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1. The Schwarzian derivative

The main character of the present note is the Schwarzian derivative, and we start with
a brief reminder of its definition and main properties.

Let f : RP1 → RP1 be a projective line diffeomorphism. For every point x ∈ RP1

there exists a unique projective transformation gx : RP1 → RP1 whose 2-jet at x coincides
with that of f . The Schwarzian derivative S(f) measures the deviation of the 3-jet j3f
from j3gx.

More specifically, let x ∈ RP1 and v be a tangent vector to RP1 at x. Extend v to
a vector field in a vicinity of x and denote by φt the corresponding local one-parameter
group of diffeomorphisms.

Consider 4 points:

x, x1 = φε(x), x2 = φ2ε(x), x3 = φ3ε(x)

(ε is small) and compare their cross-ratio with that of their images under f . It turns out
that the cross-ratio does not change in the first order in ε:

[f(x), f(x1), f(x2), f(x3)] = [x, x1, x2, x3] + ε2S(f)(x) + O(ε3).

The ε2–coefficient depends on the diffeomorphism f , the point x and the tangent vector v
(but not on its extension to a vector field); it is a quadratic function in v. That is to say,
S(f), the Schwarzian derivative of a diffeomorphism f , is a quadratic differential on RP1.

By the very construction S(g) = 0 if g is a projective transformation, and S(g ◦ f) =
S(f) if g is a projective transformation and f is an arbitrary diffeomorphism.

Choose a projective coordinate x ∈ R1 ∪ {∞} = RP1. Then a diffeomorphism can
be considered as a function of x, and the projective transformations are identified with
fraction-linear functions. The Schwarzian derivative is given by the formula

S(f) =
f ′′′

f ′
−

3

2

(f ′′

f ′

)2

.

The Schwarzian derivative enjoys the following cocycle property:

S(g ◦ f) = S(g)(f ′)2 + S(f),

which means that S is a 1-cocycle of the group of the projective line diffeomorphisms with
the values in quadratic differentials.
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Let α be another parameter on RP1, that is, x = g(α) for some function g, and let
f : RP1 → RP1 be a diffeomorphism. The Schwarzian derivative of f is given, in terms
of α, by the formula S(g ◦ f)− S(g) where, as before,

S(h) =
h′′′

h′
−

3

2

(h′′

h′

)2

,

and where prime means now d/dα. By the cocycle property,

S(g ◦ f)− S(g) = ((f ′)2 − 1)S(g) + S(f).

A particular case of interest is x = tan(α/2) where α ∈ T1 = R/2πZ is an angle parameter.
Then S(g) = 1/2 and the formula for the Schwarzian derivative reads:

S(f) =
f ′′′

f ′
−

3

2

(f ′′

f ′

)2

+
1

2

(

(f ′)2 − 1
)

.

2. Theorem on zeroes of the Schwarzian derivative

Recently E. Ghys discovered a beautiful theorem ([Gh]; see also [O-T]):

Theorem 2.1. The Schwarzian derivative of every projective line diffeomorphism has at
least 4 distinct zeroes.

The proof outlined by Ghys is based on the similarity with the classical 4 vertex
theorem:

Theorem 2.2.

A smooth closed convex plane curve has at least 4 distinct vertices (curvature ex-
trema).

The latter theorem has the following refinement (see [Bl]):

Theorem 2.3. If a smooth closed convex plane curve transversally intersects a circle in
N points then it has at least N distinct vertices (N is even).

The analogy between zeroes of the Schwarzian derivative and curvature extrema sug-
gests a refinement of the Ghys theorem. Call a fixed points x of a projective line diffeo-
morphism f simple if the graph of f transversally intersects the diagonal at point (x, x)
and S(f)(x) 6= 0. A generic diffeomorhism has only simple fixed points. The next theorem
is the main observation of the present note.

Theorem 2.4. If a projective line diffeomorphism has N fixed points of which at least
one is simple then its Schwarzian derivative has at least N distinct zeroes.

Notice that the number of fixed points of a projective line diffeomorphism, counted
with multiplicities, is even.

Theorem 2.4 implies the existence of 4 zeroes of the Schwarzian derivative. Given
a diffeomorphism f pick 3 generic points x1, x2, x3 ∈ RP1, and let g be the projective
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transformation that takes each xi to f(xi); i = 1, 2, 3. Then g−1 ◦f has 3 fixed points. The
number of fixed points being even, there exists a fourth one. By Theorem 2.4 S(g−1 ◦ f)
has at least 4 zeroes, and so does S(f) = S(g−1 ◦ f).

