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Abstract— A ‘queued-code’ is a novel channel code, whose
input rate is instantaneously adapted to the channel state
information, assumed to be known to the transmitter. Previously,
a queued-code was demonstrated for i.i.d. block fading channels,
demonstrating significant gains, in terms of error exponent, over
a fixed rate code. This paper demonstrates the performance gain
of the queued-code in the more realistic case of a Finite-State
Markov fading channel. Similar to the block-fading result, the
analysis required combines the concept of random coding bounds
from information theory, and the concept of effective capacity,
arising from large deviation theory analysis of queues. However,
a result on the limiting moment generating function of Markov
chains is the additional tool required for the analysis.

I. I NTRODUCTION

In networking, Quality of Service (QoS) guarantees of
data rate, error rate and delay bound for delay-sensitive
applications have typically been provided by the analysis of
corresponding queuing systems. In [1], a pure queuing model
was considered, assuming ideal rate-adaptive channel codes
achieving the instantaneous Shannon capacity, where the effect
of channel variations on link performance was captured by a
single function called ‘effective capacity’. While the paper suc-
cessfully showed that the effective capacity function provides
an efficient and compact representation of link performance,
the results there will typically be too optimistic for a real
system, which must deal with channel noise, using channel
codes operating below capacity. Thus, in reality, one needs
to consider not only the ideal queuing model (as is common
in networking), but also an explicit physical layer model for
channel coding (requiring information theory).

Therefore, we introduced the concept of a ‘queued-code’
(Figure 1) in [3]. The queued-code is fed by a source of
constant rateµ. The channel is assumed to be time-varying.
The key feature of the queued-code is that its instantaneous
code rateRk is equal to the instantaneous rate of a server
at its input. The server’s rate is decided by the channel
state information (CSI), assumed known by the transmitter.
Now, if the server has a highRk, the encoder must choose
channel codes with large rates, thus clearing the queue quickly,
but resulting in a high decoding error probability. On the
other hand, ifRk is small, the decoding error probability
will be small, but only at the expense of large (potentially
unstable) queuing delays. Thus, there must exist a queued-code
that balances the queuing and the channel coding operations
optimally, resulting in the best possible QoS. In [3], ideasfrom
the fields of queuing theory and communication/information
theory were combined to design such an optimal system. A
block-fading channel model [2] was assumed. Assuming that
the server rate in blockk, Rk = R(gk) is a function of the
instantaneous channel gaingk, it was shown that a queued-
code exists, which achieves an error exponent (with respect

to delay D) that is the minimum of, a) the delay bound
violation exponent of a certain queuing system, and b) the
random coding error exponent of a certain channel coding
system. Since these two exponents represent the large-delay
asymptotic limit of “QoS” in queuing theory and information
theory respectively, the result of that paper had a satisfying
interpretation. A criticism of that paper is the use of the block-
fading channel model, which is not altogether realistic. The
contribution of the present paper is to show that a similar result
as in [3] holds forFinite-State Markov fading channels. i.e.,
the queued-code error exponent is equal to the minimum of
appropriately defined queuing and random coding exponents.

Note that other researchers have considered either the pure
queuing problem [4] or the pure channel coding problem
(see references in [5]), for wireless time-varying channels.
Past research that has considered queuing and channel coding
jointly assumes that the channel code is restricted to a large
block of constant channel gain (so that efficient rate-adaptive
codes can be used) [6]. But the channel codes in this approach
are sub-optimal, in that they span a block whose length is
determined by the coherence timeTc of the channel, rather
than the entire delayD allowed by the application, which
could be substantially larger thanTc. In contrast, our queued-
code spans the entire delayD allowed by the application, as
well as allows rate adaptation within this delay. Interesting
combinations of information theory and queuing for multiple
access was presented in [7]. Several papers have explored
trade-offs between power/throughput and delay [8], [9], [10],
[11]. However, each of these papers assumes that capacity
achieving channel codes can be used; in effect, allowing
coding only within each block of a block-fading channel.

