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Network Decomposition via Graph Theory

Seth Blumsack

measure the system cost of transferring power bettieese
Abstract—In this paper, we provide a graph-theoretic two buses, and the associated value of additional traagEmi
heuristsic algorithm for decomposing generic networks nito capacity between those two buses. However, in the
series-parallel components and components represer‘_ti_HQWheatstone network studied in Blumsack and (2006)
e e et s o "exposes a possibe wiecg between th prcing sinals and the
network equivalencing method based on the delta-star and Physical state of the network. LMPs indicate thatlaed
Ward equivalents is presented for use in power systenamalysis. transmission upgrades should relieve congestion and lower
prices at downstream nodes. Attaining this goal in the
Index Terms—Graph Theory, Braess Paradox, Diakoptics, Wheatstone network requires either upgrading transmission
Network Decomposition capacity across the entire network, or removing the
Wheatstone bridge.

Bus 2

. INTRODUCTION

Line 12

( ; raph theory and network theory have been Paa
surprisingly little-used tools in the analysis of powe _
systems. However, in the context of transmissiomrylay Line 23 P,

and congestion management, knowledge of the electric gridig, Bus 4
topological properties can be valuable, particularly with
respect to the behavior of locational marginal pr{e#4P) in
market-based electric systems, and the possible conmgesti
and reliability consequences of transmission upgrade®i® Mrigure 1. The four-bus Wheatstone network.

traditionally-organized systems.

Recent work [1], [2] has focused on a particular network The Wheatstone network also exposes potential tradeoffs
topology known as the Wheatstone network. This structuretween congestion and reliability. While the Whieaits
resembles two back-to-back triangles, and is showkigare bridge causes congestion and increases the cost to enstom
1. The link connecting nodes 2 and 3 is of particular éster on the network, it may enhance reliability and themef
this is known as the Wheatstone bridge. When thet@tirec provide a benefit to that same group of consumers [7].
of flow through the Wheatstone network is similar ket  Thus, for both planning and congestion-management
example network in Figure 1, the presence of the Wheatstpurposes, there may be value in knowing the location of
bridge causes congestion. Removal of the bridge rentbgesembedded Wheatstone sub-networks. This paper proposes a
congestion.  This phenomenon is known as the Braéssristic search algorithm which identifies embedded
Paradox, and has been observed in many different typedMheatstone sub-networks by exploiting some of their unique
networks, ranging from circuits to water pipes ([4] — [dB] graph-theoretic properties. The algorithm interprets the
focuses on power networks specifically. electric grid as a generic graph, looking solely for Viéteae

In systems using locational marginal pricing to managepologies. In this way, the approach taken here tsssihe
congestion in an open-access transmission environrttet common with the diakoptics approach pioneered by Gabriel
presence of an embedded Wheatstone sub-network may afeon and Henry Happ [8], [9], and much more in common
how these prices should be interpreted. The LMPs ragiressith the series-parallel network decompositions of [46¢
the system marginal cost of supplying power to a giverirbug11]. Following the description of the Wheatstone dearc
the network; LMP differences between busemdj should algorithm and an example on a small test network, therpape
discusses network equivalencing technigues that can be used
to analyze embedded Wheatstone sub-networks while
incorporating information from other parts of the natikv
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II. A GRAPHTHEORETICAPPROACH TONETWORK SEARCH We also define a node-edge (or node-line, in the coofext

Wheatstone network structures are ubiquitous in actiWwer systems) adjacency matrix. Denotediashe node-
power networks. In small test networks, visual inspecti€dge adjacency matrix is aNB x NL) matrix witha; = +1
may be sufficient to identify all embedded Wheatstone sid & = -1, signifying that edgé connects nodes and].
networks. In actual power systems, which may cormfist The sign of the entries in the matrix indicates an assumed
thousands of nodes and even more lines, a more syatenfiifection of flow throughout the network (that is, froradei
approach is needed. to nodgj). The principle of superposition says that either sign