3. Proof of Theorem 2.4

The proof is elementary in that it boils down to a (somewhat messy) successive ap-
plication of Rolle’s theorem.

We assume that f is orientation–preserving; otherwise f has exactly 2 fixed points
and the assertion of Theorem 2.4 is weaker than that of Theorem 2.1.

Without loss of generality, assume that ∞ ∈ RP1 is a simple fixed point. The graph
G of f(x) is a smooth curve with everywhere positive slope that intersects the diagonal at
(N − 1) points.

The following identity is straightforward:

((f ′)−1/2)′′ = −
1

2
(f ′)−1/2S(f).

Thus one wants to show that ((f ′)−1/2)′′ has N zeroes.
Rolle’s theorem provides quite a few. Between every two consecutive intersections of

G with the diagonal there is a point at which f ′ = 1. Hence (f ′)−1/2 assumes the value
1 at least (N − 2) times, and therefore ((f ′)−1/2)′′ vanishes at least (N − 4) times. To
account for the missing 4 zeroes we analyse the behaviour of f at infinity.

Let t = 1/x be a local parameter at ∞; set g(t) = 1/f(1/t). Then g(0) = 0; consider
the Taylor expansion

g(t) = pt + qt2 + rt3 + O(t4).

Since ∞ is a simple fixed point, p 6= 1 and S(g)(0) 6= 0. It is straightforward that
S(g)(0) = 6(pr − q2)/p2; thus pr − q2 6= 0.

One obtains the expansion of f at ∞:

f(x) = 1/g(1/x) = ux + v + w
1

x
+ O

( 1

x2

)

where u = 1/p, v = −q/p2 and w = (q2 − pr)/p3. Thus u 6= 1, w 6= 0 and G has the
asymptotic line y = ux + v – see fig. 1.

Without loss of generality, assume that u > 1; otherwise consider f−1 instead of f .
Let a and b be the x-coordinates of the left and rightmost intersection points of G with
the diagonal.

Case 1: w < 0 (fig. 1 a).
By the Taylor expansion of f at infinity, f ′(x) > u, and so f ′(x)−1/2 < u−1/2, for

sufficiently great |x|. Consider the graph G′ of f ′(x)−1/2.
By Rolle’s theorem G′ intersects the line y = 1 at least (N−2) times, and this provides

(N − 3) extrema of (f ′)−1/2. Also G′ lies below the line y = u−1/2 for sufficiently great
|x|, therefore (f ′)−1/2 has a local minimum to the right of the rightmost intersection of
G′ with y = 1 and to the left of the leftmost such intersection – see fig. 2 a. The points
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x = +∞ and x = −∞ also qualify as extrema of (f ′)−1/2. Altogether (f ′)−1/2 has (N +1)
critical points, and by Rolle’s theorem ((f ′)−1/2)′′ has N zeroes.

Case 2: w > 0 (fig. 1 b).
In this case f ′(x) < u, and so f ′(x)−1/2 > u−1/2, for sufficiently great |x|. Either

a < v/(1 − u) or b > v/(1 − u) (or both). Consider the former case, the latter being
completely analogous.

For x sufficiently close to −∞ the graph G lies below the asymptotic line y = ux + v.
Therefore G must intersect the asymptotic line to the left of the vertical line x = a. By
Rolle’s theorem there exists c < a such that f ′(c) = u, and so f ′(c)−1/2 = u−1/2 – see fig.
2 b.

We do a similar bookkeeping of critical points of (f ′)−1/2. The graph G′ intersects
the line y = 1 at least (N − 2) times on the interval a ≤ x ≤ b; let d be the x-coordinate
of the leftmost such intersection. By Rolle’s theorem (f ′)−1/2 has (N − 3) critical points
on the interval [d, b].

In addition (f ′)−1/2 has a local maximum on the interval (−∞, c) and a local minimum
on the interval [c, d). The points ±∞ are critical points of (f ′)−1/2 as well. Altogether
(f ′)−1/2 has (N + 1) extrema, thus ((f ′)−1/2)′′ has N zeroes.

