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Abstract. Given a convexn-gonP , a Fagnano periodic orbit of the respective dual billiard map
is ann-gonQ whose sides are bisected by the vertices ofP . For which polygonsP does the ratio
AreaQ/AreaP have the minimal value? The answer is shown to be: for affine-regular polygons.
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The aim of this note is to provide a dual billiard counterpart to E. Gutkin’s results
([2]) on Fagnano billiard orbits. Although the results and proofs in this note are
quite elementary, I hope to attract the reader’s attention to the lesser known dy-
namical system, the dual (a.k.a. outer) billiard which is, in many ways, similar to,
and sometimes easier to study than the conventional billiard.

One plays the game of dual billiard outside (rather than inside) the billiard table.
Let the table be a convex polygonP in the plane andx a point in its exterior (but
not on the continuation of either of its sides). There are two support lines toP

throughx; choose the right one, as viewed fromx, and reflectx in the support
vertex ofP to obtain the image ofx under the dual billiard map, denoted byT in
Figure 1. Clearly, the dual billiard map is a central symmetry in each component
of its domain. The infinite orbit of a pointx under this map is defined if none of
the images or preimages ofx belongs to the continuation of a side of the polygon
P ; the set of such ‘good’ points has full measure. Notice that the dual billiard map
is equivariant under affine transformations of the plane.

The definition extends to other convex billiard tables (say, ovals); remarkably,
the dual billiard map is area preserving. The interested reader is referred to the sur-
veys [7–8] where, in particular, he will find an explanation of the duality between
usual and dual billiards and a discussion of multi-dimensional dual billiards.

Before going into discussion of Fagnano dual billiard orbits, the actual topic
of the note, mention a few facts about polygonal dual billiards. IfP is a rational
polygon then every orbit is periodic. For a wider class of polygons, described in
[3, 6] and including affine-regular polygons, every orbit of the dual billiard map
stays bounded, but it is not known whether this holds true for all polygons (see
[5]). It is not known either whether the dual billiard map has periodic orbits for
every polygonP . The orbits of the polygonal dual billiard map can be infinite as
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Figure 1. Polygonal dual billiard map.

Figure 2. An infinite orbit of the dual billiard map.

illustrated by a regular pentagon in Figure 2: the closure of the depicted orbit is a
self-similar fractal set.

Now it is time to introduce the main character of this note. LetP = (z1, z2, . . . ,

zn) be a convexn-gon (whose vertices, cyclically denoted byzi, are thought of as
complex numbers). A Fagnano orbit of the dual billiard map is ann-periodic orbit
consisting ofn points consecutively reflected in the verticesz1, z2, . . . , zn. The
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Figure 3. PentagonP does not have Fagnano orbits.

name is used in analogy with the Fagnano billiard orbit in an acute triangle made
of the foot points of the triangle’s altitudes.

One distinguishes between odd and evenn. If n is odd then a composition ofn
reflections is again a reflection. A reflection has a unique fixed point, and it follows
that a Fagnano orbit is unique (if exists). Ifn is even then a composition ofn
reflections is a parallel translation that does not have fixed points at all unless it
is the identity. The respective translation vector is twice the alternating sum of the
vectorszi; thus a necessary condition for a Fagnano orbit to exist is

z1− z2+ z3− · · · − zn = 0.

On the other hand, for evenn, Fagnano orbits are never isolated: ifx belongs to
such an orbit then every point, sufficiently close tox, belongs to a Fagnano orbit
too.

An example of a polygon without Fagnano orbits is shown in Figure 3.
It is known that billiard trajectories are extrema of the length functional. One

wonders what plays the role of length in the dual billiard setting. The answer
is: area. Namely, connecting consecutive points of a Fagnano orbit one obtains
a convex polygonQ, circumscribed about the billiard polygonP .

LEMMA. A circumscribed polygon corresponds to a Fagnano orbit if and only if
its area is extremal among all such polygons.