A purely combinatorial approach to finding embeddegPnvention is appropriate, as long as it is consistent.
Wheatstone structures is possible on extremely smalésc N andA are assumed to have the following properties:
but quickly becomes infeasible as the number of nodes

increases. On a topological basis alone, comparinfpuah 1. 0j, Zaii =0. Thisis just an application of
node substructures of anbus network requires checking 4 [

different combinations. To find all Wheatstone neksoin Kirchoff's Law; it says that every link in the syste
the IEEE 14-bus network by brute force would therefore connects exactly two nodes.

require 2.7x 10° calculations. Checking for Wheatstones in o

the IEEE 118-bus network would require approximatelf 10 2. There are no columns Afcontaining all zeros. In

calculations. By comparison, the approximate number of other words, there are no loops in the system.

seconds since the beginning of the universe is omly@’.
Designing a feasible algorithm for detecting Wheatstone

sub-networks is essentially an application of the tbrearin

[10], also proved in [11], that any network can be

decomposed into series-parallel sub-networks and embedded

Wheatstone sub-networks. The decomposition problem ist 4 rank@) =NL— 1. This is a consequence of Euler’s

There are no rows or columnshbtontaining all
zeros. In other words, there are no atomistic nodes
or sub-systems in the network; each node is
connected to at least one other node.

break the network into portions that might represent formula, which says that (nodes) — (edges) + (loops)
Wheatstones, and portions that definitely do not. Feom =1.

graph-theoretic perspective, electric power systemsnimes

test-beds for decomposition algorithms, since they terimk 5. N andA are related by the formubd=AA" — 2,

very sparsely connected, with a given bus attached to a wherel is the B x NB) identity matrix.
reasonably small number of other buses.
Some preliminaries are necessary before defining any 6. The number of paths of lengttbetween nodeisand

specific metrics. Agraph or anetworkG(NB,NL) is defined j is given by thei()th entry ofN*. These paths are
as a set of nodeNB and a set of edgesL connecting the not necessarily distinct; that is, a path of lerigth
nodes. While complex networks often assume the existence ~ 90ing fromi toj is considered distinct from an

of hyper-edgesconnecting more than two nodes (Newman identical path going in reverse, frgnoi.

2003), an edge in this analysis will be assumed to connect il icular] ful. We will refierN¢
only two nodes. Aathis a sequence of nodeig,{i,...,}, all Property (6) will be particularly useful. We will re

of which are connected by edges; in many circumstancs thek-th order adjacency matrix. Of particular importance

paths will be denoted only by their endpoingndi. will be the matrixN?, which shows the combinations of nodes
Connectivity in a graph or network is described usiﬁ&

at are connected by a path of length 2, and the diagonal
incidence matrices. TheNB x NB) node-node incidence &"

tries of N®, which show the number of triangles in a
matrix, denotedN, shows which nodes in the network argirected network; multiplying the diagonal entries\gfby a
connected neighbors; that is, which nodes are cormhégta

factor of 1/2 gives the number of triangles in an undackct
path of length one. The,jjth entry ofN is equal to one if

network.
nodei is a connected neighbor of ngdeand is equal to zero

Several network metrics will be useful in decomposing
otherwise. IfN; = 1, then network flow is possible from noggYStems to find embedded Wheatstone sub-networks.
i to nodej. A graph is said to bendirectedif N is

symmetric. DC power networks, or networks equipped with Definition 1. The degree of nodé denotedd, is the

flow-control devices such as phase-angle regulatorsltageo humber of edges connected to nade

regulators, could be described digected networks, where it . ) _ . .
is not necessarily true thét; = N;. The current U.S. high- Definition 2: The distance of a path between nodesadj

voltage transmission grid represents a mix of AC and d%the number of edges associated with the path.

interconnections, with very few flow-control device3hus,
representing the transmission system as an undirected
network is a reasonable approximation of the currenesys
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/ appropriate power.

p. Definition 4: The local clustering metric for node
denotedK;, is given by the ratio of the number of triangles
connected to vertex to the number of triples centered on

) vertexi.!

Nodes with only one connecting edge are given a
clustering value oK; = 0. The local clustering coefficient
measures the proportion of possible interconnectiomang
neighboring nodes that actually exist.

