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MATH 251 EXAMINATION I Form A October 4, 2018

1. (5 points) Which of the two equations below is a third order linear differential equation?

I y′′′ + 2 sin(t)y′′ − ty = t4 + et

II y′′′ − 3y′′ + 2y′ + 5t2 = y − 2
√
t

(a) I only.

(b) II only.

(c) Both I and II.

(d) Neither I nor II.

2. (5 points) Consider the initial value problem

y′ + (t2 − 1)e
1
t y = sec(t), y(0.5) = −0.7.

According to the Existence and Uniqueness Theorem, what is the largest interval in which a
unique solution is guaranteed to exist?

(a) (0, 1)

(b) (0, π2 )

(c) (−1, 1)

(d) (−π
2 ,

π
2 )
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3. (5 points) What is a suitable integrating factor that can be used to solve the linear equation

ty′ + (2t− 1

2
)y = t cos(4t), t > 0?

DO NOT solve this differential equation.

(a) µ(t) =
1√
t
e2t

(b) µ(t) = et
2− t

2

(c) µ(t) = 2
√
t e−2t

(d) µ(t) =
1

2
e2t ln t

4. (5 points) A tank with capacity 800 gal initially contains 400 gal of water with 20 lb of salt
in solution. Water containing 0.5 − 0.3 sin(2t) lb of salt per gallon is entering at a rate of 3
gal/min, and the mixture is allowed to flow out of the tank at a rate of 1 gal/min. Let Q(t)
denote the amount of salt in the tank in time t. Which of the following initial value problems
accurately describes Q(t) for 0 < t < 200?

(a) Q′ +
Q

−2t+ 400
= −1.5 + 0.9 sin(2t), Q(0) = 400.

(b) Q′ +
Q

2t+ 400
= 1.5− 0.9 sin(2t), Q(0) = 400.

(c) Q′ +
Q

−2t+ 400
= −1.5 + 0.9 sin(2t), Q(0) = 20.

(d) Q′ +
Q

2t+ 400
= 1.5− 0.9 sin(2t), Q(0) = 20.
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5. (5 points) Consider the following differential equation:

y′′ + 2y′ + y = 0.

Which of the statements below regarding this equation is FALSE?

(a) For any solutions y1 and y2, their Wronskian must be in the form W (y1, y2)(t) = Ce−2t.

(b)
{

(1 + t)e−t, (1− t)e−t
}

is a set of its fundamental solutions.

(c) Every solution converges to zero as t→∞

(d) There are solutions that can cross y = 0 (the t-axis) two or more times.

6. (5 points) Find the general solution of the fourth order linear equation

y(4) + 2y(3) + 10y′′ = 0.

(a) y(t) = C1 + C2t+ C3e
−t cos(3t) + C4e

−t sin(3t)

(b) y(t) = (C1 + C2t+ C3t
2 + C4t

3)e−3t

(c) y(t) = C1e
t cos(3t) + C2e

t sin(3t) + C3 + C4t

(d) y(t) = (C1 + C2t)e
−t cos(3t) + (C3 + C4t)e

−t sin(3t)
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7. (10 points) Determine whether each of the following statements is TRUE or FALSE. Briefly
justify each of your answers.

(a) Both y′ = t and y′ = y are examples of equations that are both linear and separable.

(b) An exact equation cannot also be a linear equation.

(c) Some autonomous equations y′ = f(y) are also linear equations.

(d) Given that y1 and y2 are both solutions of y′′+ q(t)y = t+ 1. Then y3 = y1− 2y2 satisfies
the equation y′′3 + q(t)y3 + t = −1.

(e) There exists a solution of y′′ + 2y′ + y = t that converges to zero as t→∞
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8. (14 points) Consider the autonomous differential equation

y′ = (y2 − 1)(y2 − 4y + 3).

(a) (2 points) Find all equilibrium solutions of this equation.

(b) (6 points) Classify the stability of each equilibrium solution. Justify your answer.

(c) (2 points) Suppose y1 and y2 are two solutions such that y1(7) = −3 and y2(14) = 3
2 .

What is lim
t→∞

(y1(t) + y2(t))?

(d) (2 points) Suppose y(−2018) = β and lim
t→∞

y(t) = 1. Find all possible values of β.

(e) (2 points) If y(−100) = 3, then what is y(42)? Without solving the equation, briefly
explain your conclusion.
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9. (10 points) Consider the following list of differential equations:

A. u′′ + 4u′ + 2u = 7

B. u′′ − 9u′ = 6 sin 3t

C. u′′ + 3u′ + 4u = 0

D. u′′ + 3u = 2 sin(
√

3t)

E. u′′ + 5u′ + 5u = 0

F. u′′ + 3u′ + 2.25u = 0

G. u′′ + 4u = 2 cos 4t

Each of the equations above may or may not describe the displacement of a mass-spring system.
Each question below has exactly one correct answer. The same equation may be reused to
answer more than one question.

(a) Which equation describes a mass-spring system that is underdamped?

(b) Which equation describes a mass-spring system that is critically damped?

(c) Which equation describes a mass-spring system that is undergoing resonance?

(d) Which equation describes a mass-spring system whose motion always reaches a non-zero
limit as t→∞?

(e) Which equation describes a mass-spring system whose motion is quasi-periodic?
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10. (10 points) Consider the differential equation

4x3y2 − 3yexy +
1

x
+
(
2x4y − 3xexy − 7

)
y′ = 0.

(a) (3 points) Verify that it is an exact equation.

(b) (7 points) Find the solution of this equation satisfying y(1) = 0. You may leave your
answer in an implicit form.
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11. (12 points) Given that y1(t) = (t+2)et and y2(t) = et−2 are both solutions of a certain second
order homogeneous linear equation

y′′ + p(t)y′ + q(t)y = 0.

Answer each question below. State a brief reason that justifies each answer.

(a) (2 points) Show that their Wronskian W (y1, y2)(t) 6= 0.

(b) (2 points) True or false: y1 and y2 form a set of fundamental solutions of this equation.

(c) (2 points) True or false: y3(t) = (t+ 3)et − 2 is also a solution of the equation.

(d) (2 points) True or false: y4(t) = tet + 4 is also a solution of the equation.

(e) (2 points) True or false: y5(t) = (t+ 1)et is also a solution of the equation.

(f) (2 points) Consider now the following nonhomogeneous equation, whose corresponding
homogeneous equation is given above:

y′′ + p(t) y′ + q(t) y = g(t).

Suppose Y = −5 cos(2t) is a known solution of this nonhomogeneous equation, what is its
general solution?
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12. (14 points) Consider the second order nonhomogeneous linear equation

y′′ + 2y′ + 10y = 10t+ 12 + 9e−t.

(a) (3 points) Find yc(t), the solution of its corresponding homogeneous equation.

(b) (7 points) Find a particular function Y (t) that satisfies the equation.

(c) (1 point) Write down the general solution of the equation.

(d) (3 points) What is the form of particular solution Y that you would use to solve the fol-
lowing equation using the Method of Undetermined Coefficients? DO NOT ATTEMPT
TO SOLVE THE COEFFICIENTS.

y′′ + 2y′ + 10y = 5te−t sin(3t).
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