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Descartes Circle Theorem, Steiner Porism,
and Spherical Designs

Richard Evan Schwartz and Serge Tabachnikov

Abstract. A Steiner chain of length k consists of k circles tangent to two given non-
intersecting circles (the parent circles) and tangent to each other in a cyclic pattern. The
Steiner porism states that once a chain of k circles exists, there exists a 1-parameter family
of such chains with the same parent circles that can be constructed starting with any initial
circle tangent to the parent circles. What do the circles in these 1-parameter family of Steiner
chains of length k have in common? We prove that the first k − 1 moments of their curvatures
remain constant within a 1-parameter family. For k = 3, this follows from the Descartes circle
theorem. We extend our result to Steiner chains in spherical and hyperbolic geometries and
present a related more general theorem involving spherical designs.

1. INTRODUCTION. The Descartes circle theorem has been popular lately because
it underpins the geometry and arithmetic of Apollonian packings, a subject of great
current interest; see, e.g., surveys [7, 8, 9, 13]. In this article we revisit this classic
result, along with another old theorem on circle packing, the Steiner porism, and relate
these topics to spherical designs.

The Descartes circle theorem concerns cooriented circles. A coorientation of a
circle is a choice of one of the two components of its complement. One can think
of a normal vector field along the circle pointing toward this component. If a circle
has radius r, its curvature (bend) is given by the formula b = ±1/r, where the sign is
positive if the normal vector is inward and negative otherwise. By tangent cooriented
circles we mean tangent circles whose coorientations are opposite; that is, the normal
vectors have opposite directions at the point of tangency. See Figure 1.

Figure 1. The coorientations of each circle is indicated by dash. The curvature of circle A is positive, and the
curvatures of circles B and C are negative. The circles A and B are cooriented tangent circles, and the circles
A and C are not.

As usual in inversive geometry, we think of straight lines as circles of infinite ra-
dius and zero curvature. Our definitions also extend to spheres in higher-dimensional
Euclidean spaces; they include spheres of infinite radius, that is, hyperplanes.
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The Descartes circle theorem relates the signed curvatures a, b1, b2, b3 of four mu-
tually tangent cooriented circles:

(a+ b1 + b2 + b3)2 − 2(a2 + b2
1 + b2

2 + b2
3) = 0. (1)

Considered as a quadratic equation in a, equation (1) has two roots

a1 = (b1 + b2 + b3)− 2
√
D, a2 = (b1 + b2 + b3) + 2

√
D,

where

D = b1b2 + b2b3 + b3b1,

and hence

a1 + a2 = 2(b1 + b2 + b3), a1a2 = b2
1 + b2

2 + b2
3 − 2(b1b2 + b2b3 + b3b1). (2)

These are known as the Vieta formulas.
Figure 2 illustrates the situation: the curvatures of the inner-most and outer-most

circles are a2 and a1, respectively, and the curvatures of the three circles in between are
b1, b2, and b3. Thus, starting with a Descartes configuration of four mutually tangent
circles, one can select one of the circles and replace it with another circle, tangent to the
same three circles (replace a1 by a2). Continuing this process results in an Apollonian
packing of circles (Apollonian gasket).

Figure 2. Three mutually tangent circles inscribed into an annulus and an Apollonian gasket.

The connection to arithmetic is that if a1, b1, b2, b3 are all integers then, by the
first equation in (2), so is a2. Thus, if four mutually tangent circles in an Apollonian
packing have integer curvatures, then all the circle do. This fact opens the door to many
deep and subtle works on the arithmetic of the Apollonian packing. In particular, the
curvatures of the circles in an Apollonian packing are determined by the Apollonian
groupA ⊂ GL4(Z), which is a subgroup of the orthogonal group fixing the quadratic
form on the left-hand side of equation (1); see [7].

One can rewrite the formulas in (2) as

b1 + b2 + b3 =
a1 + a2

2
, b2

1 + b2
2 + b2

3 =
6a1a2 − a2

1 − a2
2

4
. (3)
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We note that a result like this could not work for the third moments of curvature be-
cause it would force b1, b2, b3 to be independent of the choices of the respective circles,
which is clearly not the case.