Definition 5: The network clustering metric is given by

1
e K. .
|{i | K, ¢0}|{i|§0}'

Values ofK; equal to zero are

ignored in the computation; thus, the denominator and the

\/‘ K
(d)
limit of summation are both determined by the number of
nodes having more than one connecting édge.
Definitions (1) through (5) will help establish the
following topological properties of the Wheatstone nekyo
®

as shown in Figure 1.

Result 1: The network geodesic path metric for the
Wheatstone network is two. The cardinality of thisdgsic
path metric is also two.

Proof of Result 1 The result can easily be seen by
examining the Wheatstone network in Figure 1. The
geodesic paths are {A,C,B} and {A,D,B}, which travetse
boundary of the Wheatstone network.

<
<
Q[/
<P

Figure 2. &\ amily of four-node networks.
Result 2 The Wheatstone network has a clustering metric

Note that the definition of distance used here is purely K = 5/6, whereK is defined using the formulae in
topological. In many situations, such as the smallavorDefinitions 4 and 5. Further, the clustering metric o t
networks described by [12], this definition of distance Mheatstone network is unique among four-node networks
difficult to apply to electric power systems (a betteiirdgon where the minimum-distance geodesic path (of all pairs of
would be the electrical distance between two nodemdes) is two.
represented by the equivalent resistance between the tw

nodes). For the Wheatstone-identification algorithm Proof of Result 2A network where the minimum-distance
presented here, the canonical definition of distandehe&i geodesic path is greater than one represents a netwibrk wi
adequate. no atomistic nodes. Without loss of generality, tamify of

four-node networks meeting this qualification is shown in
Definition 3: The geodesic path between nodemdj is Figure 2.
the minimum-distance path between nodasd;. The first part of the proof is established by calcuigtihe
clustering metric of the Wheatstone network in Figur, 2(f
The geodesic path need not be unique; in maoging Definitions 4 and 5:
circumstances there will be multiple geodesic paths
connecting any two nodes. [13] also defines a netwatke-w
geodesic path metric as the harmonic mean of all geodesi, -
. . . This definition of clustering is due to [12].
path lengths. The network search algorithm will oelguire 2 This network clustering metric is also due to [12h alternative clustering
knowing whether the geodesic path between any two riodestric has been proposed by [14], which measueesatio of triangles in the
andj is equal to one, two, or three. This is easily fiei network to paths of length 3 in the network, miikip by a factor of three to

account for each triangle being represented ast@fiéree triples [13].
directly using the node-node adjacency matrix raised o th
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1 2 2 5
Kwheatstone: Z(l-"g + § +1j = E .
I1l. DETECTING EMBEDDED WHEATSTONENETWORKS

The remainder of the proof calculates the clusteringimet ©On€ goal of the Wheatstone detection algorithm is to
for the other networks in Figure 2. disqualify certain nodes, paths, or pairs of nodes from

First, note that Figures 2(a) through 2(c) have no tr'emglposs_'bly belng part of a Wheats_tone sub-network. _The
and thus have a clustering metric of zero. Also, tfaatricesA, N° and N® will be particularly useful for this

completely connected network in Figure 2(g) has a clugteri@urPose. The graph-theoretic preliminaries in Sectigivi
metric of one. us the following exclusion principles:

The clustering metric of the network in Figure 2(d) is: 1. Anynode having degree one cannot be partofa
Wheatstone sub-network. This can be verified using

the node-line adjacency matx If theith row of
. A has at most one non-zero entry, then the degree of
nodei is equal to one. This property can also be
verified usingN. If theith row or column ofN sums
The clustering metric of the network in Figure 2(e) is: to exactly one, then nodéas degree one.
2. For any pair of nodésandj, if there is no path of
_1(1 2 3 length two or three connectingndj, then that pair
53(e ‘Z(g +1+ 3 +1j e of nodes cannot be part of a Wheatstone network.
This property can be verified by looking at ihgh
entry ofN? andN?®,
3. Ifthere are no triangles attached toithenode, then
that node cannot be part of a Wheatstone network.
Kss = }(Z +E+E+Zj _2 The diagonal entries & can verify this property.

