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Abstract—In this paper, we provide a graph-theoretic 

heuristsic algorithm for decomposing generic networks into 
series-parallel components and components representing 
embedded Wheatstone sub-networks.  The decomposition 
algorithm is illustrated in detail on a thirteen-bus network.  A 
network equivalencing method based on the delta-star and 
Ward equivalents is presented for use in power systems analysis. 
 

Index Terms—Graph Theory, Braess Paradox, Diakoptics, 
Network Decomposition 

 
  

I.  INTRODUCTION  

raph theory and network theory have been 
surprisingly little-used tools in the analysis of power 

systems.  However, in the context of transmission planning 
and congestion management, knowledge of the electric grid’s 
topological properties can be valuable, particularly with 
respect to the behavior of locational marginal prices (LMP) in 
market-based electric systems, and the possible congestion 
and reliability consequences of transmission upgrades in more 
traditionally-organized systems. 

Recent work [1], [2] has focused on a particular network 
topology known as the Wheatstone network.  This structure 
resembles two back-to-back triangles, and is shown in Figure 
1.  The link connecting nodes 2 and 3 is of particular interest; 
this is known as the Wheatstone bridge.  When the direction 
of flow through the Wheatstone network is similar to the 
example network in Figure 1, the presence of the Wheatstone 
bridge causes congestion.  Removal of the bridge removes the 
congestion.  This phenomenon is known as the Braess 
Paradox, and has been observed in many different types of 
networks, ranging from circuits to water pipes ([4] – [6]).  [2] 
focuses on power networks specifically. 

In systems using locational marginal pricing to manage 
congestion in an open-access transmission environment, the 
presence of an embedded Wheatstone sub-network may affect 
how these prices should be interpreted.  The LMPs represent 
the system marginal cost of supplying power to a given bus in 
the network; LMP differences between buses i and j should 
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measure the system cost of transferring power between those 
two buses, and the associated value of additional transmission 
capacity between those two buses.  However, in the 
Wheatstone network studied in Blumsack and Ilić (2006) 
exposes a possible wedge between the pricing signals and the 
physical state of the network.  LMPs indicate that localized 
transmission upgrades should relieve congestion and lower 
prices at downstream nodes.  Attaining this goal in the 
Wheatstone network requires either upgrading transmission 
capacity across the entire network, or removing the 
Wheatstone bridge. 

 
 
 
 
 
 
 
 
 
 

Figure 1. The four-bus Wheatstone network. 

 
The Wheatstone network also exposes potential tradeoffs 

between congestion and reliability.  While the Wheatstone 
bridge causes congestion and increases the cost to customers 
on the network, it may enhance reliability and therefore 
provide a benefit to that same group of consumers [7].   

Thus, for both planning and congestion-management 
purposes, there may be value in knowing the location of 
embedded Wheatstone sub-networks.  This paper proposes a 
heuristic search algorithm which identifies embedded 
Wheatstone sub-networks by exploiting some of their unique 
graph-theoretic properties.  The algorithm interprets the 
electric grid as a generic graph, looking solely for Wheatstone 
topologies.  In this way, the approach taken here has less in 
common with the diakoptics approach pioneered by Gabriel 
Kron and Henry Happ [8], [9], and much more in common 
with the series-parallel network decompositions of [10] and 
[11].  Following the description of the Wheatstone search 
algorithm and an example on a small test network, the paper 
discusses network equivalencing techniques that can be used 
to analyze embedded Wheatstone sub-networks while 
incorporating information from other parts of the network. 

Network Decomposition via Graph Theory 
Seth Blumsack 
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II.  A GRAPH-THEORETIC APPROACH TO NETWORK SEARCH 

Wheatstone network structures are ubiquitous in actual 
power networks.  In small test networks, visual inspection 
may be sufficient to identify all embedded Wheatstone sub-
networks.  In actual power systems, which may consist of 
thousands of nodes and even more lines, a more systematic 
approach is needed. 

A purely combinatorial approach to finding embedded 
Wheatstone structures is possible on extremely small scales, 
but quickly becomes infeasible as the number of nodes 
increases.  On a topological basis alone, comparing all four-
node substructures of an n-bus network requires checking 4n 
different combinations.  To find all Wheatstone networks in 
the IEEE 14-bus network by brute force would therefore 
require 2.7 × 108 calculations.  Checking for Wheatstones in 
the IEEE 118-bus network would require approximately 1071 
calculations.  By comparison, the approximate number of 
seconds since the beginning of the universe is only 3 × 1017. 