4. Infinitesimal version of Theorem 2.4

Let α be the angle parameter on RP1 introduced at the end of Section 1. Consider a
diffeomorphism close to identity: f(α) = α + εg(α) where g is a 2π-periodic function and
ε is small. Then, according to the last formula of Section 1,

S(f) = ε (g′′′ + g′) + O(ε2).

Thus the differential operator (d/dα)3 +(d/dα) is a linearization of the Schwarzian deriva-
tive.

Fixed points of f are zeroes of g, and zeroes of S(f) are, in the first approximation,
zeroes of g′′′ + g′.

Let g(α) = 0. Call α a nondegenerate zero if g′(α) 6= 0 and g′′′(α) + g′(α) 6= 0. The
next statement is an infinitesimal version of Theorem 2.4.

Theorem 4.1. If a smooth function g on the circle T1 has N zeroes of which at least one
is nondegenerate then g′′′ + g′ has at least N distinct zeroes.

We only outline the proof. Consider g as a function of x = tan(α/2). Make use of the
following identity between differential operators:

( d

dα

)3

+
( d

dα

)

=
1

8
(1 + x2)2

( d

dx

)3

(1 + x2).

Thus one wants to show that ((1 + x2)g(x))′′′ has N zeroes. Assume that π is a simple
zero of g(α). One shows that an expansion at infinity holds:

(x2 + 1)g(x) = ux + v + w
1

x
+ O

( 1

x2

)

.
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where u 6= 0 and w 6= 0. Therefore the graph of (1 + x2)g(x) has an asymptotic line and
intersects the x-axis (N − 1) times.

The rest of the argument repeats the proof of Theorem 1 and we do not dwell on it.

Remark. (d/dα)3 + (d/dα) is a disconjugate differential operator on the circle. For
an operator of odd degree k this means that every function in its kernel is 2π-periodic and
has at most (k− 1) zeroes on T1, multipliciites counted. Could Theorem 2 be generalized
to other disconjugate operators? For a disconjugate differential operator L of degree k on
an interval I the following holds: if f has N zeroes on I then L(f) has at least N − k
zeroes on I (see [Po]). The proof consists in factorizing L into a product

v0(x)
d

dx
v1(x)

d

dx
v2(x)...vk−1(x)

d

dx
vk(x),

where each function vi(x) is positive on I, and successively applying Rolle’s theorem. Such
a factorization is not available on the circle.

5. Application to vertices of plane curves

The relation between Theorems 2.4 and 4.1 is another manifestation of the relation
between zeroes of the Schwarzian derivative and curvature extrema of plane curves. We
show here that Theorem 4.1 implies Theorem 2.3.

Let C be the circle that transversely intersects a smooth convex closed plane curve γ
at N points. Denote by O the center and by r the radius of C. Let f(α) be the support

function of γ, that is, the (signed) distance from O to an oriented tangent line to γ as a
function of the direction of this line.

Support functions of circles are linear combinations of first harmonics: a + b cosα +
c sin α. These functions generate the kernel of the differential operator (d/dα)3 + (d/dα).
A vertex of a curve is its third order tangency with a circle. Therefore vertices of γ are
zeroes of the function f ′′′(α) + f ′(α).

Lemma 5.1. There exists at least N common support lines to γ and C.

Proof. Consider an arc δ of the curve that lies outside C and is bounded by two
consecutive intersection points x, y ∈ γ ∩ C – see fig.3. There are at least N/2 such arcs.

The distance function from O assumes maximum on δ at some point z. The support
line to γ at z does not intersect C, while the support line at x does. It follows that there
is a point on the arc xz such that the support line at this point is tangent to C. Likewise
such a point exists on the arc yz. Altogether one gets 2 ·N/2 = N common support lines.

Lemma 5.1 implies that the function f(α) assumes the value r at least N times, so
the function g(α) = f(α)− r has N zeroes. Making a small perturbation of the circle C, if
necessary, one may assume that these zeroes are nondegenerate. By Theorem 4.1 g ′′′ + g′

nas N zeroes, and so does f ′′′ + f ′. Thus γ has at least N vertices.
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6. Lorentz caustics and wave fronts

According to E. Ghys ([Gh]), the theorem on 4 zeroes of the Schwarzian derivative is

a 4-vertex theorem in Lorentzian geometry. In this last section we discuss this viewpoint.
As before, G denotes the graph of an orientation-preserving projective line diffeo-

morphism f(x). The graphs of (orientation-preserving) fraction-linear functions are either
straight lines or hyperbolas (x− a)(y− b) = −s2; in the latter case |s| is called the radius

of the hyperbola. Abusing the language we will call these curves simply ”hyperbolas”.
For every point of G there exists a unique hyperbola second order tangent to G at this

point; call it the osculating hyperbola. Zeroes of S(f) are moments of third order tangency
between G and its osculating hyperbola.