1
K5_3(d) :Z(l+l+l) =

Alw

The clustering metric of the network in Figure 2(h) is:

43 3 3 3) 3
Nodes that are connected simply in series or parallel

Note that there is a Wheatstone network embedded'fiihin larger Wheatstone networks would result in viokas
Figure 2(h). However, the link paralleling the Wheatstor?f the Wheatstone criteria. The algorithm would thetsinn

sub-network reduces the minimum-distance geodesic pattftd@/Se negative” for these types of sub-networkdinfito
one. identify an embedded Wheatstone sub-network. Simplesserie

and parallel connections will need to be compressed into

Result 3 Let N andN? be the first-order and second-ordefNgl€ €dges or nodes in order to avoid false negatiNete

node-node adjacency matrices of a network, and fgat the algorithm will create equivalent series-pafaibdes

N=1-N, wherel is a matrix of ones having the sam(glnd edges_ only in a topological sense. Once 'Fhe Wpeatst
networks in the larger system have been identified, the

dlmens!ons adl. The pairs of nodes in the network W'th Blectrical topology of the entire system will be presd in
geodesic path of length two correspond to the off-dlagoer.Eer to analyze the Wheatstones

honzero enines iz where thei)th entry ofNg is given The Wheatstone detection algorithm proceeds as follows:
by Ng2ii = Ny Nj -
Step 1 Calculate the node-node adjacency matriéebl®

Proof of Result 3This result will be useful in actuallyand N° for the network, as well as the node-edge adjacency
implementing the Wheatstone detection algorithm.  TeatrixA.
construct the matridNg, note that if theifj)th entry ofN is
equal to one (corresponding to a geodesic path of length onStep 2: Compress all simple series and parallel
between nodes and]), then the corresponding entryf‘?bfs connections into_ single equivalent nodes or edge_s. Simple
zero. Similarly, if thei(j)th entry ofN is equal to zero, the paraliel connections can be detected easily using Ahe

) ~ matrix; two edges are parallel if their corresponding colsim
corresponding entry oNis equal to one. To calculalée, iy the A matrix are equal. Two edges connected in series can

we simply multiply the i)th entry of N by the pe detected by noting that the node connecting them has
corresponding entry ®8°. Entries olNg, can be equal to zerodegree two and is not connected to any triangles [10fe Th
if the corresponding entry oNis equal to zero or if the degree of each node can be calculated usingAtmeatrix,
corresponding entry df? is equal to zero (or both). Nonzergvhile the number of triangles connected to each nodebea
off-diagonal entries dflg, correspond to pairs of nodes whoskéad from the diagonal entrieshéf. More than one iteration
geodesic path is equal to two. of this step may be required.
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. Bus 13
Step 3:DefineT as the set of nodes that are part of at least v

one triangle.

Bus 8

Step 4 Define D as the set of nodes that have degree

greater than one. Bus 7

Bus1

Step 5 DefineR; as the set of all pairs of nodes that have
geodesic path length equal to two. DefiiRg as the set of all

pairs of nodes that have geodesic path length equal tartavo
also have two geodesic paths. Thug,R. Note the e
u

strategy behind the definitions & andR,; the aim is to Figure 2. Topological representation of the thintbes test network used to
determine whether a given pair of nodes might reprebent flustrate the Wheatstone detection algorithm. Tévork is based on the IEEE
. fourteen-bus network, but the synchronous conderas®t winding transformers
endpoints of an embedded Wheatstone sub-network (as,40: been removed.
Figure 5.2). DefineR; as the set of all pairs of nodes
connected by exactly two paths of length three. The first step in the algorithm is to calculate thdabne
adjacency matripd; this matrix is contained in the Appendix.
Step 6. Define WS=TnDnR,nR;. Some care is From the node-edge incidence matrix, we see that nodes 6,
required in defining the intersection of these setgesirand 9, and 10 are all connected in series; thus, for topologica
D contain a list of nodes, whereBsandR; contain a list of purposes, we can compress this group into a single line
pairs of nodes. [2is a set of single elements, afitis a set connecting nodes 6 and 8. Similarly, nodes 4 and 8 have a
of pairs of elements, then we will say tHg, ¢} 0Q n W if simple serigs-parallel connection; thus, we can disurete
and only ify, 1Q and ¢, 0Q , for all g, OW . ]Ei):ze:nng:_ls reduces the network down to ten nodes and
WS represents pairs of nodes that meet the necessaryhe node-node adjacency matridésN? and N° for the
conditions for being part of a Wheatstone network; S®pseduced network are calculated next; these are also shown
and 8 will determine whether the nodesvifsalso meet the the Appendix. The number of triangles associated with each
sufficiency conditions. node is given by the diagonals Nt multiplied by a factor of