Designing a feasible algorithm for detecting Wheatstone 
sub-networks is essentially an application of the theorems in 
[10], also proved in [11], that any network can be 
decomposed into series-parallel sub-networks and embedded 
Wheatstone sub-networks.  The decomposition problem is to 
break the network into portions that might represent 
Wheatstones, and portions that definitely do not.  From a 
graph-theoretic perspective, electric power systems are nice 
test-beds for decomposition algorithms, since they tend to be 
very sparsely connected, with a given bus attached to a 
reasonably small number of other buses. 

Some preliminaries are necessary before defining any 
specific metrics.  A graph or a network G(NB,NL) is defined 
as a set of nodes NB and a set of edges NL connecting the 
nodes.  While complex networks often assume the existence 
of hyper-edges connecting more than two nodes (Newman 
2003), an edge in this analysis will be assumed to connect 
only two nodes.  A path is a sequence of nodes {i1, i2,…,j}, all 
of which are connected by edges; in many circumstances, 
paths will be denoted only by their endpoints i and j. 

Connectivity in a graph or network is described using 
incidence matrices.  The (NB × NB) node-node incidence 
matrix, denoted N, shows which nodes in the network are 
connected neighbors; that is, which nodes are connected by a 
path of length one.  The (i,j)th entry of N is equal to one if 
node i is a connected neighbor of node j, and is equal to zero 
otherwise.  If Nij = 1, then network flow is possible from node 
i to node j.  A graph is said to be undirected if N is 
symmetric.  DC power networks, or networks equipped with 
flow-control devices such as phase-angle regulators or voltage 
regulators, could be described as directed networks, where it 
is not necessarily true that Nij = Nji .  The current U.S. high-
voltage transmission grid represents a mix of AC and DC 
interconnections, with very few flow-control devices.  Thus, 
representing the transmission system as an undirected 
network is a reasonable approximation of the current system. 

We also define a node-edge (or node-line, in the context of 
power systems) adjacency matrix.  Denoted as A, the node-
edge adjacency matrix is an (NB × NL) matrix with ali  = +1 
and alj = -1, signifying that edge l connects nodes i and j.  
The sign of the entries in the A matrix indicates an assumed 
direction of flow throughout the network (that is, from node i 
to node j).  The principle of superposition says that either sign 
convention is appropriate, as long as it is consistent. 

N and A are assumed to have the following properties: 
 

1. ∑ =∀
i

ijaj .0,   This is just an application of 

Kirchoff’s Law; it says that every link in the system 
connects exactly two nodes. 

 
2. There are no columns of A containing all zeros.  In 

other words, there are no loops in the system. 
 

3. There are no rows or columns of N containing all 
zeros.  In other words, there are no atomistic nodes 
or sub-systems in the network; each node is 
connected to at least one other node. 

 
4. rank(A) = NL – 1.  This is a consequence of Euler’s 

formula, which says that (nodes) – (edges) + (loops) 
= 1. 

 
5. N and A are related by the formula N = AA’  – 2I , 

where I  is the (NB × NB) identity matrix. 
 

6. The number of paths of length k between nodes i and 
j is given by the (i,j)th entry of Nk.  These paths are 
not necessarily distinct; that is, a path of length k 
going from i to j is considered distinct from an 
identical path going in reverse, from j to i. 

 
Property (6) will be particularly useful.  We will refer to Nk 

as the k-th order adjacency matrix.  Of particular importance 
will be the matrix N2, which shows the combinations of nodes 
that are connected by a path of length 2, and the diagonal 
entries of N3, which show the number of triangles in a 
directed network; multiplying the diagonal entries of N3 by a 
factor of 1/2 gives the number of triangles in an undirected 
network. 

Several network metrics will be useful in decomposing 
systems to find embedded Wheatstone sub-networks. 

 
Definition 1: The degree of node i, denoted di, is the 

number of edges connected to node i. 
 
Definition 2: The distance of a path between nodes i and j 

is the number of edges associated with the path. 
 
 
 



DRAFT WORKING PAPER – JULY 2006 3

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2. A family of four-node networks. 

 
Note that the definition of distance used here is purely 

topological.  In many situations, such as the small-world 
networks described by [12], this definition of distance is 
difficult to apply to electric power systems (a better definition 
would be the electrical distance between two nodes, 
represented by the equivalent resistance between the two 
nodes).  For the Wheatstone-identification algorithm 
presented here, the canonical definition of distance will be 
adequate. 

 
Definition 3: The geodesic path between nodes i and j is 

the minimum-distance path between nodes i and j. 
 
The geodesic path need not be unique; in many 

circumstances there will be multiple geodesic paths 
connecting any two nodes.  [13] also defines a network-wide 
geodesic path metric as the harmonic mean of all geodesic 
path lengths.  The network search algorithm will only require 
knowing whether the geodesic path between any two nodes i 
and j is equal to one, two, or three.  This is easily verified 
directly using the node-node adjacency matrix raised to the 

appropriate power. 
 