Following Ghys, introduce the Lorentz metric g = dx dy in the (x, y) plane. Hyper-
bolas are circles in this metric. The graph G is a space-like curve. All geometrical terms
such as ”length”, ”orthogonality”, etc, refer to the metric g. Let J be the linear operator
(x, y) → (−x, y). Then J(v) is orthogonal to v, and g(J(u), J(v)) = −g(u, v) for every
vectors u and v.

Let t be a (Lorentz) arc-length parameter along G. Denote d/dt by dot and d/dx by
prime. One easily finds that

G̈(t) =
1

2
f ′′(x(t)) f ′(x(t))−3/2 J(Ġ(t)).

Call the coefficient k = f ′′(f ′)−3/2/2 the (Lorentz) curvature of G. Then k̇ = (f ′)−1/2S(f)
(the observation due to L. Guieu and V. Ovsienko). Thus curvature extrema are zeroes of
the Schwarzian derivative.

Definition. The envelope Γ of g-orthogonal lines to G is called its Lorentz caustic.

Note that Γ is a time-like curve. Note also that at inflection points of G the caustic
goes to infinity. If G is the graph of a projective line diffeomorphism with a fixed point at
infinity then, according to the Moebius theorem, G has at least 3 inflections.

Definition. A wave front of G is obtained by moving every point x ∈ G the same
distance in the direction g-orthogonal to G at x.

If G(t) is an arc-length parameterized curve then its s-front is the curve

Gs(t) = G(t)− s J(Ġ(t)).

Example. Let G be the upper branch of the hyperbola xy = −s2, s > 0. The
arc-length parameterization is

G(t) = (−e−t/s, s2 et/s).

The curvature is constant: k = 1/s (and k = −1/s on the lower branch of the same
hyperbola). The acceleration vector G̈(t) is collinear to G(t) for all t, so all normals pass
through the origin. The caustic degenerates to a point, the center of the hyperbola. The
wave fronts are concentric hyperbolas, and in particular, Gs degenerates to the center of
the original hyperbola G.

Lorentz caustics and fronts enjoy the familiar properties of their Euclidean counter-
parts. We summarize them in the next theorem.
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Theorem 6.1. a). The Lorentz caustic Γ of a curve G is the locus of its osculating
hyperbolas’ centers. Γ is also the locus of th singularities of the fronts Gs.
b). Singularities of Γ correspond to curvature extrema of G. If G is the graph of a
projective line diffeomorphism f then singularities of Γ correspond to zeroes of S(f).
c). (Huygens’ Principle). The front Gs is the envelope of the hyperbolas of radii s with
the centers at points of G. The caustic of each front Gs coincides with the caustic of G.
The fronts enjoy the evolution property: the s-front of the t-front of G coincides with the
(s + t)-front Gs+t.
d). Each front Gs is the locus of free ends of a stretched string of constant Lorentz length
unwinding from Γ.

Proof. To prove the assertions a) and b) approximate G by its osculating hyperbolas
and use the properties of hyperbolas described in the Example.

To prove c) consider 3-dimensional contact space of space-like contact elements in the
Lorentz plane with coordinates (x, y, u) and the contact 1-form λ = (eu dx− e−u dy)/2. A
space-like curve in the (x, y) plane lifts to contact space as a Legendrian curve satisfying
2u = log (dy/dx).

Let ξ = e−u d/dx − eu d/dy be the Reeb vector field, that is, λ(ξ) = 1 and iξdλ =
0. The flow of ξ parallel translates a contact element with a constant velocity in the
direction of its Lorentz normal. Denote by {φs} the corresponding 1-parameter group of
diffeomorphisms. Each φs preserves the contact structure (and even the contact form).

The s-front of a curve G is obtained as follows: lift G to contact space, apply φs to
the lifted curve and project back to the plane. The evolution property follows. It follows
also that all the fronts have the same family of orthogonal lines, therefore they share the
same caustic.