Bus 4

. . 1.,
Step 7: For all pairs of nodes {)} in WS construct the 0-5- It will be useful to define a matrTx:Edlag(N) , whose
node-node adjacency matrix for the subgraph consisting Ofy, giagonal entry shows the number of distinct triangles

j, and all nodes that are neighbors of bbtindj (that is, onnected to théth node in the network. All off-diagonal
those nodes which have a geodesic path distance ofane f

. ) ) ) i ) entries ofT are equal to zero.
bothi andj). Ignore any direct links betweémnd;.
Bus 12

Bus 11

Step 8 Calculate the clustering coefficient for all the
subgraphs generated in Step 7. Those for wKich 5/6 Bus 13
represent Wheatstone sub-networks.
Bus 8

The network decomposition algorithm will be illustrated
with a simple example.

IV. [LLUSTRATING THE WHEATSTONEDETECTIONALGORITHM  Busl

The thirteen-bus network shown in Figure 2 is used to Bus4

illustrate how the algorithm identifies Wheatstone sub-
networks. The network is based on the topology of EieEl
fourteen-bus test case, but has been altered by regnaliof

Bus 3
the synchronous condensers and Wmdmg transformers frﬁg&re 3. The reduced-form thirteen-bus networkeratreating equivalent

the system, which reduces the size to thirteen bumksaléers series-parallel connections in the system.
the network topology.

Following the series-parallel reduction in Steps 1 and 2 of
the decomposition algorithm, we obtain the reduced fdrm o
the thirteen-bus network, shown in Figure 3.

In step 4 we find the set of all nodes with degree greater



DRAFT WORKING PAPER — JULY 2006 6

than one. Recall that the degree of a node is equiileto

number of connected neighbors — that is, the numbesd#sn

to which each node is directly connected. The degreadf

node can be found in two different ways. The firsthodt Ng, =

uses the node-line adjacency matrix; the degree of eztdr n

is equal to the sum of the absolute values of the entrithe

corresponding row of the node-line incidence matrix. The

second method uses the node-node adjacency matrix. The

degree of a given node is equal to the sum of tRigure 5. The off-diagonal entries of the matiiy show the pairs of nodes with
. . . eodesic path length equal to two.

corresponding row or column in the node-node adjacerity

matrix. Thus, we have: Reading off the nonzero off-diagonal entries from Fidure

yields the seRy:

cocoroocoocobroO
corOoORrROMOON
coorowoNOO
owoNOOOOOO
[MNonvrooocooo |

|OOOOOOI\)I—\OI\)
OOORFRONONOLPR
Oo0oo0OOMNOROOO
PNOWOROREFRO
NOWOOORr OOOo

Method 1 d; = |a; |, or
i R, = {{1,3}, {1,4}, {2,8}, {3,5}, {38}, {4,6}, {4,11}, {5.8},
) ) SinceN? contains all paths of length two between pairs of
Ei 4 ill h lculati _ hod 2: nodes in the network, and sinblg, indicates which pairs of
gure 4 illustrates the calculation using method 2; t'P%des have a geodesic path length equal to two, thosesentr

figure shows the reduced network node-node adjace%cf)f\lgz equal to two indicate which pairs of nodes have exactly

matrix plus an extra column summing the entries in eamo geodesic paths. These pairs of nodes form th&set