In fact, there is one degree of freedom in choosing the triple of mutually tangent
circles contained in the annulus between the inner- and outer-most circles and tangent
to them. This is a particular case of the Steiner porism.

Given two nested circles, inscribe a circle in the annulus bounded by them, and con-
struct a Steiner chain of circles, tangent to each other in a cyclic pattern, as illustrated
in Figure 3.

Figure 3. A Steiner chain of length 7.

The Steiner porism asserts the following: If a Steiner chain closes up after k steps,
making m turns around the annulus, then it will close up after k steps and making
m turns for any choice of the initial circle. In other words, one can rotate a Steiner
chain around the annulus, like a ball bearing. Let us call the inner-most and outer-most
circles the parent circles.

The Steiner porism is easy to prove: There exists an inversion that takes the parent
circles to concentric circles (see, e.g., [5, Section 6.5]). Since an inversion takes circles
to circles and preserves tangency, the theorem reduces to the case of concentric circles,
where it follows from rotational symmetry.

In other words, there is a group of conformal transformations, isomorphic to
SO(2), preserving the parent circles, and sending Steiner chains to Steiner chains
of the same length (and the same number of turns about the annulus). Since the group
of rotations of the circle SO(2) is itself topologically a circle, one has a 1-parameter
family of closed Steiner chains. When we talk about 1-parameter families of Steiner
chains below, we mean the parameter that takes values in SO(2).

The Steiner porism is the conformal geometry analog of the famous Poncelet porism
from projective geometry (see, e.g., [6]). The Poncelet porism is a deeper result how-
ever, because the proof does not just boil down to an application of projective symme-
try.1

Suppose that a pair of parent circles admits a Steiner chain of length k ≥ 3. Then
there is a 1-parameter family of Steiner chains of length k with the same parent circles.
What do the k circles in these chains have in common? The next result is a generaliza-
tion of the equations in (3).

1See [3] for an analog of the full Poncelet theorem for Steiner chains.
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Theorem 1. For every m = 1, 2, . . . , k − 1, in the 1-parameter family of Steiner
chains of length k, the sum

Im =
k∑

j=1

bmj

remains constant.

Remark 1. One can prove that Im is a symmetric homogeneous polynomial of degree
m in the curvatures a1 and a2 of the parent circles. For example, when k = 3, equation
(3) states that

I1 =
a1 + a2

2
, I2 =

6a1a2 − a2
1 − a2

2

4
.

(Symmetry follows from the fact that there exists a conformal involution that inter-
changes the parent circles and sends Steiner chains to Steiner chains.) We do not dwell
on this addition to Theorem 1 here.

One may reformulate Theorem 1 as follows. Associate with a Steiner chain of length
k with fixed parent circles the polynomial P (x) = (x − b1)(x − b2) · · · (x − bk).
One obtains a 1-parameter family of polynomials of degree k.

Corollary 2. The polynomialsP , associated with a Steiner chain of length k with fixed
parent circles, differ only by constants. That is, the first k − 1 symmetric polynomials
of the curvatures b1, . . . , bk remain the same, and only the product b1 · · · bk varies in
the 1-parameter family.

Proof. The coefficients of P (x) are the elementary symmetric functions of bj . One
has Newton identities between elementary symmetric functions σm of the curvatures
bj and powers of sums Im (as in Theorem 1):

σ1 = I1, 2σ2 = σ1I1 − I2, 3σ3 = σ2I1 − σ1I2 + I3,

4σ4 = σ3I1 − σ2I2 + σ1I3 − I4,

and so on (see, e.g., [11]). By Theorem 1, I1, . . . , Ik−1 remain constant in the 1-
parameter family of Steiner chains, and hence so do σ1, . . . , σk−1.

The Descartes circle theorem has a recent generalization, discovered in [9]. Let
w, z1, z2, z3 ∈ C be the centers of the four mutually tangent circles, thought of as
complex numbers, and let their respective curvatures be a, b1, b2.b3. Then one has the
complex Descartes theorem

(aw + b1z1 + b2z2 + b3z3)2 − 2(a2w2 + b2
1z

2
1 + b2

2z
2
2 + b2

3z
2
3) = 0,

an analog of (1). As before, this implies that the two complex numbers,

J1,1 = b1z1 + b2z2 + b3z3 and J2,2 = b2
1z

2
1 + b2

2z
2
2 + b2

3z
2
3 (4)

remain constant in the 1-parameter family of Steiner chains of length 3 with fixed
parent circles.