II. PROBLEM FORMULATION

Denote{a0, a1, . . . , ak} by ak
0 and expectation overg by

E
g
[ · ]. We begin by formally describing the queued-code,

shown in Figure 1. The discrete-time memoryless channel
(DMC) model [12] is specified by the conditional probability
distribution p(yk|gk, xk), k = 0, 1, . . ., wherexk, yk are the
channel input symbol and output sample respectively, at time
k, while gk is a channel parameter (e.g., gain) at timek.
gk is assumed known to both, the transmitter and receiver.
In this paper, as opposed to the block-fading model in [3],
we consider the realistic case where{gk} form a Hidden
Markov chain with a finite number of states. i.e.,P (gk

0 |Sk
0 ) =

∏k
i=0 P (gi|Si), where the sequence{Sk} is an irreducible

Markov chain with states inS = {1, 2, . . . , |S|}.
Notice that the transmitter, which consists of a queue+server

followed by an encoder, combines the canonical models of
queuing and information theory. We assume that the server



chooses an ‘instantaneous server capacity’Rk = R(gk) nats,
where R(g) is some function. (In the rest of the paper,
‘optimality’ will refer to this memoryless-server assumption.)
The encoder receives bits from the server at rateRk, encodes
them into a sequence of symbols and transmits the symbols.
We assume a ‘streaming-code’ encoder [13] , since a block-
encoder [12], although simpler, requires additional delayto
buffer the data until a block of data is ready for encoding.
Thus, we assume that bits that depart the server at time
k are immediately encoded into symbolsxk, xk+1, . . .. The
decoder decodes the channel code after buffering the received
yk sufficiently. The system needs to be designed so that the
QoS demanded by the source application is met. We formally
define QoS as follows. The source has a constant rateµ and
a maximum delay bound ofD. Given the channel statistics
and the code, it is required that the probability of error be
as small as possible. The probability of error metric must
capture both; delay bound violations due to queuing, as well
as decoding errors due to channel noise. This will be specified
in the following.

Consider the source bit that arrives at the queue from the
source at timek −Dk. After spending timeDk in the queue,
it departs the server at timek. The encoder encodes the
bit(s) into the code symbolsxk, xk+1, . . .. Since the source
demands a delay bound ofD, the decoder must decode this
bit at time k − Dk + D − 1. Let Perr be the probability of
bit decoding error. Then, a bit decoding error can occur in
two cases; a) the bit spent the entire timeD (or more) in
the queue, and therefore, never got encoded, or b) the bit
was sent within a delay ofD, but was decoded incorrectly.
Thus, Perr captures both, the queuing-theoretic notion of
error (delay-bound violation) and the information-theoretic
notion of decoding error. Therefore, the problem is to design
a queued-code which minimizesPerr for the given µ,D
and channel statistics. Our formulation encompasses a pure
coding framework, which does not allow queuing, by setting
R(g) ≡ µ, and thus, is expected to perform better than the
latter. The main result of this paper appears next.

III. JOINT QUEUING AND CODING
A. Background

The key insight of this paper is as follows. If the encoder
is assumed to use ‘ideal channel’ codes that achieve the
instantaneous capacity, then the recently developed effective
capacity [1] result can be used to calculate thePerr (which
is simply the delay bound violation probability now) in the
asymptotic regime ofD → ∞. Essentially, effective capacity
is a pure queuing (i.e., no coding) large-deviations framework,
which is the channel dual of the notion of effective bandwidth
[4]. To elaborate, for a channel whose instantaneous capacity
at time t is r(t) (recall that capacity-achieving codes are
assumed in a pure queuing approach), it was shown [1] that
if Perr

.
= Pr{D(∞) ≥ D} (i.e., delay boundD violation

probability at steady state), then

lim
D→∞

−1

D
log(Perr) = θq(µ) (1)

where θq(µ) = µα−1(µ) and α−1(·) is the inverse of the
effective capacity function (if it exists),

α(u) = − lim
t→∞

1

ut
log E[e−u

P

t−1

τ=0
r(τ)], ∀ u ≥ 0. (2)
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Fig. 1. A ‘queued-code’

The effective capacity function exists for a wide range of
channel processes; in particular for Markov chains. Interest-
ingly, we will show shortly that the effective capacity function
appears as one of the components of QoS in the queued-code.