row. . . .
. ) Figure 5.13 allows us to identify the $&t
From Figure 5.12, we see that every node in the reduceg b _

network has degree greater than one. Thus, theDset R, = {{1,4}, {3,5}, {8,12}, {11,13}}.
contains every node in the network (note also tha equal Lo e e

to the setT of all nodes connected to at least one distinct T4 complete step 5 of the Wheatstone detection algoyithm
triangle): we must find the selRs. Since we are looking for pairs of
nodes that are separated by at least two paths of |&mgé,

we need only look at the entries Nf. For a reasonably

. . i meshed networkR; will be quite large; for the reduced
Step 5 requires that we determine the membership of thr. Rs a g

k sh in Fi A1 :

sets, labeled®;, R,, andR;. The seR; is made up of all pairs h&fwork shown in lgure 5.11, we get

of nodes with geodesic path_ length equgl to tW.is made Rs = {{1,2}, {1,3}, {1,4}, {1,5}, {1,8}, {2,3}, {2.4}, {2.5},
up of the subset d®; consisting of all pairs of nodes whose (2,8}, {3,4}, {3,5), {4.5}, {4,8}, {4,12}, {6,8}, {6,11}

geodesic path length is equal to two, and for which th%,lZ}, {6,13}, {8,11}, {8,12}, {8,13}, {11,12}, {11,13},
cardinality of the geodesic path is also two (thatlis, pairs {12,13}.

of nodes for which there are two geodesic patRg)is the set
of all pairs of nodes that are separated by two patlength ~ The set R,n R, consists of pairs of nodes that might

three. This set is not a subset of eitfgror Ry, but is ohresent the endpoints of a Wheatstone sub-networke(the
grouped withR, andR; since its members can be determineghresnond to nodes A and B in Figure 1), and in this case,
in parallel withR, andR,. R,NnR;=R, since R, O R;. Thus, from Figure 5, we see

Degree  that there are at most four Wheatstone sub-networkbdn

2 reduced network shown in Figure 3.

Step 6 of the Wheatstone detection algorithm requirds tha
we calculate the s&vS defined as the intersection ©f D,
R,, andRs;. To handle calculating the intersection of two sets,
the first of which contains a list of nodes, and seeond of
which contains a set of pairs of nodes, we will requiirat
both members of each pair of nodes in the secondls®t a
Figure 4. The degree of all ten nodes in the redfmen network. individually be members of the first set. Since bbtAndD

) ) contain all the nodes in the reduced network, and
To determine which nodes are member&oeR,, andR;, R, N R, =R, , We see thatVS= R,.

we use Result 3 to calculate the mati, which is shown in
Figure 5.

D={1,2,34,5,6,8,11, 12, 13}.

PrRRrRPRPOOOOOO
corororooo
oroOoRrRrROOOOO
rororoOOOO

|OI—‘OOI—‘OOOOO|

z

1
|OOOOOI—‘OOI—‘O|
OCO0OO0OO0OORrRRLRRFROPR
[eNeNeNeNeNeN el e
OCO0OO0ORrRORORERO
[eNeNeNeNeNeN o iNeN i ol
NWWWhwhNA

In step 7 of the Wheatstone detection algorithm, we
construct the sub-graphs consisting of pairs of nogdgsig
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the setwSand all nodes connected to botiindj with degree the external network. This requires creating two distinc
one. Step 8 verifies that these are indeed Wheatstdne types of equivalent buses and lines in the network. fiféte
networks by calculating the clustering coefficient afleaub- equivalencing method uses the delta-star formulas topsella
graph. Since there are four pairs of nodes in th&\/&tve series-parallel connections into single equivalent aetw
must construct four distinct sub-graphs. structures. This is the electrical equivalent of tkedes-
The set of nodes connected to bbtndj with degree one parallel concatenation in Step 1 of the network decortiposi
can be found by scanning tite andjth column (or row) of algorithm presented in Section 4.
the node-node adjacency matrl, looking for common The second equivalencing method required uses the