Relations (4) remain valid if one parallel translates the configuration of circles,
that is, adds an arbitrary complex number u to each zi. Taking the coefficients of the
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respective powers of u in b1z1 + b2z2 + b3z3 and in b2
1z

2
1 + b2

2z
2
2 + b2

3z
2
3 implies that

the first and the second moments of the curvatures b1, b2, b3 remain constant in the 1-
parameter family of Steiner chains—as we already know (see (3))—and yields another
conserved quantity

J2,1 = b2
1z1 + b2

2z2 + b2
3z3.

We generalize to Steiner chains of length k. Let z1, . . . , zk ∈ C be the centers of
the circles in such a chain (These centers lie on a conic whose foci are the centers of
the parent circles.)

Theorem 3. For all 0 ≤ n ≤ m ≤ k − 1, in the 1-parameter family of Steiner chains
of length k, the sum

Jm,n =
k∑

j=1

bmj z
n
j

remains constant.

Since Im = Jm,0, Theorem 3 implies Theorem 1. As before, it suffices to establish
Theorem 3 for n = m and apply parallel translation to obtain its general statement.

Remark 2. There are (k−1)(k+2)

2
quantities Jm,n for Steiner chains of length k, which

is much more than the number of quantities that define the two parent circles (three
for each of them). Hence there is some redundancy in the invariants Jm,n. Specifying
the nature of the algebraic relations among Jm,n is an interesting question, but it falls
outside the scope of the paper.

The contents of the article are as follows. In Section 2 we define spherical designs,
formulate and prove Theorem 4 that implies Theorem 3 which, in turn, implies Theo-
rem 1. In Section 3, we formulate and prove Theorem 6, a spherical analog of Corollary
5, and Corollary 7, a spherical analog of Theorem 1. The last Section 4 is very brief:
it outlines the differences between the two non-Euclidean cases, the spherical and the
hyperbolic ones. The reader who is interested only in the Euclidean case may skim
over, or just skip, Sections 3 and 4.

Let us finish the introduction by recalling that the inversion in a sphere of radius
r centered at point O is the transformation that takes point X 6= O to point Y such
that the rays OX and OY coincide and |OX| · |OY | = r2. There are many excellent
sources on inversive geometry; see, e.g., [5, 12, 14].

2. SPHERICAL DESIGNS. Let Sd ⊂ Rd+1 be the unit sphere centered at the ori-
gin. A collection of pointsX = {x̄1, . . . , x̄n} ⊂ Sd is called a sphericalM -design if,
for every polynomial function on Rd+1 of degree not greater thanM , its average value
over Sd equals its average over X (The average is taken with respect to the standard,
rotation-invariant measure on the sphere.)

Here are some examples:

1. Take d = 1. If X consists of M + 1 evenly spaced points on S1, then X is a
spherical M -design. This derives from the fact that the sums of the mth powers
of the (M + 1)st roots of unity are 0 for m = 1, . . . ,M .

2. Take d = 2. The vertices of the tetrahedron, cube, octahedron, dodecahedron,
icosahedron, respectively, are spherical M -designs for M = 2, 3, 3, 5, 5.
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3. Take d = 3. The set of vertices of the 24-cell, the 120-cell, and the 600-cell,
respectively, are M -designs for M = 5, 11, 11.

4. Take d = 7. The vertices of the E8 cell form a 7-design.
5. Take d = 23. The vertices of the Leech cell form an 11-design.

For more information, see the survey [2].
Let Sd ⊂ Rd+1 be the unit sphere, and let X = {x̄1, . . . , x̄n} be a spherical M -

design. Fix a positive number b̄ and consider the spheres of curvature b̄, centered at
points x̄i, i = 1, . . . , n. For example, if d = 1, one has M = n− 1, and we have n
equal circles whose centers are evenly spaced on the circle (a ball bearing with gaps,
see Figure 4).

