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Development of a Reduced Order Model for Bi-Component
Granulation Processes via Laguerre Polynomials
Negar Hashemian, Mohammad Ghanaatpishe and Antonios Armaou1
Abstract— This paper presents a model reduction technique
for obtaining low order models of wet granulation processes
suited for model based control. The fluid bed granulation process is extensively employed by the pharmaceutical industry, in
which a binder material is used to create bonds between powder
drug particles and form granules. Performing a population
balance study for these systems results in models that are usually too complex for control applications. The literature offers
various reduced order models that approximate the size distribution dynamics of the process. However, these models either
neglect the binder drops or incorporate simplified granulation
rate expressions that are not realistic. This paper, in contrast,
captures both the size and composition distribution dynamics
of the granules and considers the physical and geometrical
factors in determining the process rate. Using well known model
reduction techniques such as orthogonal projections and the
method of moments, we relate the bivariate particle distribution
function to the dynamics of a finite number of probabilistic
moments of the population. Finally, the accuracy of the model
is demonstrated through comparing its predicted results with
a constant number Monte Carlo simulation of the process.

I. INTRODUCTION
This paper presents a scheme for obtaining reduced order
models describing the population dynamics of particles in
bi-component granulation processes. Wet granulation is a
widely used process in many industrial plants, wherein minuscule powder like particles are conglomerated into larger
granules [1]–[3]. The heterogeneity of powder particles
along with the nonuniformity of the granulation process
necessitates a statistical study of the process. Performing a
population balance study for these granulation systems results in complex mathematical models. However, in order to
reach to a desired output population distribution, application
of model-based closed-loop control techniques is critical,
which in turn necessitates the development of reduced order
models for these processes. This paper addresses this need
by focusing on a bi-component agglomeration process and
employing well known model reduction tools such as method
of moments and orthogonal projection.
The simplest multi-component granulation system conceivable is a two-component one with no chemical reactions.
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Such systems are frequently encountered in pharmaceutical
applications, where through use of an excipient, the particles
in a powdered drug adhere together and form granules [4],
[5]. The excipient is either used just to bulk up the drug
formulation and achieve the desirable dosage or to facilitate
drug absorption. Due to the complexity of the process, the
granulation models should be able to exclusively capture
all the salient dynamics of the process, while they maintain a low order through neglecting the other effects that
are less influential. A population balance analysis for bicomponent granulation systems determines the time dynamics of a bivariate distribution function in form of an IntegroDifferential Equation (IDE). The variables of this distribution
function are the size and composition of the aggregates.
The coagulation kernel which reflects the rate of coagulation is a crucial factor in determining the complexity
of the resulting coagulation model. This kernel function
is also dependent on size and composition and, in the
simplest cases, is assumed to be constant or additive [6].
The analytical solution of the IDE for these simple cases
is available, however, the real coagulation dynamic is much
more complicated. In fact, the coagulation process in the microscopic level consists of two steps: collision and binding.
As a result, the collision probability and the probability of
the particles successfully binding together, namely collision
success factor, are both involved in the determination of
the coagulation rate. In order to simplify the model, some
researchers ignore the collision success factor and assume
the coagulation kernel between any two particles is only a
function of their respective sizes. These works either attempt
to directly find a numerical solution to the IDE [7], or
they employ random sampling methods such as the constant
number Monte Carlo simulation (cNMC) [6], [8]. However,
the role the success factor plays in real coagulation systems
is too important to ignore. In [9], through considering this
factor, Marshall et al. obtain cNMC simulation results that
closely match the experimental results reported in [10].
One alternative solution for analysis of these dispersed
systems is to derive deterministic models that instead of
the microscopic behavior of individual elements focus on
the bulk statistics of the stochastic process under study.
The method of moments is a powerful technique in this
regard. It can be used to transform the IDEs governing
the coagulation processes into a set of ordinary differential
equations (ODEs). Specifically, the direct quadrature method