elements whose entry is equal to one: information in the external network to create equivaflenws
between the external network and the embedded Wheatstone
{nodes connected toandj with degree one} = sub-network of interest. Several methods exist fautating
{k| Ny =1} n{k|Ny =1}, k=1...,NB. equivalent steady state flows; we illustrate using thedwa

equivalent. The methods are not perfect. The Ward

L2 2 s s s s ou a2 equivalent in particular has two well-known drawbacks.e Th
ws, = 3 E °o 1 §| WS, =11 |:§ g ‘} §| first is tha_lt _whlle it repllcate_s real power flowsasenably

e well [15], it is less accurate in reproducing the full-rat

, 2 2 4 s R reactive flows. The second is that it assumes Heaexternal
WS, =3 |} °o 1 €| WS, =12 |:; ° 1 0 network is in a static steady state. Thus, injections

R * oo vz withdrawals, line impedances, and so forth do not deviate

Figure 6. The node-node adjacency matrices fofdhe candidate Wheatstone from their constant steady—state values Thus. the
sub-networks of the ten-bus reduced network. . . ) o
equivalencing methods are most useful for examining the

The node-node adjacency matrices for the four candid§HECts Of small changes in the network. S
Wheatstone sub-networks of the reduced network shown jnP€rivation of the Ward equivalent is described in deteil
Figure 3 are shown in Figure 6. Using the clustering metH®l and [15]. We provide only a brief outline here. The
given in Definition 5, we see tha = 5/6 for all four primary tool in the Ward equivalent method is the system

candidate Wheatstone sub-networks in Figure 6. Thus, 3ffnittance matrixy’ (or, in the case of the DC power flow,
four are actual Wheatstone sub-networks. the system susceptance matm), which is partitioned
according to the number of nodes in each of the interna
V. STEADY-STATE ANALYSIS OF EMBEDDED WHEATSTONE ~ €Xternal, and boundary subsystems. If thereeanedes in
NETWORKS the external system, nodes in the internal system, ahd
Once identified, the steady-state properties of powev fIchd_e_S on the boun_diry, then we define the following
through Wheatstone sub-networks can be identifie%artmons of they’ matrix:
Blumsack and I analyze a four-bus Wheatstone te%
network in the steady state. They derive the conditiorder
which the addition of a Wheatstone bridge will cau
congestion in the network (the Braess Paradox), and Bﬁ
conditions under which the network will display the faling Yo
phenomena of interest for congestion management

transmission planning:

ee = the € x €) sub-matrix of admittances in the external
system;

= the b x €) sub-matrix of admittances between the
ndary nodes and the external system;

= the p x i) sub-matrix of admittances between the
ndary nodes and the internal nodes;

Y, =the { xi) sub-matrix of admittances in the internal

_ ) ~ system.
1. Local network upgrades will not relieve congestion;

capacity limits must be increased throughout thehe full system admittance matrix is thus partitioned as
network or the Wheatstone bridge must be removesilows:
to get rid of congestion.
2. The Wheatstone bridge causes congestion, but may Yee Yeg 0
increase the reliability of the system (Blumsack, Yosem= | Yae Yes +Yis Ve
Lave, and li¢ 2006). 0 Yy y
3. The nodal prices and shadow prices of transmission B !
may identify the presence of network congestion, but
do not necessarily identify the best way to relieve Note that Yge =Yg and Yg =Y,5. The submatrices
that congestion. _ Ygs and Ygg contain the sum of admittances between the
Wheatstone_ sub-networks embedded in larger systems Bgﬂndary buses and the external
be analyzed in much the same way as the four-bus test
network, but care must be taken to incorporate theteffefc

and internal buses,

% Note thaie + i + b = NB, the number of buses in the network.
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respectively. The part of th¥,,em matrix describing the _|—1361 204

external system can be divorced from the part repreggnti Eea™| _p53 -598|"
the internal system, as:

Y
YE:|: EE

Thus, the Ward equivalent susceptance matrix for the
YEB:|
= |-

YBE YBB

Wheatstone subnetwork is:

-1361 204 -621 076

Through repeated application of Ohm’s Law for the -053 -598 -113 -349
external, internal, and boundary systems, the external Bieq= —621 -113 404 735
equivalent admittance matrix is: 076 -349 735 48