Figure 4. A ball bearing with gaps and its conformal image.

Let Y = {ȳ1, . . . , ȳq} ⊂ Sd be another spherical M -design. Again consider the
spheres of the same curvature b̄, centered at points ȳj, j = 1, . . . , q. For example, if
q = n, then Y could be obtained from X by an isometry of the sphere (rotation of the
circle, for d = 1).

Let Ψ be conformal transformation of Rd+1. Apply Ψ to the two sets of spheres of
curvature b̄. Let (xi, bi) be the centers and the curvatures for the first set of spheres,
and (yj, cj) be the centers and the curvatures for the second set.

The next result generalizes Theorem 3.

Theorem 4. Let the notation be as above, and let F be a polynomial on Rd+1 of
degree not greater than M . Then

1

n

n∑
i=1

F (bixi) =
1

q

q∑
j=1

F (cjyj).

For the proof, we shall need two lemmas, both can be found in the literature on
inversive geometry (see, e.g., [14, Section 5] for the first, and [12, Section 21.1] for
the second lemma).

Lemma 1. Every conformal transformation of Rd+1 is either a similarity or a compo-
sition of similarity with the inversion in a unit sphere.

Proof. A conformal transformation that sends infinity to infinity is a similarity. If Ψ
sends∞ to the point C, let I be the inversion in the unit sphere centered at C. Then
I(C) =∞, and S := I ◦Ψ sends infinity to infinity. Hence Ψ = I ◦ S, where S is a
similarity.
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The case of Theorem 4 when Ψ is a similarity is trivial since similarities preserve
the space of polynomials of degree at most M . To tackle the general case, we need to
know how inversion affects the curvatures and centers of spheres.

Lemma 2. Consider a sphere centered at point x̄ ∈ Rd+1 with curvature b̄. Invert
this sphere in the unit sphere centered at point C and let x, b be the center and the
curvature of the image sphere, respectively. Then

b = b̄|x̄− C|2 − 1

b̄
,

x = C +
x̄− C

|x̄− C|2 − 1
b̄2

,

bx = b̄x̄+ b̄C

(
|x̄− C|2 − 1

b̄2
− 1

)
.

The proof is a direct calculation, and we omit it.
Now we can prove Theorem 4.

Proof. We have Ψ = I ◦ S, where I is the inversion in the unit sphere centered at
point C.

The original configuration of n congruent spheres centered at the points of a spher-
ical M -design is taken by the similarity S to a configuration of n congruent spheres
of the same curvature b̄ whose centers x̄i, i = 1, . . . , n, lie on a sphere of some ra-
dius r, centered at some point A. Thus x̄i = A+ rvi, where v1, . . . , vn is a spherical
M -design.

If x̄ = A+ rv with v ∈ Sd, then

|x̄− C|2 − 1

b̄2
− 1 = |A− C|2 + r2 − 1

b̄2
+ 2r(A− C) · v,

the sum of a constant and a linear function, that is, a polynomial of degree one on Sd.
Now the last equation of Lemma 2 implies that, for every k = 1, . . . , d + 1, the

kth component of the vector bixi is given by a polynomial of degree one αk + βk(vi),
where αk is a constant and βk is a linear function on Sd. Naturally, the polynomials
that we are discussing depend on A,C, r, b̄.

Therefore the function F is a polynomial of degree at most M on Sd, and its aver-
age over the set v1, . . . , vn equals its average over the sphere. The same applies to the
second spherical M -design consisting of q points, and the result follows.

One also has an analog of Theorem 1. Recall that bi and cj are the curvatures of
the spheres obtained by a conformal transformation from two sets of identical spheres
centered at two spherical M -designs.

Corollary 5. Under the assumption of Theorem 4, for every m ≤M , one has

1

n

n∑
i=1

bmi =
1

q

q∑
j=1

cmj .

Proof. As before, one uses the fact that the statement of Theorem 4 is invariant under
parallel translations.
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Let F (x) be the mth power of the first component of vector x, and let v =
(t, 0, . . . , 0). Then

F (b(x+ v)) = bmtm + terms of smaller degrees in t.