of moments (DQMOM) is a very efficient technique to
reduce the original model to an ODE set for a single-variable
distribution function [11], [12]. However, Marshall et al.
show this method is not nearly as accurate as cNMC simulation, when the dependency of the kernel function on the
composition of granules is taken into account [13].
Furthermore, Yu et al. employ Taylor expansions to
simplify the results of method of moments and derive a
closed finite-dimensional ODE system that models a singlecomponent coagulation process [14]. The accuracy of the
model improves with increasing the Taylor expansion’s order,
which also equals the number of moments considered in the
model. A recent work by the authors [15] extends the use
of Yu’s model to the bi-component processes. This previous
work, in addition, designs a moving horizon estimator to
obtain the population moments. The estimation is performed
in real time and solely from the information of the total
number of granules. However, the Taylor expansions of
moments cannot be used for problems with a compositiondependent kernel function such as the one used by Liu et al.
in [16].
One common limitation apparent in the existing literature
on reduced order modeling of coagulation processes is their
weakness or total inability in incorporating the collision
success factor in their formulations. Motivated by the need
to address this issue, this paper develops a new model, where
the method of moments is used in conjunction with the
expansion of the bivariate size and composition distribution
function over the set of orthogonal Laguerre polynomials.
This idea has been exploited before to approximate the size
distribution of crystals in a nucleation example [17], [18].
Incorporating the success factor, our model will be shown to
closely approximate the cNMC simulation results.
The remainder of the paper is organized as follows. Section II performs a population balance analysis and explains
the dependence of the coagulation kernel function on the
size and composition of the particles participating in the
process. Next, the two-variable Laguerre polynomials and
their orthogonality properties are introduced and used to
reduce the population balance equation in Section III. Finally,
in Section IV, we give a brief explanation of the cNMC
algorithm and compare its performance with our reduced
order model in a simulation study.

fully characterizes a particle and, for notational convenience,
this characteristic vector is used in the remainder of this
document. Conservation of particle and solute mass leads to
the mass balance formulation given below [9].
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where B is the input flow rate of the binder droplets and
k(r1 , r2 ) denotes the coagulation rate between two particles
of sizes r1 and r2 .
Since the binder mass is less or equal to the particle mass,
we define the distribution function so that its value equals
zero whenever b > p. According to the kinetic theory of
granular flow (KTGF), the agglomeration kernel is given
by [10]
1/3
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where k0 is the coagulation rate constant, ψ12 is the probability of two particles remaining stuck together after a collision,
and x43 is the volume mean diameter of the population (the
ratio of the fourth to the third moment for the dried particles)
normalized by the size of the binder drop.
Three collision scenarios are conceivable depending on
the particles involved: binder-binder, binder-particle, and
particle-particle. Due to the configuration of a Wurster fluidized bed reactor, no coagulation occurs between two binder
drops (i.e. k0 = 0 for binder-binder coagulation) [9]. Also,
the coagulation rate constant between a particle and a pure
binder droplet is 100 times faster than this constant rate
between two arbitrary particles. Moreover, Marshall et al.
fits the above expression to experimental data and reports
the independence of the kernel on x43 , meaning that γ in
Eq. (2) equals zero [9]. Finally, the bonding probability, ψ12 ,
is related to both the geometrical and physical properties of
the two colliding particles and is given by
ψ12 = ψgeom ψphys .

(3)

Physical factor
II. P OPULATION BALANCE AND M ODEL F ORMULATION
In this process, the binder, as a liquid adhesive substance
causes the particles to glue together and form larger aggregates. With the continuation of the process and continuous
injection of the binder to the mixture, the aggregates keep
growing in size. Each particle is composed of active drug
particles and the inactive binder (excipient) substance. The
total mass of a particle is denoted by p, and b represents the
mass of the binder content in the particle.
The probability distribution function, f (p, b), describes
the population distribution of the particles in the mixture
as a function of their mass and binder content. We define
r(p, b) as the particle characteristic size vector. This vector

The dimensionless Stokes number is used to quantify the
behavior of the particles suspending in the tank [16] and is
defined as follows:
St =

4 ρu0 d1 d2 (d1 + d2 )2
9 µ
(d31 + d32 )