Definition 4: The local clustering metric for node i, 

denoted Ki, is given by the ratio of the number of triangles 
connected to vertex i to the number of triples centered on 
vertex i.1 

 
Nodes with only one connecting edge are given a 

clustering value of Ki = 0.  The local clustering coefficient 
measures  the proportion of possible interconnections among 
neighboring nodes that actually exist. 

 
Definition 5: The network clustering metric is given by ∑

≠≠
=

}0|{
}0|{

1

iKi
i

i

K
Ki

K .  Values of Ki equal to zero are 

ignored in the computation; thus, the denominator and the 
limit of summation are both determined by the number of 
nodes having more than one connecting edge.2 
 

Definitions (1) through (5) will help establish the 
following topological properties of the Wheatstone network, 
as shown in Figure 1. 

 
Result 1:  The network geodesic path metric for the 

Wheatstone network is two.  The cardinality of this geodesic 
path metric is also two. 

 
Proof of Result 1:  The result can easily be seen by 

examining the Wheatstone network in Figure 1.  The 
geodesic paths are {A,C,B} and {A,D,B}, which traverse the 
boundary of the Wheatstone network. 
 

Result 2: The Wheatstone network has a clustering metric 
of K = 5/6, where K is defined using the formulae in 
Definitions 4 and 5.  Further, the clustering metric of the 
Wheatstone network is unique among four-node networks 
where the minimum-distance geodesic path (of all pairs of 
nodes) is two. 

 
Proof of Result 2: A network where the minimum-distance 

geodesic path is greater than one represents a network with 
no atomistic nodes.  Without loss of generality, the family of 
four-node networks meeting this qualification is shown in 
Figure 2. 

The first part of the proof is established by calculating the 
clustering metric of the Wheatstone network in Figure 2(f), 
using Definitions 4 and 5: 

 

                                                        
1 This definition of clustering is due to [12]. 
2 This network clustering metric is also due to [12].  An alternative clustering 

metric has been proposed by [14], which measures the ratio of triangles in the 
network to paths of length 3 in the network, multiplied by a factor of three to 
account for each triangle being represented as a part of three triples [13]. 

 

 

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(a) (b)

(c) (d)

(e) (f)

(g) (h)
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The remainder of the proof calculates the clustering metric 

for the other networks in Figure 2. 
First, note that Figures 2(a) through 2(c) have no triangles, 

and thus have a clustering metric of zero.  Also, the 
completely connected network in Figure 2(g) has a clustering 
metric of one. 

 
The clustering metric of the network in Figure 2(d) is: 
 

( )
4

3
111

4

1
)(3.5 =++=dK . 

 
The clustering metric of the network in Figure 2(e) is: 
 

4

3
1

3

2
1

3

1

4

1
)(3.5 = +++=eK . 

 
The clustering metric of the network in Figure 2(h) is: 
 

3

2

3

2

3

2

3

2

3

2

4

1
)(3.5 = +++=hK . 

 
Note that there is a Wheatstone network embedded in 

Figure 2(h).  However, the link paralleling the Wheatstone 
sub-network reduces the minimum-distance geodesic path to 
one. 

 
Result 3: Let N and N2 be the first-order and second-order 

node-node adjacency matrices of a network, and let 

N1N −=~
, where 1 is a matrix of ones having the same 

dimensions as N.  The pairs of nodes in the network with a 
geodesic path of length two correspond to the off-diagonal 
nonzero entries of Ng2, where the (i,j)th entry of Ng2 is given 

by ijijijg NNN
~

,2 = . 

 
Proof of Result 3: This result will be useful in actually 

implementing the Wheatstone detection algorithm.  To 
construct the matrix Ng2, note that if the (i,j)th entry of N is 
equal to one (corresponding to a geodesic path of length one 

between nodes i and j), then the corresponding entry ofN
~

is 
zero.  Similarly, if the (i,j)th entry of N is equal to zero, the 

corresponding entry of N
~

is equal to one.  To calculate Ng2, 

we simply multiply the (i,j)th entry of N
~

 by the 
corresponding entry of N2.  Entries of Ng2 can be equal to zero 

if the corresponding entry of N
~

is equal to zero or if the 
corresponding entry of N2 is equal to zero (or both).  Nonzero 
off-diagonal entries of Ng2 correspond to pairs of nodes whose 
geodesic path is equal to two. 