Equating the leading terms yields the result.

As in the case of Steiner chains, one can say more: the value of the sum in Corollary
5 is a symmetric polynomial of degree m in two variables, the curvatures of the two
parent spheres of the configuration. We do not dwell on this statement here.

Theorem 4 implies Theorem 3, case n = m (that, in turn, implies the other cases):
As a spherical design, one takes our first example with d = 1, chooses the curvature
of the circles so that they touch, and takes as the functions F the real and imaginary
parts of zm.

3. IN SPHERICAL GEOMETRY. As a model for spherical geometry we take the
unit sphere Sd ∈ Rd+1 centered at the origin. The distance between points in this
model is the angle between the unit vectors that represent the points. Equivalently, it
is the length of the shortest arc of a great circle passing through these points. This
shortest arc is not unique if the points are antipodal. The distance between pairs of
points takes value in [0, π].

A sphere in Sd is the locus of points that are at a fixed distance, its radius, from a
point of Sd, its center. Such a sphere has two centers which are antipodal to each other.
If the radius for the choice of one center is α, then it is π − α for the choice of the
antipodal center. A coorintation of a sphere in Sd is a choice of one of the two centers
or, equivalently, one of the two sides of the sphere in Sd.

Take a unit vector p and consider the hyperplane given by p · y = cosα where 0 <
α < π; here p = (p0, p1, . . . , pd) and y = (y0, y1, . . . , yd) in Cartesian coordinates
in Rd+1. The intersection of this hyperplane with the unit sphere Sd is a sphere therein
that we call C(p, α). The vector p defines the center of C(p, α), and α is its radius.
ThusC(p, α) is a cooriented sphere in Sd. Note thatC(−p, π − α) is the same sphere
with the opposite coorientation and the complementary radius.

The (signed) curvature of C(p, α) is cotα.
Back to dimension two. The stereographic projection from the sphere S2 to the

plane R2 takes circles to circles or straight lines, and it preserves tangency. Therefore
the Steiner porism holds in spherical geometry as well. In this section we describe a
spherical analog of Theorem 1 and related topics.

The Descartes circle theorem has a spherical version due to Mauldon [10]: the cur-
vatures of four mutually tangent cooriented circles in S2 satisfy

4∑
i=1

(cotαi)
2 =

1

2
(

4∑
i=1

cotαi)
2 − 2.

As in the plane, this implies that the sum of the first and the second moments of the
curvatures remains constant in a Steiner chain of length three.

To generalize this to Steiner chains of arbitrary length and to provide an analog of
Corollary 5, we follow [9] and use stereographic projection. Namely, project Sd from
the South Pole to the horizontal hyperplane Rd given by y0 = 0. When talking about
stereographic projection, we always mean this one. Let x = (x1, . . . , xd) be Cartesian
coordinates in Rd. Then the image of the sphere C(p, α) is a sphere in Rd with center
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x and curvature b̄ given by the formulas

xi =
pi

p0 + cosα
, i = 1, . . . , d; b̄ =

p0 + cosα

sinα
=

p0

sinα
+ cotα

([9, p. 350] or a direct calculation). Inverting these formulas, we find that the stereo-
graphic projection to Sd of the sphere in Rd with center x and curvature b̄ has curvature
given by the formula

cotα =
b̄2 − 1

2b̄
+
b̄

2
|x|2. (5)

Consider a sphere (with some center and some radius) in Rd, and let {x1, . . . , xn}
and {y1, . . . , yq} be two spherical M -designs. Use these points as the centers of con-
gruent spheres of some curvature b̄. Project these configurations of congruent spheres
stereographically from Rd to Sd ⊂ Rd+1, and let bi, i = 1, . . . , n, and cj, j =
1, . . . , q, be the spherical curvatures of the resulting two configurations of spheres
in Sd.

The next result is an analog of Corollary 5.

Theorem 6. Let the notation be as above. Then, for every m ≤M , one has

1

n

n∑
i=1

bmi =
1

q

q∑
j=1

cmj .