(4)

where d1 , d2 are the colliding particles’ diameters, u0 is the
collision velocity, and ρ and µ are the drug powder density
and the binder viscosity, respectively. The collision between
two particles is successful when the Stokes number calculated for the pair is below a critical value, St∗ . Therefore,
ψ12 is defined as a switching function of the Stokes number
which returns one when the Stokes number of colliding

particles is less than or equal to St∗ and is otherwise zero.
The critical Stokes value is defined as follows [9].
λ12
ha

St∗ = 2 ln

(5)

where ha is the asperity (roughness) of the primary particle
surface given in Table II, and λ12 is the binder layer thickness
obtained from:
1/3

λ12 = rg (φ1

1/3

+ φ2 ).

(6)

approximating the bivariate population distribution functions
using 2D Laguerre polynomials.
The nth order Laguerre polynomial is defined as:
 
n
X
n
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z
(8)
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i
i=0
The gamma distribution is used in the construction of these
orthogonal polynomials and its probability density function
is given as follows

In the above equation, rg is the mean radius of gyration and
is assumed to have a constant value equal to 60µm, and
φi = exp (f (yi − g)), i = 1, 2
where yi is the ratio of the binder mass to the total mass
of the ith −particle, and f and g are empirical correlation
parameters from [10] and their values for a specific excipient,
Avicel, are given in Table I.
Geometry factor
The second influential factor for a successful collision
resulting in agglomeration is the geometrical success factor.
This factor relates the coagulation rate to the amount of
accessible binder on the particle surface, surface roughness,
and wettability of the powder and is given as:
ψgeom = 1 − (1 − η1 )(1 − η2 )
where
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f (p, b) =

1
, i = 1, 2
ηi =
1 + exp(−b(yi − c))

Parameter

Value

b

35.1

c

0.129

f

25.9

g

0.327

ha [µ m]

6.3

k0 [m3 /s]

2.510−14

The previous section showed that an IDE governs the evolution of the particle population distribution in a coagulation
process. The objective of this section is to obtain a finite
order set of ODEs, whose solution approximates the evolutions of the particle population distribution. The moments
of the distribution function constitute the variables of this
ODE system. The first step in reducing the governing IDE
to this ODE set of finite order is to expand the population
distribution function on the basis of Laguerre polynomials.
Hulburt et al. exploit this reduction technique for a monocomponent coagulation process [17]. We build on and extend
their work by considering the addition of a binder and

(10)

where λ, γ, c and d are the parameters of the Laguerre
polynomials and required to be positive. Note that in our
coagulation system, all the particles have a mass that is
strictly positive (p > 0), however there may exist particles
with no binder content (b = 0). By requiring that γ = 1, we
allow for the existence of such particles.
The orthogonality of the expansion terms with respect to
a 2D gamma distribution is observed from the following
equation:
Z∞ Z∞
0

III. M ODEL R EDUCTION U SING L AGUERRE
P OLYNOMIALS

(9)

The support for the gamma distribution is limited to positive
numbers. This makes these polynomials the preferred choice
of basis for the expansion of the particle
R ∞ population distribution function. Defining L2w = {f : 0 f (x)2 w(x)dx < ∞},
Szego proves that any f ∈ L2w converges to its Laguerre
series in the L2w −sense [19]. It is straight forward to use the
Hölder’s inequality and show that any probability density
function is of L2w class and is convergent to its expansion.
Let the particle population distribution function be expanded using the generalized Laguerre polynomials as follows

(7)

TABLE I: Parameters for Avicel
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z
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In order to obtain the coefficients κn,m and relate them
to the moments of the distribution function, we use the
following definition:
Z∞ Z∞
hA(p, b)i =

A(p, b)f (p, b)dpdb.
0

(12)
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γ γb
Now, we calculate the expression hLλn ( λp
c )Lm ( d )i in two
different ways. First, we directly substitute the definition
of Laguerre polynomials and the distribution function of

Eq. (10) into Eq. (12). Then, using orthogonality properties
described by Eq. (11), we obtain:
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For instance, M00 , M10 , and M01 represent the total number
of particles, the total mass, and the total solute mass in the
volume unit, respectively. Now, we recalculate the left hand
side of Eq. (13), but this time the integrand is now expressed
in terms of the mixed moments using Eq. (14).
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Comparing Eq. (13) and Eq. (15), κn,m is given by:
Pn Pm 0 λ
0γ
i=0
j=0 l n,i (c)l m,j (d)Mn−i,m−j
κn,m =
n! m!