Proof. The area ofQ is extremal if and only if it does not change, up to infin-
itesimals of higher order, under infinitesimal rotations of its sides about the vertices
of P . Consider Figure 4: the ratio of the areas of the trianglesBAB ′ andCAC ′
equalsAB2/AC2, again up to infinitesimals of higher order. Thus the areas of the
infinitesimal triangles are equal if and only ifAB = AC.
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Figure 4. Proof of the area extremizing property of closed orbits.

Figure 5. Algebraic area of a self-intersecting polygon.

Of course the lemma also applies to self-intersecting circumscribed polygons
and describes periodic orbits of the dual billiard map, other than Fagnano ones.
The area should be computed accordingly: each component of the complement of
Q is taken with the multiplicity, equal to the number of turns made byQ about a
point of this component. An example is shown in Figure 5. Mention in passing that
the area extremum is neither local minimum nor maximum: for example, ifP is
a triangle then the Hessian of the area function on circumscribed triangles has the
signature (++−) at the Fagnano orbit.

An immediate consequence of the lemma is that if, for an evenn, Fagnano
polygons exist then they all have the same areas: indeed a function is constant
on its critical manifold. Thus, given a billiard polygonP , if there exists a Fagnano
polygonQ then its area is well defined. Under the existence assumption we address
the following question:for whichn-gonsP does the ratio Area(Q)/Area(P ) have
the minimal value?An analogous question for Fagnano billiard trajectories was
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studied in [2] (with areas replaced by perimeters and minimum by maximum – an-
other manifestation of duality between usual and dual billiards!), and the extremal
polygons were proved to be the regular ones.

If n = 3 or 4 there is nothing to investigate: the ratio does not depend onP .
For a triangle it equals 4, and for a quadrilateral, that must be a parallelogram for
a Fagnano orbit to exist, it equals 2. The first nontrivial case is that ofn = 5. The
answer is as follows.

THEOREM 1. The ratio Area(Q)/Area(P ) attains its minimum whenP is an
affine-regular polygon. This minimum equals1/ cos2(π/n).

Proof. LetQ be a Fagnano polygon whose vertices are oriented counterclock-
wise. The respective billiard polygonP is the image of the medial map

µ:Q(w1, w2, . . . , wn)→ P(z1, z2, . . . , zn); zi = (wi + wi+1)/2.

Considerwi as independent variables. The area ofQ is given by the formula

1
2 Im

n∑
1

w̄iwi+1

and that ofP by

1
2 Im

n∑
1

z̄izi+1 = 1
2 Area(Q)+ 1

8 Im
n∑
1

w̄iwi+2.

Consider the space ofn-gons (i.e., orderedn-tuples of points) asCn and reduce
the (complex) dimension by 1 restricting to polygons with the center of mass at the
origin. Thenµ is a linear map of this space; for oddn it is an isomorphism and
for evenn its kernel is one-dimensional. The first of the above formulas gives the
algebraic area of a polygon; for example, it assigns a negative area to a clockwise
oriented simple polygon.

Our problem is to find the relative extrema of the two quadratic forms

A1 = Im
n∑
1

w̄iwi+1, A2 = Im
n∑
1

w̄iwi+2.

The relative extrema are attained on the common eigenspaces. One wants to find a
basis in which both forms diagonalize.

Letq = exp(2π
√−1/n) be thenth primitive root of unity. Consider the vectors

Xi = (1, qi , q2i , . . . , qi(n−1)), i = 1, . . . , n− 1;
these vectors constitute a basis of our space of polygons. Fori = 1 orn− 1 these
vectors describe regularn-gons (with the opposite orientations); for other values of
i these are self-intersecting regular polygons (‘stars’), possibly multiply-covered.
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One has

A1

(∑
ciXi

)
= n

∑
|ci |2 Im qi = n

∑
|ci |2 sin

2πi

n
,

A2

(∑
ciXi

)
= n

∑
|ci |2 Im q2i = n

∑
|ci |2 sin

4πi

n
,

as readily follows from the formulas∑
i

qik = 0 for k 6= 0 and
∑
i

qik = n for k = 0.