Proof. The argument is similar to that in the proof of Theorem 4. If x lies on a sphere
with center A ∈ Rd and radius r, then x = A+ rv, where v is a unit vector param-
eterizing the sphere. It follows that |x|2 = A2 + r2 + 2rA · v, a linear function on
the unit sphere. Therefore the curvature (5) is a linear function as well, and the proof
concludes similarly to Theorem 4.

Now consider a Steiner chain of length k on the sphere S2. We claim that there
exists a rotation of the sphere such that the rotated parent circles of the Steiner chain
stereographically project to concentric circles. This follows from the next lemma.

Lemma 3. Let A and C be two disjoint spheres in Sd. There exists a rotation of the
sphere Sd such that the stereographic projections of the rotated spheres A and C are
concentric.

Proof. For the proof, let us consider the sphere Sd as the sphere at infinity of (d+ 1)-
dimensional hyperbolic space in the hemisphere model. In this model, hyperbolic
space is represented by the hemisphere in Rd+2 given in Cartesian coordinates
x1, . . . , xd+2 by

x2
1 + · · ·+ x2

d+2 = 1, xd+2 > 0,

with the metric

dx2
1 + · · ·+ dx2

d+2

x2
d+2

.
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Consider also the half-space model of hyperbolic space, given in the same coordi-
nates by x1 = 1, xd+2 > 0, with the metric

dx2
2 + · · ·+ dx2

d+2

x2
d+2

.

The stereographic projection from a point of the boundary Sd takes one model to
another; see [4].

The codimension 1 spheres A and C in Sd are boundaries of flat (totally geodesic)
hypersurfaces in the hemisphere model of hyperbolic space. Consider the geodesic
perpendicular to these hypersurfaces and rotate so that its endpoint is the South pole
of Sd.

The stereographic projection takes this common perpendicular to a vertical line
in the half-space model, and the two flat hypersurfaces project to two hemispheres
perpendicular to this vertical line. Hence these hemispheres are concentric, and so are
their boundaries, the stereographic projections of A and C to Rd, the boundary of the
half-space model.

Lemma 3 implies an analog of Theorem 1 for spherical Steiner chains. Let αj de-
note the radii of the circles in a Steiner chain on the sphere S2.

Corollary 7. For all m = 1, 2, . . . , k − 1, in the 1-parameter family of spherical
Steiner chains of length k, the moments of the curvatures

k∑
j=1

cotm αj

remain constant.

4. IN HYPERBOLIC GEOMETRY, BRIEFLY. As it happens, many a result
in spherical geometry has a hyperbolic version. (In formulas, one usually replaces
trigonometric functions with their hyperbolic counterparts.) See [1] for a general dis-
cussion of this “analytic continuation.” We briefly describe the relevant changes in the
situation at hand; once again, we follow [9].

One uses the hyperboloid model of hyperbolic geometry: Hd is represented by the
upper sheet of the hyperboloid y2

0 = y2
1 + · · ·+ y2

n + 1 in the Minkowski space Rd,1

(again, see, e.g., [4] for various models of hyperbolic space). The spheres inHd are the
intersections of the hyperboloid with affine hyperplanes, and coorientation of a sphere
is given by the coorientation of the respective hyperplane.

The stereographic projection from “the South Pole” (−1, 0, . . . , 0) to the horizon-
tal hyperplane y0 = 0 takes Hd to the unit disk, and one obtains the Poincaré disk
model of the hyperbolic space. The model is conformal, and the spheres are taken to
Euclidean spheres. In particular, the Steiner porism holds in the hyperbolic plane.

The curvature of a hyperbolic sphere of radius α is cothα. For example, the hyper-
bolic version of the Descartes circle theorem, due to Mauldon [10], reads:

4∑
i=1

(cothαi)
2 =

1

2
(

4∑
i=1

cothαi)
2 + 2.

See [9] for higher-dimensional generalizations.
With this replacement of cotα by cothα, analogs of Theorem 6 and Corollary 7

hold in hyperbolic geometry. We do not dwell on details of proofs here.
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European Mathematical Society, pp. 217–235.

2. Bannai, E., Bannai, E. (2009). A survey on spherical designs and algebraic combinatorics on spheres.
European J. Combinatorics. 30(6): 1392–1425.
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