0

where r is the characteristic size vector, A(r) := pi sj and
u̇i,j is the ij mixed moment of the input binder flow. Eq. (17)
resembles the result obtained in [6] for the batch processes,
but is modified to account for the continuous input flow of
the binder.
For a general distribution function, in theory, all the
moments are required for reconstruction of the particle
population. However, for practicality issues, we limit our
attention to only a finite set of the population moments
defined as follows
M = {Mi,j |i, j ∈ {0, 1, ..., m − 1}}
As a result, the reduced model consists of m2 state variables.
It is obvious that by increasing the number of the moment
states, the distribution function approximation becomes more
accurate. Also, in the calculation of the time derivative of
Mij and for general coagulation kernels, the right-hand side
of Eq. (17) needs to be numerically integrated over an
unbounded four dimensional polyhedron. In practice there is
an upper bound on the total mass and the binder mass of the
particles in the system. This upper bound generally depends
on the duration and the initial population distribution of the
coagulation process as well as the rate and size distribution
with which the binder material is injected to the system.
The next section utilizes a cNMC simulation as the benchmark solution to model a coagulation process. It then obtains
the evolutions of the distribution moments for the benchmark
and compares it with the results predicted by the reduced
order model obtained in this section.
IV. R ESULTS AND D ISCUSSION

(16)
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λ
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The second approach is to use the definition of the population distribution function’s mixed moments given by the
following equation:
Z ∞Z p
pi sj f (p, s) dpds.
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So far, we have established a linear relationship between
the population distribution function and its probabilistic moments. The rest of this section utilizes this expression of the
distribution function to reduce the coagulation model. More
specifically, through the application of method of moments to
Eq. (1), we derive an ODE system describing the dynamics
of the population’s statistical moments.
To obtain the rate of change of Mij , i, j ∈ Z + , Eq. (1)
is multiplied by pi sj and then integrated over the region
specified by the definition of moments in Eq. (14). After
some simplifications we obtain the following expression

This section investigates the size and composition evolutions of Avicel particles in a Wurster fluid bed granulator.
This process is simulated first using the stochastic cNMC
algorithm as the benchmark solution. From the resulting
distribution function, the population moments are then calculated. The section next simulates the reduced order model
developed in the last section and predicts the evolutions of
the population moments. Finally, the predicted moment trajectories are compared against the results of the benchmark
solution.
Constant-Number Monte Carlo Algorithm
Matsoukas et al. proposes this specialized Monte Carlo
simulation technique for agglomeration processes [9]. This
method considers a simulation box containing a constant
number of particles denoted by N. Each of the particles
in the mixture is characterized by a size vector r. At each
time step, first, the probability of two disjoint events are

calculated, namely agglomeration and binder injection. Then,
using a random number drawn from the standard uniform
distribution, we determine which of these two events is to
occur until the next time step.
In case the agglomeration event is selected, first the
maximum and average of the kernel functions over all
possible pairs of particles are calculated. We denote these
two numbers by kmax and kave , respectively. The next
step is to randomly pick two particles with indices i, j and
evaluate their coagulation kernel kij . The ratio of kij to
kmax shows the agglomeration probability of the selected
pair of particles. A random number ρ is then drawn from the
standard uniform distribution. The candidate pair is accepted
when the calculated coagulation probability is greater than
ρ. In order to systematically update the population with the
accepted pair, we reassign the properties of the ith particle
with ri + rj .
Because after an agglomeration event the number of the
particles in the box decreases, next we need to introduce a
new particle into the simulation box. To this purpose, we
randomly select an existing particle in the box and use its
properties to redefine the j th particle. This addition of a new
particle affects the total volume of the box in the following
manner:
ptotal
V →V
(18)
ptotal + pj
where ptotal is the total mass of the particles before the
update, and pj is the total mass of the new j th particle after
the update.
In case of the binder injection event, a predetermined
number of binder droplets are introduced to the simulation
box. In order to maintain the constant number of particles in
the box, we randomly choose and remove the same number
of existing particles from the simulation box. This event also
affects the simulation box volume as follows.
ptotal + pb − pi
V →V
ptotal + pb