Yeq= Yo - YeeYee Ves.
* BB~ TBETEE TES The information in the equivalent susceptance matrix

Here, we demonstrate the equivalencing steady—stc%m be combined with the topological information frtme

analysis method using the 13-bus network from Section @(Eeatstone network in order to characterize the fiojes or

The equivalent reduced network has ten buses; buses 7, 9,¥§E12&jrawals at the boundary buses, as well as the flows

10 are eliminated in series. Thus, the reduced admittance ugh the network. Figure 8(a) shows the Wheatstone sub

. . . . ith h itional inf ion from th
matrix is a (10x 10) matrix of equivalent admittances. Thgetwork without the ~additional - informatio om the

) i equivalent external system and Figure 8(b) shows the
example pres_er!ted here will focus on the four-bus Wham;zt_ heatstone following the equivalencing procedure. Nait th
network consisting of buses 6, 11, 12, and 13. For simplici

. ; e directi h th ki
we will invoke the usual DC power flow assumptions a e direction of flows through the network is not alteby

consider only the reactive portion of the full networ e Ward equivalent.
admittance matrix.

The Ward equivalent susceptance matrices for the reduced-
form network are shown in Figure 7. The internal bdses
the Ward calculation are buses 12 and 13 (not all four buses
of the Wheatstone network, since the Ward equivalent
technique makes a distinction between the internal ands s
boundary buses). Referencing Figure 3, the boundary buses 15 mw
are buses 6 and 11. The external buses consist of the
remainder of the network.

Bus 12 A
P =14 MW

Bz =6.21 ’

Bus 11
P. =10 MW

Be11=1.17

P =12MW
g _[404 735
"7 735 18 (@)
Bus 12 A
|- 621 -113 FI‘_ =14 MW
® 71 076 -349
Bp13=7.35 Bu,12=11.3
- (145 -259 -378 305 071 437 ]
° "|-147 263 384 -309 -072 - 054]
Bus 13
- . R =15Mw Bus 11>
046 -082 -12 097 022 066 B w
-082 147 215 -173 -04 -118 Bo1a %0.76 o5y Posun=28MW
11 = U
-12 215 314 -253 -059 -173
Bee = Bus 6
097 -173 -253 204 047 139 P =12MW
022 -04 -059 047 011 032 Foequ= 19 MW
| 066 -118 -173 139 032 2

) (b)
Figure 7. The Ward equivalent matrices for the ceddform thirteen-bus
network. Figure 8. The original Wheatstone sub-network @ashin panel (a), while the
equivalent sub-network formed using the Ward edaitas shown in panel (b).
The Ward equivalent external susceptance matrix is given by
VI. CONCLUSION

Previous research has demonstrated that the preseace of
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Wheatstone sub-network in a larger power system may caldsl
some unexpected effects, such as congestion that is (gt
relieved with incremental upgrades. The pricing signals in
Wheatstone sub-networks may also be misleading. HoweV&!
the Wheatstone structure may simultaneously offer a
reliability benefit to the system. While this beta is easy

to analyze in the context of a simple four-bus Wheatsto™®!
model system, it may be harder to pin down in a largghet
network. Being able to find embedded Wheatstone structures
is valuable in both the operations and planning functwns
grid management.

This paper has developed a graph-theoretic network search
tool to find Wheatstone sub-networks in larger systebhe
search tool is heuristic in the sense that it doégpedorm a
complete combinatorial scan of all possible four-node- s
networks. For even modestly-sized systems, the
combinatorial problem is too large. Instead the g$earc
algorithm exploits the unique graph-theoretic structure f th
Wheatstone network. The tool was illustrated on a fieedi
version of the IEEE fourteen-bus network; this netwods
chosen in order to provide a sufficiently interestingnegie
where the outcome could also be seen though a simplé visua
scan of the network. The paper also illustrated theofise
creating equivalent network structures to incorporate the
power grid’s electrical properties into the Wheatstossrch
algorithm, and to facilitate the analysis of individual
embedded Wheatstone sub-networks.
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