On the other hand, if a pure coding approach is considered
(i.e., no queuing, or server rateRk ≡ µ,∀ k), then the random
coding exponent [12] provides a bound onPerr (which is
simply the decoding error probability now). To elaborate, for
a block codeof rateµ and code lengthD/2, the bit decoding
error probability can be bounded as,

Perr ≤ exp(−(D/2)Ec(µ)) (3)

Ec(µ) = max
0≤ρ≤1

E0(ρ, µ) ‘Gallager error exponent’ (4)

For example, for Gaussian noise and codebooks, and with the
assumption of i.i.d. channel gainsgk,

E0(ρ, µ) =− log E
g

exp

{

−ρ

(

log

(

1 +
gP0

1 + ρ

)

− µ

)}

(5)

whereP0 is the ratio of transmit power to noise power. (In
Section III-B, we will modify this result to account for the
Finite-State Markov fading channel, and the use of a ‘stream-
ing code’ instead of the pessimistic block code. Notice how
θq(µ) and Ec(µ) are both exponents that boundPerr, using
two completely different approaches, which apply respectively,
under two different assumptions. Our main contribution is to
show that the optimal queued-code must consider both these
exponents, to obtain the best possible error exponent forPerr.

B. A queued-code exponent

Since we have limited our design to queued-codes which
have a server ‘instantaneous capacity’Rk = R(gk) (i.e.,
memoryless), we need to choose the functionR(g) ≥ 0
correctly. This choice must be made so thatPerr is minimized
for the givenµ,D. We work in the regime of asymptotically
large D, so that large-deviations queuing and information
theoretic coding results can be applied. Thus, we must choose
an R(g) that maximizes the ‘queued-code exponent’θ(µ),
where

lim inf
D→∞

−1

D
log(Perr) = θ(µ). (6)

In order to calculateθ(µ) , we need to analyze the com-
bined queuing and coding system. This analysis is done in
two stages. In stage 1, for afixed decoding delay, analyze
the decoding error probability of the streaming code, which
encodes bits received by the encoder at timek, into symbols
xk, xk+1, . . ., possibly encoding a different number of new
bits in different symbols (as specified by the server capacity
Rk = R(gk)). Note that we use a streaming code, rather
than a block code, to avoid the extra delay in the latter,
whose encoding delay equals decoding delay. If the specified
decoding delay is zero or less, we can upper bound the error
probability by one. In stage 2, we analyze the queuing delay
Dk caused by the queuing system (due to the chosenR(g)),
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Fig. 3. Error exponents versus coherence timeTc

and thus, obtain the decoding delayD −Dk available for the
decoder, for the QoS delay bound to be met. For bits that have
D − Dk ≤ 0, we bound the error probability by one, since
these bits do not even get encoded within the allowed delay
bound. Thus, thebit error probability Perr of the code, fed
by the queue, can be calculated by combining stages 1 and 2.
The analysis results in the following two lemmas.

Lemma 1:For a streaming code with a delay-bound ofD,
and source rateRk = R(gk), the error exponent is given by,

lim inf
D→∞

−1

D
log(Perr) ≥ Ec (7)

whereEc is given by (17). Note that this is the same exponent
as achieved by a block code, whose block length is equal to
D, but without the extra delay ofD required to buffer the
source data prior to encoding.

Proof: The proof follows [12], adapted to the case of
a streaming code, and assuming the specific time-varying
source rate. See Appendix A. The difference from [3] is that a
result on the asymptotic moment generating function (mgf) of
Markov chains is required to handle the Finite-State Markov
fading channel. This is the analysis for stage 1.

Lemma 2:Consider a queued-code (Figure 1), which has
a constant source rateµ, a delay-bound ofD, and which
employs a streaming code. For a Finite-State Markov fading
channel, the error exponent is given by,

lim inf
D→∞

−1

D
log(Perr) ≥ θ∗ (8)

whereθ∗ is given by (29).
Proof: The proof analyzes the queuing delay (stage 2),

and then uses Lemma 1 to analyze the queued-code. See
Appendix B. The difference from [3] is the use of the effective
capacity argument to analyze the queuing delay.
Lemma 2 shows that the optimum error exponent for the
queued-code is given by the minimum of the respective error
exponentsθq(µ) andEc(µ) (see (29)). Thus, the queued-code
must balance the requirements of queuing (choosing large
R(g) so that the queue clears quickly) with the requirements
of the encoder (choosing smallR(g) so that the code is
highly redundant, and therefore, not susceptible to errorsdue
to noise). Thus, the lemma provides a satisfyingly symmetric
result that clearly shows the trade-off between queuing and
coding. In the next section, we show that the queued-code
approach provides a significantly larger error exponentθ∗,
compared to a fixed rate code.