 

III.  DETECTING EMBEDDED WHEATSTONE NETWORKS 

One goal of the Wheatstone detection algorithm is to 
disqualify certain nodes, paths, or pairs of nodes from 
possibly being part of a Wheatstone sub-network.  The 
matrices A, N2 and N3 will be particularly useful for this 
purpose.  The graph-theoretic preliminaries in Section II give 
us the following exclusion principles: 
 

1. Any node having degree one cannot be part of a 
Wheatstone sub-network.  This can be verified using 
the node-line adjacency matrix A.  If the ith row of 
A has at most one non-zero entry, then the degree of 
node i is equal to one.  This property can also be 
verified using N.  If the ith row or column of N sums 
to exactly one, then node i has degree one. 

2. For any pair of nodes i and j, if there is no path of 
length two or three connecting i and j, then that pair 
of nodes cannot be part of a Wheatstone network.  
This property can be verified by looking at the i, jth 
entry of N2 and N3. 

3. If there are no triangles attached to the ith node, then 
that node cannot be part of a Wheatstone network.  
The diagonal entries of N3 can verify this property. 

 
Nodes that are connected simply in series or parallel 

within larger Wheatstone networks would result in violations 
of the Wheatstone criteria.  The algorithm would thus return 
a “false negative” for these types of sub-networks, failing to 
identify an embedded Wheatstone sub-network.  Simple series 
and parallel connections will need to be compressed into 
single edges or nodes in order to avoid false negatives.  Note 
that the algorithm will create equivalent series-parallel nodes 
and edges only in a topological sense.  Once the Wheatstone 
networks in the larger system have been identified, the 
electrical topology of the entire system will be preserved in 
order to analyze the Wheatstones. 

The Wheatstone detection algorithm proceeds as follows: 
 

Step 1: Calculate the node-node adjacency matrices N, N2 
and N3 for the network, as well as the node-edge adjacency 
matrix A. 
 

Step 2: Compress all simple series and parallel 
connections into single equivalent nodes or edges.  Simple 
parallel connections can be detected easily using the A 
matrix; two edges are parallel if their corresponding columns 
in the A matrix are equal.  Two edges connected in series can 
be detected by noting that the node connecting them has 
degree two and is not connected to any triangles [10].  The 
degree of each node can be calculated using the A matrix, 
while the number of triangles connected to each node can be 
read from the diagonal entries of N3.  More than one iteration 
of this step may be required. 
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Step 3: Define T as the set of nodes that are part of at least 

one triangle. 
 

Step 4:  Define D as the set of nodes that have degree 
greater than one. 
 

Step 5:  Define R1 as the set of all pairs of nodes that have 
geodesic path length equal to two.  Define 2R  as the set of all 

pairs of nodes that have geodesic path length equal to two and 
also have two geodesic paths.  Thus, 12 RR ⊂ .  Note the 

strategy behind the definitions of R1 and R2; the aim is to 
determine whether a given pair of nodes might represent the 
endpoints of an embedded Wheatstone sub-network (as in 
Figure 5.2). Define R3 as the set of all pairs of nodes 
connected by exactly two paths of length three. 
 

Step 6:  Define 32 RRDTWS ∩∩∩= .  Some care is 

required in defining the intersection of these sets, since T and 
D contain a list of nodes, whereas R2 and R3 contain a list of 
pairs of nodes.   If Ω is a set of single elements, and Ψ is a set 
of pairs of elements, then we will say that Ψ∩Ω∈},{ ji ψψ if 

and only if Ω∈iψ and Ω∈jψ , for all Ψ∈ji ψψ , .   

WS represents pairs of nodes that meet the necessary 
conditions for being part of a Wheatstone network; Steps 7 
and 8 will determine whether the nodes in WS also meet the 
sufficiency conditions. 
 

Step 7:  For all pairs of nodes {(i,j)} in WS, construct the 
node-node adjacency matrix for the subgraph consisting of i, 
j, and all nodes that are neighbors of both i and j (that is, 
those nodes which have a geodesic path distance of one from 
both i and j).  Ignore any direct links between i and j. 
 

Step 8:  Calculate the clustering coefficient for all the 
subgraphs generated in Step 7.  Those for which K = 5/6 
represent Wheatstone sub-networks. 

 
The network decomposition algorithm will be illustrated 

with a simple example. 

IV.  ILLUSTRATING THE WHEATSTONE DETECTION ALGORITHM 

The thirteen-bus network shown in Figure 2 is used to 
illustrate how the algorithm identifies Wheatstone sub-
networks.  The network is based on the topology of the IEEE 
fourteen-bus test case, but has been altered by removing all of 
the synchronous condensers and winding transformers from 
the system, which reduces the size to thirteen buses and alters 
the network topology. 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Topological representation of the thirteen-bus test network used to 
illustrate the Wheatstone detection algorithm.  The network is based on the IEEE 
fourteen-bus network, but the synchronous condensers and winding transformers 
have been removed. 