(19)

where pb and pi are the mass of the injected binder drops
and deleted particles, respectively.
Matsoukas et al. then determine the mean time elapsed before the occurrence of next random event from the following
expression.
1
P
(20)
∆t =
V (rb + ri,j )
where V is the volume of the simulation box and rb and
ri,j are the rate of the binder injection and agglomeration
between particle i and j, respectively (see reference [9] for
more details).
Fig. 1 presents the results of the cNMC simulation using
the parameters given in Table II. Moreover, the simulation
box consists of 10000 particles in. Initially, all the Avicel
particles in the tank are assumed to be dry and have an equal
diameters of 100.4µm. Also, we assume there are initially
4.5 × 102 binder drops in the tank.

TABLE II: Simulation parameters adopted from [9].
Variable

Notation

Value

Unit

binder droplet diameter

db

60

µm

Particle density

ρ

1021

kg/m3

Binder viscosity

µ

0.762

kg/(ms)

Velocity of particle collision

u0

5.5

m/s

Reactor Volume

VR

0.01

m3

Initial particle concentration

C0

3.301010

1/m3

Q̇

1.485106

1/s

Binder flow rate

Reduced order model
Section III showed that the Laguerre expansion of the
population distribution function is a linear function of the
mixed moments. When this expression of the distribution
function is substituted in the right hand side of Eq. (17) and
after the integrations are carried out, it ultimately becomes a
second order function of the population moments. In order
to calculate the coefficients of these quadratic terms, we
used as the upper bound of the integrals, the maximum
particle size and binder content obtained from the cNMC
simulation. These values are reported in Table III. Also,
this table shows the constant integration increments. To
simplify the calculations, we consider only the first nine
moments describing the distribution function. In practice, we
have to calculate a quadruple integral. To further reduce the
computations, we take advantage of the symmetry of the
problem to rewrite Eq. (17) as:
Z rmax Z r0 =r
d[Mij ]
= u̇i,j +
drdr0 α(r, r0 )
(21)
dt
0
0
where α = [A(r + r0 ) − A(r) − A(r0 )]f (r)f (r0 )k(r, r0 ).
Fig. 1 depicts the trajectories of the selected population
moments obtained from the reduced order model, and compares the against the cNMC simulation results. As is clear
from this figure, the two sets of the results are in agreement.
The total number of the particles per volume, M00 , initially
increases due to the entrance of a huge number of binder
droplets to the tank. Eventually, the droplets cause many
coagulation events and consequently the number of particles
starts decreasing. The approximation of the total and the
binder mass of the particles (i.e., M10 , M01 ) are observed
to be exact. These two trajectories are straight lines with a
constant slope equal to the binder’s mass flow rate into the
tank. With the continually growing size of the aggregates, the
higher order moments also monotonically increase during the
simulation. The simplicity and performance of the reduced
order model proposed in this paper suggests that it can be
further used in estimation and control applications.
V. C ONCLUSIONS
In this paper, we developed a reduced order model for wet
granulation processes through use of method of moments and
Laguerre expansions. Granulation phenomenon is a complex
stochastic process in nature, necessitating model reduction
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Fig. 1: Moment trajectories; black line represents the reduced
order model and gray represents cNMC simulation.
TABLE III: Parameters for the reduced model
Parameter

Value

Parameter

Value

c

10−9

pmax

10−8

d

10−9

bmax

4 × 10−9

γ

0.2

∆p

5 × 10−10

λ

1

∆b

2−10

techniques for process control applications. The model presented in this paper is the first deterministic reduced order
model to use realistic coagulation rate expressions and successfully capture the evolutions of both the particle size and
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