IV. I LLUSTRATIVE RESULTS

We compare the queued-code with a pure queuing sys-
tem (which assumes that the instantaneous capacity can be
achieved) and the pure coding system (which setsR(g) ≡ µ,
indicating the absence of a queue). Since the queuing system
does not use channel coding, if noise is present in the channel,
it will be unable to achieve arbitrarily smallPerr, even at large
D. Therefore, we assume that the only source of error for the
queuing system is delay-bound violation. Consequently, the
error exponentθq(µ) that we obtain for the queuing system
should only be interpreted as an unattainable upper bound on
the maximum possible queued-code exponentθ∗(µ).

Assume a simple Gaussian channel model,yk =
√

gkxk +
nk, where the noisenk is Gaussian with variance one,
and Gaussian codebooks, transmitted at fixed powerP0 per-
symbol, are used. A Gilbert-Elliot channel model [14] is
assumed. This model assumes a 2-state Markov chain{Sk},
with the states labeled{G,B}. We assume that the probability
of state transition isa for both states. Further, we assume that
g = gG andg = gB for theG,B states respectively. We define
coherence timeTc = 1/a, which is the average time before
a state change. A range of (constant) source rateµ, average
signal-to-noise-ratioSNR = P0E[g] and Tc are simulated.
θq(µ), Ec(µ), θ∗(µ) are calculated and shown below. Note that
Perr ≈ exp(−θ · D) holds for each exponent, respectively.

Figures 2 and 3 show that the pure queuing exponent is
an upper bound on both, the queued-code and pure coding
exponents. These figures show that the queued-code provides
a substantial gain over the pure coding system for a wide
range of averageSNR andTc. Figure 2 shows the variation
of error exponents with averageSNR at µ = 1.5 nats/symbol
and transition probabilitya = 0.5. The plot shows that the
pure coding and queued-code systems perform much worse
than the pure queuing system at lowSNR. However, a
practical queuing system will be hard hit by noise at low
SNR. This fact is not reflected in theθq plot, since we
(naively) assume that the pure queuing system achieves the
instantaneous capacity. Figure 3 shows the variation of error
exponents withTc for µ = 1.5 nats/symbol andSNR = 15
dB. The performance of the queued-code is close to that of
the pure queuing system for large values ofTc, since largeTc

allows the code to achieve the instantaneous Shannon capacity.
The performance gain of the queued-code over pure coding
increases withTc, showing that rate adaptation is useful in
slow fading channels.



V. CONCLUSION

This paper presented a joint approach to queuing and chan-
nel coding, by combining ideas from large deviation theory
(effective capacity) and information theory (random coding
bounds), which are applicable in the regime of large delay-
bounds (D → ∞). This approach aims to find the ultimate
(asymptotic) limit of delay-bounded communication, in con-
trast to other approaches, which attempt such a combination
using specific queuing and practical channel coding models,
such as rate-adaptive convolutional coding. A queued-code
was assumed, where the instantaneous channel code rate is
adapted asR(g), a function of current CSI, by the mechanism
of a queue and server. This paper extended the analysis of such
a queued-code in [3], to Finite-State Markov fading channels.
A lower bound on the decay exponent of decoding error
probability was calculated for the queued-code, assuming a
streaming code. Illustrative results show that the queued-code
can provide significantly larger error exponent, over a range
of situations, as compared to the pure coding approach.
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APPENDIX

A. Proof of Lemma 1

Encoding: The source begins transmitting bits at time 0.
We denote the symbol transmitted at timek by xk and the
set of bits that arrive at the encoder over time0, 1, . . . , k as
bk
0 . We assume thatRk = |bk

0 | − |bk−1
0 | is a time-varying

source rate, which depends solely on the current CSIgk as
Rk = R(gk). We consider a streaming code wherexk is
generated based onbk

0 . Specifically, for each sequencebk
0 ,

a symbolxk is chosen according to an arbitrary probability
distributionQ(x), independent ofxk−1, xk−2, . . . , x0. Notice
that two bit streams will have the same code symbols prior to
the time at whichthey first differfrom each other, and will have
independent symbols from that time onwards. The probability
of choosing a particular codewordxk+D−1

0 is,

Q(xk+D−1
0 ) =

k+D−1
∏

i=0

Q(xi). (9)