 
The first step in the algorithm is to calculate the node-line 

adjacency matrix A; this matrix is contained in the Appendix.  
From the node-edge incidence matrix, we see that nodes 6, 8, 
9, and 10 are all connected in series; thus, for topological 
purposes, we can compress this group into a single line 
connecting nodes 6 and 8.  Similarly, nodes 4 and 8 have a 
simple series-parallel connection; thus, we can also eliminate 
bus 7.  This reduces the network down to ten nodes and 
fifteen lines. 

The node-node adjacency matrices N, N2 and N3 for the 
reduced network are calculated next; these are also shown in 
the Appendix. The number of triangles associated with each 
node is given by the diagonals of N3 multiplied by a factor of 

0.5.  It will be useful to define a matrix )(
2

1
NT diag= , whose 

ith diagonal entry shows the number of distinct triangles 
connected to the ith node in the network.  All off-diagonal 
entries of T are equal to zero. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. The reduced-form thirteen-bus network, after creating equivalent 
series-parallel connections in the system. 
 

Following the series-parallel reduction in Steps 1 and 2 of 
the decomposition algorithm, we obtain the reduced form of 
the thirteen-bus network, shown in Figure 3. 

In step 4 we find the set of all nodes with degree greater 
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than one.  Recall that the degree of a node is equal to the 
number of connected neighbors – that is, the number of nodes 
to which each node is directly connected.  The degree of each 
node can be found in two different ways.  The first method 
uses the node-line adjacency matrix; the degree of each node 
is equal to the sum of the absolute values of the entries in the 
corresponding row of the node-line incidence matrix.  The 
second method uses the node-node adjacency matrix.  The 
degree of a given node is equal to the sum of the 
corresponding row or column in the node-node adjacency 
matrix.  Thus, we have: 
 

Method 1: ,||∑=
j

iji ad  or 

Method 2: .∑∑ ==
j

ji
j

iji NNd  

 
Figure 4 illustrates the calculation using method 2; the 

figure shows the reduced network node-node adjacency 
matrix plus an extra column summing the entries in each 
row. 

From Figure 5.12, we see that every node in the reduced 
network has degree greater than one.  Thus, the set D 
contains every node in the network (note also that D is equal 
to the set T of all nodes connected to at least one distinct 
triangle): 
 

D = {1, 2, 3, 4, 5, 6, 8, 11, 12, 13}. 
 

Step 5 requires that we determine the membership of three 
sets, labeled R1, R2, and R3.  The set R1 is made up of all pairs 
of nodes with geodesic path length equal to two.  R2 is made 
up of the subset of R1 consisting of all pairs of nodes whose 
geodesic path length is equal to two, and for which the 
cardinality of the geodesic path is also two (that is, the pairs 
of nodes for which there are two geodesic paths).  R3 is the set 
of all pairs of nodes that are separated by two paths of length 
three.  This set is not a subset of either R1 or R2, but is 
grouped with R1 and R2 since its members can be determined 
in parallel with R1 and R2. 

 
 

 
 
 
 
 
 
 
Figure 4. The degree of all ten nodes in the reduced-form network. 

 
To determine which nodes are members of R1, R2, and R3, 

we use Result 3 to calculate the matrix Ng2, which is shown in 
Figure 5. 

 

 
 
 
 
 
 
 
 

Figure 5. The off-diagonal entries of the matrix Ng2 show the pairs of nodes with 
geodesic path length equal to two. 
 

Reading off the nonzero off-diagonal entries from Figure 5 
yields the set R1: 
 
R1 = {{1,3}, {1,4}, {2,8}, {3,5}, {3,8}, {4,6}, {4,11}, {5,8}, 
{8,12}, {8,13}, {11,13}}. 
 

Since N2 contains all paths of length two between pairs of 
nodes in the network, and since Ng2 indicates which pairs of 
nodes have a geodesic path length equal to two, those entries 
of Ng2 equal to two indicate which pairs of nodes have exactly 
two geodesic paths.  These pairs of nodes form the set R2.  
Figure 5.13 allows us to identify the set R2: 
 

R2 = {{1,4}, {3,5}, {8,12}, {11,13}}. 
 

To complete step 5 of the Wheatstone detection algorithm, 
we must find the set R3.  Since we are looking for pairs of 
nodes that are separated by at least two paths of length three, 
we need only look at the entries of N3.  For a reasonably 
meshed network, R3 will be quite large; for the reduced 
network shown in Figure 5.11, we get: 
 
R3 = {{1,2}, {1,3}, {1,4}, {1,5}, {1,8}, {2,3}, {2,4}, {2,5}, 

{2,8}, {3,4}, {3,5}, {4,5}, {4,8}, {4,12}, {6,8}, {6,11}, 
{6,12}, {6,13}, {8,11}, {8,12}, {8,13}, {11,12}, {11,13}, 

{12,13}}. 
 