ThusXi is the desired basis.
The relative extrema of the two quadratic forms are the ratios of the eigenvalues

of A2 andA1

sin 4πi
n

sin 2πi
n

= 2 cos
2πi

n
, i = 1, . . . , n− 1.

The greatest of these numbers is 2 cos(2π/n), and this ratio is attained on the
subspace generated byX1 andXn−1. One has

Area(Q)

Area(P )
= 4A1(Q)

2A1(Q)+ A2(Q)
,

and it follows that

min
P

Area(Q)

Area(P )
= 2

1+ cos 2π
n

= 1

cos2 π
n

.

To finish the proof it remains to notice that the space of affine-regularn-gons
centered at the origin coincides with the space generated byX1 andXn−1. Indeed,
the real dimensions of both spaces equal 4, and the latter contains the former since
the ratio Area(Q)/Area(P ) for an affine-regularn-gon is the same as for a regular
one.

One can derive the following description of the dynamics of the medial mapµ

from the above proof. LetQ be ann-gon (not necessarily convex or simple).

THEOREM 2. The polygonsµk(Q) converge to the centroid ofQ ask → ∞. If
Q is generic (does not belong to a codimension 2 subspace) then, considered up to
affine transformations,limk→∞ µk(Q) is a regularn-gon. In particular, the latter
holds for every convex polygonQ.

Proof. Using the previous notation, one has:µ(Xi) = 0.5(1 + qi) Xi. The
absolute values of these eigenvalues are less than 1, therefore the iterations ofµ

converge to the origin, that is, the centroid ofQ.
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The maximum of the numbers|(1 + qi)/2| is attained fori = 1 andn − 1.
Therefore the rate of convergence to the origin is the slowest on the subspace
generated byX1 andXn−1, that is, the space of affine-regular polygons. Therefore
if Q does not lie in the subspace spanned byXi with i 6= 1, n− 1 then the limiting
shape of the polygonsµk(Q) is that of an affine-regularn-gon.

Finally, assume that a convex polygonQ lies in the subspace spanned byXi
with i 6= 1, n − 1. Let j > 2 be the least number such that the decomposition
of Q with respect to the basisXi contains a nontrivial linear combination ofXj
andXn−j . Then, as before, the limiting shape ofµk(Q) is determined by this
combination ofXj andXn−j . Arguing as in the proof of Theorem 1, the space
generated byXj andXn−j consists of the polygons affine equivalent toXj . In
particular, these polygons are not convex. This contradicts to the obvious fact that
µk(Q) is convex for everyk.

Remark. One can consider the limit of the space ofn-gons,n → ∞, to be
the space of (sufficiently smooth) complex-valued functions on the circle. In this
limit, the polygonsXj andXn−j become thej th harmonics exp(±√−1jα), the
decomposition of a polygon in the basisXi becomes the Fourier expansion, and
the property of a polygon to intersect the vertical axis in 2j points becomes the
property of the real part of a function to have 2j zeroes.

We proved that a convexn-gon does not lie in the subspace, spanned byXi
with i 6= 1, n − 1. One can prove more: ifj is the least number such that the
decomposition of ann-gonQ with respect to the basisXi contains a nontrivial
linear combination ofXj andXn−j thenQ intersects the vertical axis (and any
other line through the origin) at least 2j times. This follows from the observation
that the number of intersections ofµ(Q) with the axis is not greater than that ofQ.

The statement (and its proof) has the following continuous version: a real func-
tion F on the circle whose Fourier expansion starts withj th harmonics has at least
2j distinct zeroes (A. Hurwitz, [4]). A proof, similar to the above argument, goes
as follows. ConsiderF as the initial data for the heat equationFt = Fαα. By
the maximum principle, the number of zeroes does not increase ast grows. Since
higher harmonics die off faster than the first nontrivial one, the limit function for
t →∞ has 2j zeroes – see [1].

Conclude with a question. One can play the game of dual billiard in the spherical
or hyperbolic geometry as well as in the Euclidean plane. Do the results of this note
extend in this setting? The lemma still applies, and I think that the results of the
theorems also hold true (notice that the notion of the centroid is available in the
geometries of constant curvature).
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