Decoding: We consider ML decoding, assuming that the
decoder knowsgk

0 at time k. The kth symbol is decoded at
time k + D − 1 (since a delay constraint ofD symbols is
assumed). To decode the symbolxk, all samplesyk+D−1

0 are
utilized. The bit error probabilityPerr is upper-bounded by
the probability that the transmitted messagebk

0 (i.e., any of the
bits up to timek) is decoded incorrectly. We now compute this
message error probability, given that messagem = bk+D−1

0 is
transmitted up to timek+D−1. Notice thatm is assumed to
consist of bits up to timek +D−1, since those time samples
are used for decodingxk. The initial part of the proof broadly
follows [12], except that it is applied to a streaming code rather
than to a block code. Definingg

.
= gk+D−1

0 and state sequence
S

.
= Sk+D−1

0 , the message error probability is bounded as [3],

Pe,m(g,S) ≤
k

∑

p=0

exp{−
k+D−1
∑

i=p

(E(gi) − ρR(gi))} (10)

whereE(gi) depends on the currentP (y|x, gi) as,

E(gi) = − log
[

∑

y

(

∑

x

Q(x)P (y|x, gi)
1/(1+ρ)

)1+ρ]

(11)

Unlike [3], the gi’s are not i.i.d. and hence, the expectation
calculation for (10) is not straightforward. To compute the
expected probability of error, we average overg andS.

Pe,m = E
S
[E
g
[Pe,m(g,S)|S]] (12)

a
=

k
∑

p=0

E
S
[
k+D−1

∏

i=p

E
gi

[ exp{−(E(gi) − ρR(gi))}|Si]] (13)

=
k

∑

p=0

E
S
[
k+D−1

∏

i=p

t(Si)], (14)

where t(Si) is the expectation overgi in (13). (a) holds
because of (10) and becausegi’s are independent, givenS.
The expectation in (14) can be computed using result (36.13)
on characteristic functions in [16], which can be shown to
hold for moment generating functions as well. LetP be the
state transition matrix of a Markov chain{Sk} with Pij =
P (Sk+1 = j|Sk = i), t(j) be an arbitrary function of the
state, and the matrixP ∗ has elementsP ∗

ij
.
= Pijt(j). Then,

the expectation in (14) can be written as
∑β

h=0 Ahλk+D−p
h ,

whereλ0, λ1, . . . , λβ are the eigenvalues of matrixP ∗ with
multiplicitiesm0,m1, . . . ,mβ . Ah is a polynomial ink+D−p
of degreemh − 1. Therefore, the expectation in (14) can
be upper-bounded byc1(k + D − 1)|S|−1(maxh |λh|)k+D−p.
Thus, computing the sum in (14), we boundPerr as,

Perr ≤ c2D
|S|−1 exp{−D · Ec} (15)

lim inf
D→∞

−1

D
log(Perr) ≥ Ec, (16)

where Ec = − log(max
h

|λh|) (17)

wherec2 is a constant and assuming thatEc > 0.

B. Proof of Lemma 2

Let qk be the queue length at timek andDk be the queuing
delay of the bit that departs the server at timek. Since the
source rate is assumed constant,Dk = qk/µ [1]. SinceRk =
R(gk), qk+1 can be expanded as [15],

qk+1 = max(0, µ − Rk+1, 2µ − Rk+1 − Rk,

3µ − Rk+1 − Rk − Rk−1, . . .) (18)

Dk+1 = max(0, ak+1, ak+1 + ak, . . .) (19)

where, ak
.
= 1 − Rk/µ = 1 − R(gk)/µ. (20)

The bit error probabilityPerr can be upper-bounded by the
message error probability, which is bounded as (12),

Perr ≤ E
S
[E
g
[

k
∑

p=0

exp{−
N

∑

i=p

(E(gi) − ρR(gi))}|S]]

a
=

k
∑

p=0

E
S
[E
gk

0

[ E
gN

k+1

[

N
∏

i=k+1

exp{−(E(gi) − ρR(gi))}|gk
0 ,S]

k
∏

i=p

exp{−(E(gi) − ρR(gi))}|Sk
0 ]], (21)



whereN
.
= k + D − Dk − 1. (a) holds because expectation

is a linear operator, and because conditional expectation was
used to separate expectation calculation overgk

0 and gN
k+1.