The set 32 RR ∩  consists of pairs of nodes that might 

represent the endpoints of a Wheatstone sub-network (these 
correspond to nodes A and B in Figure 1), and in this case, 

232 RRR =∩  since 32 RR ⊂ .  Thus, from Figure 5, we see 

that there are at most four Wheatstone sub-networks in the 
reduced network shown in Figure 3. 

Step 6 of the Wheatstone detection algorithm requires that 
we calculate the set WS, defined as the intersection of T, D, 
R2, and R3.  To handle calculating the intersection of two sets, 
the first of which contains a list of nodes, and the second of 
which contains a set of pairs of nodes, we will require that 
both members of each pair of nodes in the second set also 
individually be members of the first set.  Since both T and D 
contain all the nodes in the reduced network, and 

232 RRR =∩ , we see that WS = R2.   

In step 7 of the Wheatstone detection algorithm, we 
construct the sub-graphs consisting of pairs of nodes {i,j} in 

 

N =

Degree
0 1 0 0 1 0 0 0 0 0 2
1 0 1 1 1 0 0 0 0 0 4
0 1 0 1 0 0 0 0 0 0 2
0 1 1 0 1 0 1 0 0 0 4
1 1 0 1 0 0 0 0 0 0 3
0 0 0 0 0 0 1 1 1 1 4
0 0 0 1 0 1 0 1 0 0 3
0 0 0 0 0 1 1 0 1 0 3
0 0 0 0 0 1 0 1 0 1 3
0 0 0 0 0 1 0 0 1 0 2

N =

Degree
0 1 0 0 1 0 0 0 0 0 2
1 0 1 1 1 0 0 0 0 0 4
0 1 0 1 0 0 0 0 0 0 2
0 1 1 0 1 0 1 0 0 0 4
1 1 0 1 0 0 0 0 0 0 3
0 0 0 0 0 0 1 1 1 1 4
0 0 0 1 0 1 0 1 0 0 3
0 0 0 0 0 1 1 0 1 0 3
0 0 0 0 0 1 0 1 0 1 3
0 0 0 0 0 1 0 0 1 0 2

 

Ng2 =

2 0 1 2 0 0 0 0 0 0
0 4 0 0 0 0 1 0 0 0
1 0 2 0 2 0 1 0 0 0
2 0 0 4 0 1 0 1 0 0
0 0 2 0 3 0 1 0 0 0
0 0 0 1 0 4 0 0 0 0
0 1 1 0 1 0 3 0 2 1
0 0 0 1 0 0 0 3 0 2
0 0 0 0 0 0 2 0 3 0
0 0 0 0 0 0 1 2 0 2

Ng2 =

2 0 1 2 0 0 0 0 0 0
0 4 0 0 0 0 1 0 0 0
1 0 2 0 2 0 1 0 0 0
2 0 0 4 0 1 0 1 0 0
0 0 2 0 3 0 1 0 0 0
0 0 0 1 0 4 0 0 0 0
0 1 1 0 1 0 3 0 2 1
0 0 0 1 0 0 0 3 0 2
0 0 0 0 0 0 2 0 3 0
0 0 0 0 0 0 1 2 0 2
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the set WS and all nodes connected to both i and j with degree 
one.  Step 8 verifies that these are indeed Wheatstone sub-
networks by calculating the clustering coefficient of each sub-
graph.  Since there are four pairs of nodes in the set WS, we 
must construct four distinct sub-graphs. 

The set of nodes connected to both i and j with degree one 
can be found by scanning the ith and jth column (or row) of 
the node-node adjacency matrix N, looking for common 
elements whose entry is equal to one: 
 

{nodes connected to i and j with degree one} = 
NBkNkNk jkik ,...,1},1|{}1|{ ==∩= . 

 
 
 
 
 
 

 
Figure 6. The node-node adjacency matrices for the four candidate Wheatstone 
sub-networks of the ten-bus reduced network. 

 
The node-node adjacency matrices for the four candidate 

Wheatstone sub-networks of the reduced network shown in 
Figure 3 are shown in Figure 6.  Using the clustering metric 
given in Definition 5, we see that K = 5/6 for all four 
candidate Wheatstone sub-networks in Figure 6.  Thus, all 
four are actual Wheatstone sub-networks. 