To prove that the front Gs is the envelope of the hyperbolas of radii s centered at
points of G, consider a point x ∈ G. Its lift to contact space is the curve γ of all space-like
contact elements with the base-point x. The lift G̃ of G intersects γ, so φs(G̃) intersects
φs(γ). The projection of φs(γ) to the plane is the hyperbola of radius s with the center at
x. Since φs(G̃) intersects φs(γ) this hyperbola is tangent to Gs.

To prove d) let t be the arc-length parameter along Γ, i.e., g(Γ̇(t), Γ̇(t)) = −1. Then
Γ̈(t) is orthogonal to Γ̇(t). The free end of a string unwinding from Γ is the point

X(t) = Γ(t) + (c− t)Γ̇(t)

where c is a constant, ”length of the string”. Then Ẋ(t) = (c− t)Γ̈(t), which is orthogonal
to Γ̇(t). Therefore the normals to the curve X are tangent to Γ, that is, X is a front of G.

Remark. The above contact space is contactomorphic to the standard contact space
of 1-jets J1R1; indeed λ = dq − pdu where p = eux + e−uy and q = eux− e−uy.
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7. Appendix: Barner’s theorem with applications

After the completion of the present paper G. Thorbergsson attracted my attention to
the paper by M. Barner [Ba]. The main result of this paper implies Theorem 2.4, answers
in the affirmative the question asked in Remark in Section 4 and provides alternative proofs
of some results on flattening points of space curves obtained in [A 1]. Since the paper [Ba]
is not sufficiently well known and the journal, in which it was published, is not easily
accessible, I reproduce it’s main theorem with a (somewhat shortened) proof and discuss
some applications here.

Definition. A curve γ ⊂ RPn is called strictly convex if for every (n − 1)-tuple
of points of γ there exists a hyperplane through these points that does not intersect γ
anymore.

Remarks. 1). This definition does not exclude infinitely close points. In particular,
for every point x ∈ γ there exists a hyperplane through x that contains the osculating
codimension 2 space of γ at x and does not intersect the curve anymore.

2). A closed strictly convex curve is contractible if n is odd and noncontractible if n
is even.

3). The following definition is given in [A 1]: a curve γ ⊂ RPn is called convex if every
hyperplane intersects γ at at most n points, multiplicities counted. The relation between
these two notions of convexity is as follows: a curve in RPn, whose projection to RPn−1

from a point convex, is strictly convex.

Definition. An inflection (or flattening) point of a space curve is a stationary point
of the osculating hyperplane.

Theorem 7.1. If a strictly convex closed curve γ ⊂ RPn transversely intersects a hyper-
plane in k points then it has at least k distinct inflections.

Proof. Induction in n. The case of n = 1 is the following statement: if γ is a curve
in RP1 that does not pass through some point and passes through another point k times
then γ has k singularities. This follows from the Rolle theorem.

Consider the induction step from n− 1 to n. Let x be one of the intersection points
with the hyperplane, and let π be the projection RPn → RPn−1 from x. Let Γ = π(γ).

Claim 1: Γ is strictly convex.
Indeed, given y1, ..., yn−2 ∈ Γ, consider their preimages xi = π−1(yi). There exists a

hyperplane in RPn through points x, x1, ..., xn−2 that does not intersect γ anymore, and
its projection to RPn−1 is the desired hyperplane therein.

Since Γ intersects a hyperplane (k − 1) times, it has (k − 1) inflections.
Claim 2: An inflection of Γ corresponds to an osculating hyperplane of γ passing

through x.
Indeed, an inflection of Γ means that n its infinitely close points belong to a hyper-

plane. Upstairs one has n infinitely close points of γ generating a hyperplane that contains
x. This hyperplane is an osculating hyperplane of γ.

Let 0 ≤ t ≤ 1 be a parameter on γ, such that x = γ(0) = γ(1) and 0 ≤ t1 < ... <
tk−1 < 1 are the inflection times of Γ.

Claim 3: If x is not an inflection point of γ then t1 6= 0.
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Indeed, if x is not an inflection, the germ of γ at x is (1 : t : t2 : ... : tn), therefore the
corresponding germ of Γ is (1 : t : t2 : ... : tn−1).

Claim 4: Each interval (0, t1), (t1, t2), ..., (tk−2, tk−1), (tk−1, 1) contains an inflection
of γ.