Note that givengk
0 , Dk has a fixed value. Also, givenS,

gi’s are independent random variables. We now separate the
expectation calculation overSk

0 andSN
k+1 in similar manner,

Perr ≤
k

∑

p=0

E
Sk

0

[E
gk

0

[ E
SN

k+1

[
N
∏

i=k+1

E
gi

[ exp{−(E(gi) − ρR(gi))}|Si]

|gk
0 , Sk

0 ]

k
∏

i=p

exp{−(E(gi) − ρR(gi))}|Sk
0 ]]. (22)

Note that givenSk
0 , gk

0 andSN
k+1 are independent, and hence,

in (22), the order of expectations overgk
0 andSN

k+1 could be
reversed. The expectation overSN

k+1 in (22) is similar to the
one in (14) and it can be represented as [16],

E
SN

k+1

[
N
∏

i=k+1

t(Si)|gk
0 , Sk

0 ] =
∑

h

BhλD−Dk−1
h , (23)

whereBh is a polynomial inD − Dk − 1 of degree at most
|S|−1. Using the same arguments as in Appendix A, the sum
in (23) can be upper bounded bỹc2D

|S|−1 exp{−Ec · (D −
Dk)}, whereEc is defined by (17). We now expandDk using
(19),

exp(DkEc) = exp(Ec · max(0, ak, ak + ak−1, . . .))

≤ 1 +

k
∑

j=0

exp(Ec

j
∑

i=0

ak−i)

Now, substituting forexp(DkEc) in (22), we obtain

Perr ≤ c̃2D
|S|−1 exp{−EcD}

{[

k
∑

p=0

E
Sk

0

[E
gk

0

[
k

∏

i=p

exp{−(E(gi)

−ρR(gi))}|Sk
0 ]]

]

+
[

k
∑

p=0

k
∑

j=0

E
Sk

0

[E
gk

0

[
k

∏

i=p

exp{−(E(gi)

−ρR(gi))}
k

∏

i=k−j

exp{Ecai}|Sk
0 ]]

]}

. (24)

The first summation in (24) converges as long asEc > 0.
The second summation can be broken into three parts, namely
∑k

j=0

∑

p=k−j(·),
∑k

j=0

∑

p>k−j(·) and
∑k

j=0

∑

p<k−j(·).
Of these, the first part can be upper-bounded by

k
∑

j=0

E
Sk

0

[

k
∏

i=k−j

E
gi

[ exp{Ecai}|Si]]=

k
∑

j=0

E
Sk

0

[

k
∏

i=k−j

t̃(Si)] (25)

The expectation in (25) is of the same form as the one in (14),
and so, can be represented as

∑

h Ãhλ̃j+1
h , where{λ̃h} are the

eigenvalues of matrix̃P ∗, where the element̃P ∗
ij = Pij t̃(j).

The Ãh are polynomials of degree at most|S|−1. Therefore,
the sum in (25) converges, as long asmaxh |λ̃h| < 1. It can
be shown that this condition is equivalent toαR(Ec/µ) > µ,
whereαR(u) is the effective capacity function corresponding

to {R(gk)} (i.e., r(τ) = R(gτ ) in (2)). The summation
∑k

j=0

∑

p>k−j(·) converges under the same condition. The
third part can be shown to converge, using an additional result
from [17], which states that the largest eigenvalue of a non-
negative irreducible matrix is a strictly increasing function of
the elements of the matrix. Therefore,Perr in (24) can be
bounded as,

Perr ≤ c5D
|S|−1 exp{−EcD}, (26)

The ‘queued-code exponent’ θ(µ)
.
=

lim infD→∞ − 1
D log Perr > Ec (using (26)). Therefore,

a lower bound on the optimumθ(µ) is obtained by solving
the following optimization problem,

θ∗(µ) = max
R(g)≥0

Ec (27)

s.t. αR(Ec/µ) > µ. (28)

where the max is overρ,R(g), Q(x). Therefore, we require
Ec < µα−1

R (µ)
.
= θq(µ), since αR(u) is a decreasing

function [1]. Since scalingR(g) up strictly increasesθq (to
an arbitrarily large value) while strictly decreasingEc (up to
the lower bound of zero), the optimization problem (27) can
be stated compactly as,

θ∗(µ) = max
R(g)≥0

min{Ec(µ), θq(µ)} (29)

where,Ec(µ) is given by (17), whileθq(µ) = µα−1
R (µ).
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