V.  STEADY-STATE ANALYSIS OF EMBEDDED WHEATSTONE 

NETWORKS 

Once identified, the steady-state properties of power flow 
through Wheatstone sub-networks can be identified.  
Blumsack and Ilić analyze a four-bus Wheatstone test 
network in the steady state.  They derive the conditions under 
which the addition of a Wheatstone bridge will cause 
congestion in the network (the Braess Paradox), and the 
conditions under which the network will display the following 
phenomena of interest for congestion management and 
transmission planning: 

 
1. Local network upgrades will not relieve congestion; 

capacity limits must be increased throughout the 
network or the Wheatstone bridge must be removed 
to get rid of congestion. 

2. The Wheatstone bridge causes congestion, but may 
increase the reliability of the system (Blumsack, 
Lave, and Ilić 2006). 

3. The nodal prices and shadow prices of transmission 
may identify the presence of network congestion, but 
do not necessarily identify the best way to relieve 
that congestion. 

Wheatstone sub-networks embedded in larger systems can 
be analyzed in much the same way as the four-bus test 
network, but care must be taken to incorporate the effects of 

the external network.  This requires creating two distinct 
types of equivalent buses and lines in the network.  The first 
equivalencing method uses the delta-star formulas to collapse 
series-parallel connections into single equivalent network 
structures.  This is the electrical equivalent of the series-
parallel concatenation in Step 1 of the network decomposition 
algorithm presented in Section 4. 

The second equivalencing method required uses the 
information in the external network to create equivalent flows 
between the external network and the embedded Wheatstone 
sub-network of interest.  Several methods exist for calculating 
equivalent steady state flows; we illustrate using the Ward 
equivalent.  The methods are not perfect.  The Ward 
equivalent in particular has two well-known drawbacks.  The 
first is that while it replicates real power flows reasonably 
well [15], it is less accurate in reproducing the full-network 
reactive flows.  The second is that it assumes that the external 
network is in a static steady state.  Thus, injections, 
withdrawals, line impedances, and so forth do not deviate 
from their constant steady-state values.  Thus, the 
equivalencing methods are most useful for examining the 
effects of small changes in the network. 

Derivation of the Ward equivalent is described in detail in 
[16] and [15].  We provide only a brief outline here.  The 
primary tool in the Ward equivalent method is the system 
admittance matrix Y (or, in the case of the DC power flow, 
the system susceptance matrix B), which is partitioned 
according to the number of nodes in each of the internal, 
external, and boundary subsystems.  If there are e nodes in 
the external system, i nodes in the internal system, and b 
nodes on the boundary, then we define the following 
partitions of the Y matrix:3 
 
YEE = the (e × e) sub-matrix of admittances in the external 
system; 
YBE = the (b × e) sub-matrix of admittances between the 
boundary nodes and the external system; 
YBI = the (b × i) sub-matrix of admittances between the 
boundary nodes and the internal nodes; 
Y II  = the (i × i) sub-matrix of admittances in the internal 
system. 
 
The full system admittance matrix is thus partitioned as 
follows: 
 

Ysystem =  +

IIIB

BI
I
BB

E
BBBE

EBEE

YY0

YYYY

0YY

. 

 

Note that T
EBBE YY =  and T

IBBI YY = .  The submatrices 
E
BBY  and I

BBY  contain the sum of admittances between the 

boundary buses and the external and internal buses, 

                                                        
3 Note that e + i + b = NB, the number of buses in the network. 

WS1 =

1 2 4 5
1 0 1 0 1
2 1 0 1 1
4 0 1 0 1
5 1 1 1 0

WS2 =

2 3 4 5
2 0 1 1 1
3 1 0 1 0
4 1 1 0 1
5 1 0 1 0

WS3 =

WS4 =

6 8 11 12
6 0 1 1 1
8 1 0 1 0
11 1 1 0 1
12 1 0 1 0

6 11 12 13
6 0 1 1 1
11 1 0 1 0
12 1 1 0 1
13 1 0 1 0

WS1 =

1 2 4 5
1 0 1 0 1
2 1 0 1 1
4 0 1 0 1
5 1 1 1 0

WS2 =

2 3 4 5
2 0 1 1 1
3 1 0 1 0
4 1 1 0 1
5 1 0 1 0

WS1 =

1 2 4 5
1 0 1 0 1
2 1 0 1 1
4 0 1 0 1
5 1 1 1 0

WS1 =

1 2 4 5
1 0 1 0 1
2 1 0 1 1
4 0 1 0 1
5 1 1 1 0

WS2 =

2 3 4 5
2 0 1 1 1
3 1 0 1 0
4 1 1 0 1
5 1 0 1 0

WS3 =

WS4 =

6 8 11 12
6 0 1 1 1
8 1 0 1 0
11 1 1 0 1
12 1 0 1 0

6 11 12 13
6 0 1 1 1
11 1 0 1 0
12 1 1 0 1
13 1 0 1 0

WS3 =

WS4 =

6 8 11 12
6 0 1 1 1
8 1 0 1 0
11 1 1 0 1
12 1 0 1 0

6 11 12 13
6 0 1 1 1
11 1 0 1 0
12 1 1 0 1
13 1 0 1 0
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respectively.  The part of the Ysystem matrix describing the 
external system can be divorced from the part representing 
the internal system, as: 

 

YE =  E
BBBE

EBEE

YY

YY
. 