Let C(t) be the osculating codimension 2 space of γ. Fix one of the above intervals
and consider the 2-dimensional vector bundle E over the segment of γ which is the quotient
of its normal bundle by C(t). The bundle E has two line subbundles: L1, generated by the
hyperplane through C(t) that does not meet γ anymore (see Remark 1 above), and L2,
generated by the hyperplane through x and C(t). By strict convexity L1 is complimentary
to L2 everywhere.

One also has the line subbundle L0 in E, generated by the osculating hyperplane of
γ. By strict convexity L0 is complimentary to L1 everywhere, and at the end points of the
interval one has L0 = L2. This was stated in Claim 2 for each ti; it also holds at 0: the
osculating hyperplane at x is generated by C(ε) and x as ε goes to zero. It follows that
somewhere on the interval L0 is stationary, and this is the desired inflection of γ.

Corollary 7.2. A strictly convex curve γ ⊂ RPn has at least (n + 1) inflections.

Proof. Consider the hyperplane through n generic points of γ. If n is odd γ is
contractible (see Remark 2 above), so there exists another intersection point with this
hyperplane. The same holds when n is even, and Theorem 7.1 applies.

Barner gives some applications to vertices of convex curves. One concerns (equi)affine
geometry. Recall that a point of a plane curve is called sextactic (or an affine vertex) if
there exists a conic which is fifth order tangent to the curve at this point.

Corollary 7.3. If a convex closed plane curve γ trasversely intersects a conic in 2k points
then it has 2k sextactic points.

Proof. Consider the Veronese map V : RP2 → RP5 of degree 2:

V : (x0 : x1 : x2) → (x2
0 : x2

1 : x2
2 : x0x1 : x1x2 : x2x0).

First note that inflections of the curve V (γ) correspond to sextactic points of γ (cf. [A 2]).
Next, V (γ) is strictly convex: 4 points on γ determine 2 lines, that is, a degenerate conic,
which do not intersect γ anymore. If γ intersects a conic 2k times then V (γ) intersects the
corresponding hyperplane 2k times, and the result follows.

Another application mentioned in [Ba] is the above Theorem 2.3: its proof repeats
the previous argument with the Veronese map V : RP2 → RP3:

V : (x0 : x1 : x2) → (x2
0 : x0x1 : x0x2 : x2

1 + x2
2).

Next, Barner’s theorem provides an affirmative answer to the question in remark in
Section 4.

Corollary 7.4. Let L be a disconjugate differential operator on the circle and f be a
function. If f has N simple zeroes then L(f) has N zeroes as well.

Proof. Choose a basis φ1, ..., φk in the kernel of L, and consider the curve γ = (f : φ1 :
... : φk) ⊂ RPk. Since L is disconjugate, the projection of γ from the point (1 : 0 : ... : 0)
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is a convex curve. Therefore γ is strictly convex (see Remark 3 above), and it has N
intersections with the hyperplane x0 = 0. Inflections of γ correspond to zeroes of L(f) (cf.
[A 1]), and the result follows.

In particular, Corollary 7.2 implies that for every function f on the circle and a
disconjugate differential operator L of order k the function L(f) has at least (k +1) zeroes
– the result proved differently in [A 1] and [G-M-O].

Finally we show how Barner’s theorem implies our Theorem 2.4 (this application is
not in [Ba]).

Let γ ⊂ RP1×RP1 be the graph of a projective line diffeomorphism f . Consider the
Segre map S : RP1 ×RP1 → RP3 of degree 2 (cf. [A 2]):

S : ((x0 : x1), (y0 : y1)) → (x0y0 : x1y0 : x0y1 : x1y1).

A plane in RP3 corresponds to the graph of a projective transformation, to a vertical,
to a horizontal, or to the wedge of a vertical and a horizontal projective lines in RP1 ×
RP1. Therefore inflection points of the curve S(γ) correspond to zeroes of the Schwarzian
derivative S(f).

Next, the curve S(γ) is strictly convex. Indeed, given two points A and B on γ,
consider the union of the vertical projective line through A and the horizontal projective
line through B. This ”cross” does not intersect γ anymore, and strict convexity follows.

Finally, if the diffeomorphism f has N fixed points then its graph intersects the graph
of the identity N times. Thus the curve S(γ) intersects the corresponding plane N times,
and by Barner’s theorem, has N inflections.
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