − a2

9. eat sin bt
b

(s− a)2 + b2

10. eat cos bt
s− a

(s− a)2 + b2

11. tneat, n = positive integer
n!

(s− a)n+1

12. uc(t)
e−cs

s

13. uc(t)f(t− c) e−csF (s)

14. ectf(t) F (s− c)

15. f(ct)
1

c
F
(s
c

)
16. (f ∗ g)(t) =

∫ t

0
f(t− τ)g(τ) dτ F (s)G(s)

17. δ(t− c) e−cs

18. f (n)(t) snF (s)− sn−1f(0)− · · · − f (n−1)(0)

19. (−t)nf(t) F (n)(s)