 
Through repeated application of Ohm’s Law for the 

external, internal, and boundary systems, the external 
equivalent admittance matrix is: 
 

Yeq = E
BBY  - YBEYEE

-1YEB. 

 
Here, we demonstrate the equivalencing steady-state 

analysis method using the 13-bus network from Section 4.  
The equivalent reduced network has ten buses; buses 7, 9, and 
10 are eliminated in series.  Thus, the reduced admittance 
matrix is a (10 × 10) matrix of equivalent admittances.  The 
example presented here will focus on the four-bus Wheatstone 
network consisting of buses 6, 11, 12, and 13.  For simplicity, 
we will invoke the usual DC power flow assumptions and 
consider only the reactive portion of the full network 
admittance matrix. 

The Ward equivalent susceptance matrices for the reduced-
form network are shown in Figure 7.  The internal buses for 
the Ward calculation are buses 12 and 13 (not all four buses 
of the Wheatstone network, since the Ward equivalent 
technique makes a distinction between the internal and 
boundary buses).  Referencing Figure 3, the boundary buses 
are buses 6 and 11.  The external buses consist of the 
remainder of the network. 

 

 −−
−−
−−

−−−−
−−−−

−−

=

 −−−−
−−

=

 −
−−

=

=

232.039.173.118.166.0

32.011.047.059.04.022.0

39.147.004.253.273.197.0

73.159.053.214.315.22.1

18.14.073.115.247.182.0

66.022.097.02.182.046.0

54.072.009.384.363.247.1

37.471.005.378.359.245.1

49.376.0

3.1121.6

1835.7

35.704.4

EE

BE

BI

II

B

B

B

B

 

 
Figure 7. The Ward equivalent matrices for the reduced-form thirteen-bus 
network. 

 
The Ward equivalent external susceptance matrix is given by: 

 

 −−
−

=
98.553.0

04.261.13
,eqEB . 

 
Thus, the Ward equivalent susceptance matrix for the 

Wheatstone subnetwork is: 
  −

−−
−−−−

−−

=

4835.749.376.0

35.704.43.1121.6

49.33.1198.553.0

76.021.604.261.13

,eqIB . 

 
 The information in the equivalent susceptance matrix 

can be combined with the topological information from the 
Wheatstone network in order to characterize the injections or 
withdrawals at the boundary buses, as well as the flows 
through the network.  Figure 8(a) shows the Wheatstone sub-
network without the additional information from the 
equivalent external system and Figure 8(b) shows the 
Wheatstone following the equivalencing procedure.  Note that 
the direction of flows through the network is not altered by 
the Ward equivalent. 

 
 
 
 
 
 
 
 
 
 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 
 

Figure 8. The original Wheatstone sub-network is shown in panel (a), while the 
equivalent sub-network formed using the Ward equivalent is shown in panel (b). 

VI.  CONCLUSION 

Previous research has demonstrated that the presence of a 
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Wheatstone sub-network in a larger power system may cause 
some unexpected effects, such as congestion that is not 
relieved with incremental upgrades.  The pricing signals in 
Wheatstone sub-networks may also be misleading.  However, 
the Wheatstone structure may simultaneously offer a 
reliability benefit to the system.  While this behavior is easy 
to analyze in the context of a simple four-bus Wheatstone 
model system, it may be harder to pin down in a large meshed 
network.  Being able to find embedded Wheatstone structures 
is valuable in both the operations and planning functions of 
grid management. 

This paper has developed a graph-theoretic network search 
tool to find Wheatstone sub-networks in larger systems. The 
search tool is heuristic in the sense that it does not perform a 
complete combinatorial scan of all possible four-node sub-
networks.  For even modestly-sized systems, the 
combinatorial problem is too large.  Instead the search 
algorithm exploits the unique graph-theoretic structure of the 
Wheatstone network.  The tool was illustrated on a modified 
version of the IEEE fourteen-bus network; this network was 
chosen in order to provide a sufficiently interesting example 
where the outcome could also be seen though a simple visual 
scan of the network.  The paper also illustrated the use of 
creating equivalent network structures to incorporate the 
power grid’s electrical properties into the Wheatstone search 
algorithm, and to facilitate the analysis of individual 
embedded Wheatstone sub-networks. 
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